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PREFACE. 


Tins  work  contains  all  the  propositions  wliich  are  usually 
included  in  elementary  treatises  on  algebra,  and  a  large  number 
of  examples  for  exercise. 

My  chief  object  has  been  to  render  the  work  easily  intelligible. 
Students  should  be  encouraged  to  examine  carefully  the  langiiage 
of  the  book  they  are  using,  so  that  they  may  ascertain  its  meaning 
or  be  able  to  point  out  exactly  where  then-  difficiilties  arise.  The 
language,  therefore,  ought  to  be  simple  and  precise  ;  and  it  is 
essential  that  apparent  conciseness  should  not  be  gained  at  the 
expense  of  clearness. 

In  attempting,  however,  to  render  the  work  easily  intelligible, 
I  trust  I  have  neither  impaired  the  accuracy  of  the  demonstrations 
nor  contracted  the  limits  of  the  subject ;  on  the  conti-ary,  I  think 
it  will  be  found  that  in  both  these  respects  I  have  advanced 
beyond  the  line  traced  out  by  previous  elementary  wi-iters. 

The  present  treatise  is  divided  into  a  large  number  of  chapters, 
each  chapter  being,  as  fir  as  possible,  complete  in  itself.  Thus 
the  student  is  not  perplexed  by  attempting  to  master  too  much 
at  once  ;  and  if  ho  should  not  succeed  in  fully  comprehending 
any  chapter,  he  will  not  be  precluded  from  going  on  to  the  next, 
reserving  the  difficulties  for  future  consideration  :  the  latter  point 
is  of  especial  importance  to  those  students  who  are  without  the 
aid  of  a  teacher. 
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Tlie  order  of  succession  of  the  several  chapters  is  to  some 
extent  ai-))iti'ary,  because  the  position  wliich  any  one  of  them 
should  occupy  must  depend  pai-tly  upon  its  difliculty  and  jiartly 
upon  its  importance.  But,  since  each  chapter  is  nearly  independ- 
ent, it  will  be  in  the  power  of  the  teacher  to  abandon  the  order 
laid  down  in  the  book  and  to  adopt  another  at  his  discretion. 

The  examples  have  been  selected  with  a  view  to  illustrate 
every  part  of  the  subject,  and,  as  the  numljcr  of  them  is  more 
than  two  thousand,  I  trust  they  will  supply  ample  exercise 
for  the  student.  Complicated  and  difficult  problems  have  been 
excluded,  because  they  consume  time  and  energy  which  may  be 
spent  more  profitably  on  other  branches  of  mathematics.  Each 
set  of  examples  has  been  carefully  arranged,  commencing  with 
some  which  are  very  simple  and  proceeding  gradually  to  others 
whiich  are  less  obvious;  those  sets  which  are  entitled  Miscellaneous 
Examples,  together  with  a  few  in  each  of  the  otlier  sets,  may 
be  omitted  by  the  student  wlio  is  reading  the  subject  for  the  fii-st 
time.  Tlie  answers  to  the  examples,  with  hints  for  the  solution 
of  some  in  which  assistance  may  be  needed,  are  given  at  the  end 
of  the  book. 

I  will  now  give  some  account  of  the  sources  from  which  the 
present  treatise  has  been  derived. 

Dr  Wood's  Algebra  has  been  so  long  current  that  it  has 
l>ecome  public  property,  and  it  is  so  well  known  to  teachers  that 
an  elementary  writer  would  naturally  desire  to  make  use  of  it 
to  some  extent.  The  fLrst  edition  of  that  work  apj^eared  in  1795, 
and  the  tentli  in  1835  ;  the  tenth  edition  was  the  last  issued 
in  Dr  Wood's  life-time.  The  chapters  on  Surds,  Eatio,  and 
Proportion,  in  my  Algebra  are  almost  entirely  taken  from  Dr 
Wood's  Algebra,  I  have  also  frequently  used  Dr  Wood's  ex- 
amples either  in.  my  text  or  in  my  collections  of  examples. 
Moreover,  in  the  statement  of  rules  in  the  elementary  part  of 
my  book  I  have  often  followed  Dr  Wood,  as,  for  example,  in  the 
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Kule  for  Long  Division  ;  tlie  statement  of  sucli  rales,  must  ba 
almost  identical  in  all  works  on  Algebra.  I  should  have  been 
glad  to  have  had  the  advantage  of  Dr  Wood's  authority  to  a 
greater  extent,  but  the  requirements  of  tlie  present  state  of 
mathematical  instiiiction  rendered  this  impossible.  The  tenth 
edition  of  Dr  "Wood's  Algebra  contains  less  than  half  the  matter 
of  the  j^resent  work,  and  half  of  it  is  devoted  to  subjects  ■which 
are  now  usually  studied  in  distinct  treatises,  namely.  Arithmetic, 
the  Theory  of  Equations,  the  application  of  Algebra  to  Geometry, 
and  jiortions  of  the  Summation  of  Series ;  the  larger  part  of  the 
remainder,  from  its  brevity  and  incompleteness,  is  now  unsuitable 
to  the  wants  of  students.  Thus,  on  the  whole,  a  very  small 
number  of  pages  comprises  all  that  I  have  been  able  to  retain  of 
Dr  Wood's  Algebra. 

For  additional  matter  I  have  chiefly  had  recoiu'se  to  the 
Treatise  on  Arithmetic  and  Algebra  in  the  Library  of  Useful 
Knowledge,  and  the  works  of  Bourdon,  Lefebure  de  Fourcy, 
INIayer  and  Choquet,  and  Schlomilch  ;  I  have  also  studied  with 
gi'eat  advantage  the  Algebra  of  Professor  De  Morgan  and  other 
works  of  the  same  author  which  bear  upon  the  subject  cf  Algebra, 

I  have  also  occasionally  consulted  the  edition  of  Wood's 
Algebra  published  by  Mr  Lund  in  1841,  Hind's  Algebra,  1841, 
Colenso's  Algebra,  1849,  and  Goodwin's  Elementary  Course  of 
Mathematics,  1853. 

Although  I  have  not  hesitated  to  use  the  materials  which  were 
a\'ailable  in  preceding  authors,  yet  much  of  the  present  work  is 
peculiar  to  it ;  and  I  believe  it  ^vill  be  found  that  my  Algebra 
contains  more  that  is  new  to  elementaiy  works,  and  more  that  is 
original,  than  any  of  the  popidar  English  works  of  similar  plan. 
Originality  howcA'er  in  an  elementary  work  is  rarely  an  advan- 
tage ;  and  in  publishing  the  first  edition  of  my  Algebra  I  felt 
some  apprehension  that  I  had  deviated  too  far  from  the  ordinary 
methods.     I  have  had  gx*eat  satisfaction  in  recei^dng  from  eminent 


viii  PREFACE. 

teachers  favourable  opinions  of  the  work  generally  and  also  of  those 
parts  which  are  peculiar  to  it. 

The  present  edition  has  been  carefully  revised,  and  two  new 
chapters  have  been  added.  Three  hundred  miscellaneous  examples 
have  also  been  supplied ;  these  arc  arranged  in  sets,  each  set  con- 
taining ten  examples;  the  first  luuidrcd  relate  to  the  first  twenty 
chapters  of  the  book,  the  second  hundred  extend  to  the  end  of  the 
fortieth  chapter,  and  the  last  hundred  relate  to  the  whole  book. 

I  have  to  retui*n  my  thanks  to  many  able  mathematicians  who 
have  favoured  me  with  suggestions  which  have  been  of  service  to 
me  •  the  improvements  which  have  been  effected  in  the  work  will, 
I  trust,  render  it  still  more  useful  in  education,  and  still  more 
worthy  of  the  approbation  which  it  has  received. 

I  have  drawn  up  a  treatise  on  the  Theory  of  Equations  to  form 
a  sequel  to  the  AJr/cbra ;  and  the  student  is  refen-ed  to  that 
treatise  as  a  suitable  continuation  of  the  present  work. 


I.  TODHUI^TER. 


St  John's  College, 
October,  1870. 
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ALGEBKA. 


I.      DEFINITIONS   AND    EXPLANATIONS    OF   SIGNS. 

1.  The  metliod  of  reasoning  about  numbers,  by  means  of 
letters  whicli  are  employed  to  represent  the  numbers,  and  signs 
which  are  employed  to  represent  their  relations,  is  called  Algebra. 

2.  Letters  of  the  alphabet  are  used  to  represent  numbers, 
which  may  be  either  known  nimibers,  or  numbers  which  have  to 
be  found  and  which  are  therefore  called  unhnoimi  numbers.  It  is 
usual  to  represent  known  numbers  by  the  fii'st  letters  of  the 
alphabet,  as  a,  b,  c,  and  unknown  numbers  by  the  last  letters, 
as  X,  y,  z;  tliis  is  not  however  a  necessary  rule,  and  so  need  not 
be  strictly  obeyed. 

Numbers  may  be  either  whole  or  fractional.  The  word  quan- 
tity is  frequently  used  as  synonymous  with  number.  The  word 
integer  is  often  used  instead  of  whole  number. 

3.  The  sign  +  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  added.  Thus  a-vb  signifies  that  the  number  represented 
by  b  is  to  be  added  to  the  number  represented  by  a.  If  a  repre- 
sent 9,  and  b  represent  3,  then  a  +  6  represents  12.  The  sign  +  is 
called  the  'plus  sign,  and  a  +  b  is  read  thus  "  a  jjIus  b." 

Similarly  a  +  b  +  c  signifies  that  we  are  to  add  b  to  a,  and  then 
add  c  to  the  result. 

4.  The  sign  —  signifies  that  the  number  to  which  it  is  prefijced 
is  to  be  subtracted.  Thus  a  —  b  signifies  that  the  number  repre- 
sented by  b  is  to  be  subtracted  from  the  number  represented  by  a. 
If  a  represent  9,  and  b  represent  3,  then  a-b  represents  6.  The 
sign  —  is  called  the  minus  sign,  and  a  —  b  is,  read  thus  "  a  minus  b." 

T.  A.  1 


2  DEFINITIONS   AND   EXPLANATIONS   OF   SIGNS. 

Similarly  a  —  h  —  c  signifies  tliat  we  are  to  subtract  h  fi-om  a, 
and  then  svibtract  c  from  the  result ;  a  +  6  —  c  signifies  that  we  are 
to  add  h  to  a,  and  then  subtract  c  from  the  result ;  a  —  h-\-c  signi- 
fies that  we  are  to  subtract  h  from  a  and  then  add  c  to  the  result. 

5.  The  sign  x  signifies  that  the  niimbers  between  which  it 
stands  are  to  be  multiplied  together.  Thus  axh  signifies  that  the 
nimiber  represented  by  a  is  to  be  multiplied  by  the  number  repre- 
sented by  h.  If  a  represent  9,  and  h  represent  3,  then  a  x  6  repre- 
sents 27.  The  sign  x  is  called  the  sign  of  multiplication,  and  a  xb 
is  read  thus  "  a  into  b."  Similarly  a  xb  x  c  denotes  the  product  of 
the  numbers  represented  by  a,  b  and  c. 

It  should  be  observed  that  the  sign  of  multiplication  is  often 
omitted  for  the  sake  of  brevity ;  thi;s  ab  is  used  instead  of  a  x  b, 
and  has  the  same  meaning  ;  so  abc  is  used  for  a  xb  x  c.  Sometimes 
a  point  is  used  instead  of  the  sign  x  ;  thus  a  .b  is  used  for  ax  b 
or  ab.  But  the  point  is  here  superfl.uous,  because,  as  we  have 
said,  ab  is  used  instead  of  a  x  b.  Nor  is  the  point,  nor  the  sign  x , 
necessaiy  between  a  number  expressed  in  the  ordinary  way  by  a 
figaiie  and  a  number  represented  by  a  letter ;  so  that,  for  example, 
3a  is  used  instead  of  3  x  a,  and  has  the  same  meaning. 

The  sign  of  multiplication  must  not  be  omitted  when  numbei-s 
are  expressed  by  figures  in  the  ordinary  way.  Thus  45  cannot  be 
used  to  express  the  prodvict  of  4  and  5,  because  a  different  mean- 
ing has  already  been  appropriated  to  4  5,  namely  forty-jive.  We 
must  therefore  express  the  product  of  4  and  5  thus  4x5,  or  thus 
4.5.  To  prevent  any  confusion  between  the  point  thus  used  as  a 
sign  of  multiplication  and  the  point  as  used  in  the  notation  for 
decimal  fractions,  it  is  advisable  to  -svTite  the  latter  higher  up ; 
thus  4"5  may  be  kept  to  denote  4  +  -^. 

6.  The  sign  -=-  signifies  that  the  niimber  wliich  precedes  it 
is  to  be  divided  by  the  number  which  foUows  it.  Thus  a  -e-  6  sig- 
nifies that  the  number  represented  by  a  is  to  be  divided  by  the 
number  represented  by  b.  If  a  represent  9,  and  b  represent  3, 
then  «  -f-  6  represents  3.  The  sign  ^  is  called  the  sign  of  division, 
and  a-^b  is  read  thus  "a  by  b."     There  is  also    another  way  of 
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denoting  that  one  number  is  to  be  divided  by  another ;  the  divi- 
dend is  placed  over  the  divisor  with  a  line  between  them.     Thus  ~ 

6 

is  used  instead  of  a  -^  6  and  has  the  same  meaning. 

7.  The  sign  —  signifies  that  the  numbers  between  which  it  is 
placed  are  equal.  Thus  a  =  h  signifies  that  the  number  repre- 
sented by  a  is  equal  to  the  nunaber  represented  by  h,  that  is,  a  and 
6  represent  the  same  number.  The  sign  =  is  called  the  sign  of 
equality,  and  a  =  6  is  read  thus  "  a  equals  b  "  or  "  a  is  equal  to  b." 

8.  The  difference  of  two  numbers  is  sometimes  denoted  by 
the  sign  ~ ;  thus  a~h  denotes  the  difference  of  the  numbers 
denoted  by  a  and  h,  and  is  equal  to  a  —  6  or  to  6  —  a,  according 
as  a  is  gi-eater  than  h  or  less  than  h. 

9.  The  sign  >  denotes  greater  than,  and  the  sign  <  denotes  less 
than;  thus  a>h  denotes  that  the  number  represented  by  a  is 
greater  than  the  number  represented  by  h,  and  h<a  denotes  that 
the  number  represented  by  h  is  less  than  the  number  represented 
by  a.  Thus  in  both  signs  the  opening  of  the  angle  is  turned 
towards  the  greater  number. 

10.  The  sign  .•.  denotes  then  or  therefore;  the  sign  •.•  denotes 
since  or  because. 

1 1 .  When  several  numbers  are  to  be  taken  collectively  they 
are  enclosed  by  brackets.  Thus  (ci  —  b  -\-  c)  x  (d  +  e)  signifies  that 
the  number  repi'esented  by  a  —  b  +  c  is  to  be  mviltiplied  by  the 
number  represented  by  d  +  e.  This  may  also  be  written  thus 
(a  -  6  4- c)  (c?  4- e).  The  use  of  the  bi-ackets  will  be  seen  by  com 
paring  what  we  have  just  given  with  {a  —  b  +  c)  d  +  e  ;  the  latter 
denotes  that  the  number  represented  by  a-b-¥  c  is  to  be  mul- 
tiplied by  d.  and  then  e  is  to  be  added  to  the  product. 

Sometimes  instead  of  using  brackets  a  line  called  a  vincidum 
is  draAvn  over  the  numbers  which  are   to   be  taken   collectively. 


Thus    a-6  +  cxc?+e     is     used     with     the    same     meanmg     as 
(a  -  6  +  c)  X  ((Z  +  e). 

12.     The  letters  of  the  alphabet,  and  the  signs  or  marks  which 
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we  have  already  introduced  and  explained,  together  with  those 
which  may  occur  hereafter,  are  called  algebraical  symbols,  siace 
they  are  used  to  represent  the  things  about  which  we  may  be 
reasoning.  Any  collection  of  algebraical  symbols  is  called  an 
algebraical  exjjression,  or  briefly,  an  expression,  or  a  formula.  An 
algebraical  expression  is  sometimes  called  an  algebraical  qua/ntity, 
or  briefly,  a  quantity. 

13.  Those  parts  of  an  expression  which  are  connected  by  the 
signs  +  or  —  are  called  its  terms.  When  an  expression  consists  of 
two  terms  it  is  called  a  binomial  ex^^ression ;  when  it  consists  of 
three  terms  it  is  called  a  trinomial  expression;  any  expression 
consisting  of  several  terms  may  be  called  a  multinomial  expression 
or  a  polynomial  expression.  Wlien  an  expression  does  not  contain 
parts  connected  by  the  sign  +  or  the  sign  —  it  may  be  called  a 
simiple  expression,  or  it  may  be  said  to  contain  only  one  term. 

Thus  abc  is  a  simpile  ex2iression  ;  abc  +  x  is  a  binomial  expres- 
sion, of  which  abc  is  one  term,  and  x  is  the  other  ;  ab  +  ac  —  bc  is 
a  trinomial  expression,  of  which  ab,  ac,  and  be  are  the  terms. 

14.  When  one  number  consists  of  the  jsrodiict  of  two  or  more 
numbei*s,  each  of  the  latter  is  called  a  factor  of  the  product.  Thus 
a,  b  and  c  are  factors  of  the  product  abc. 

15.  A  product  may  consist  of  one  factor  which  is  a  number 
represented  arithmetically,  and  of  another  factor  which  is  a  num- 
ber rejjresented  algebraically,  that  is,  by  a  letter  or  letters  ;  in  this 
case  the  former  factor  is  said  to  be  the  coefficient  of  the  latter. 
Tims  ill  the  product  Tabc  the  factor  7  is  called  the  coeflicient  of 
the  factor  abc.  Where  there  is  no  arithmetical  factor,  we  may 
supply  unity  ;  thus  we  may  say  that,  ia  the  product  abc,  the  co- 
eflScient  is  unity. 

And  when  a  product  is  represented  entirely  algebraically, 
any  one  factor  may  be  called  the  coeflicient  of  the  product  of  the 
remaining  factors.  Thus,  in  the  product  abc,  we  may  call  a  the 
coefficient  of  be,  or  b  the  coefficient  of  ac,  or  c  the  coefficient  of  ab. 
If  it  be  necessary  to  distinguish   this  use  of  the  word  coefficient 
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from  the  formei",   we  may  call  the  latter  coefficients  literal  coef- 
ficients, and  the  former  coefficients  numerical  coefficients. 

16.  If  a  number  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  number.  Thus  a  x  a  is  called 
the  second  power  of  a ;  also  a  x  a  x  a  is  called  the  third  power  of 
a ;  and  a  x  a  x  a  x  a  is  called  the  fourth  power  of  a ;  and  so  on. 
The  number  a  itself  is  often  called  the  fio'st  power  of  a. 

17.  Any  power  of  a  quantity  is  usually  expressed  by  placing 
above  the  quantity  the  number  which  represents  how  often  it  is 
repeated  in  the  product.  Thus  a^  is  used  to  express  a  x  a ;  also 
a^  is  used  to  express  axaxa  ;  and  a*  is  used  to  express  axaxaxa; 
and  so  on.  And  a'  may  be  used  to  denote  the  first  power  of  a 
or  a  itself;  that  is,  a'  has  the  same  meaning  as  a. 

Numbers  placed  above  a  quantity  to  express  the  powers  of 
that  quantity  are  called  indices  of  the  powers,  or  exponents  of  the 
powers  ;  or  more  briefly  indices  or  exponents. 

18.  Hence  we  may  stun  up  the  two  preceding  Articles  thus  : 
the  product  of  n  factors  each  equal  to  a  is  expressed  by  a",  and 
n  is  called  the  index  or  exponent  of  a",  where  n  may  denote  any 
whole  number. 

19.  The  second  power  of  a  or  o^  is  often  called  the  square 
of  a,  and  the  thit'd  power  of  a  or  a^  is  often  called  the  cube 
of  a.  The  symbol  a*  is  read  thus  "a  to  the  fourth  power"  or 
briedy  "a  to  the  fourth  ;"  and  a"  is  read  thus  "a  to  the  n""." 

20.  The  square  root  of  any  assigned  number  is  that  number 
which  has  the  assigned  number  for  its  square  or  second  ptower. 
The  cube  root  of  any  assigned  number  is  that  number  which  has 
the  assigned  number  for  its  cube  or  third  power.  The  ybwr^ A  root 
of  any  assigned  number  is  that  number  which  has  the  assigned 
number  for  its  fourth  power.     And  so  on. 

21.  The  squai'e  root  of  a  number  a  is  denoted  thus  IJa,  or 
simply  tluis  ^a.  The  cube  root  of  a  is  denoted  thus  Ija.  The 
foui-th  root  of  a  is  denoted  thus  ^a.     And  so  on. 


6  EXAMPLES.      I. 

Tlie  sign  J  is  said  to  be  a  corruption  of  tlie  initial  letter  of 
tlie  word  radix.     Tliis  sign  is  sometimes  called  the  radical  sign. 

22*  Terms  are  said  to  be  like  or  similar  when  they  do  not 
differ  at  all,  or  differ  only  in  their  numerical  coefficients;  othei'wise 
they  are  said  to  be  unlike.  Tims  4a,  Ga6,  9a^  and  Za%G  are 
respectively  similar  to  15a,  3(x6,  12a''  and  15a^6c.  And  ah,  a'b, 
ab^  and  abc  are  all  unlike. 

23.  Each  of  the  letters  which  occur  in  an  algebraical  product 
is  called  a  dimension  of  the  product,  and  the  number  of  the 
letters  is  the  degree  of  the  product.  Thus  a%^c  or  axaxbxby-bxc 
is  said  to  be  of  six  dimensions  or  of  the  sixth  degree.  A  numerical 
coefficient  is  not  counted ;  thus  9a^6*  and  a^b*  are  of  the  same 
dimensions,  namely  of  seven  dimensions.  Tlius  the  degt'ee  of  a 
term  or  the  number  of  dimensions  of  a  term  is  the  sum  of  the 
exponents,  provided  we  remember  that  if  no  exponent  is  expressed 
the  exponent  1  must  be  understood  as  indicated  in  Art.  17. 

24.  An  algebraical  expression  is  said  to  be  homogeneous  when 
all  its  terms  are  of  the  same  dimensions.  Thus  7a^  +  3a'b  +  Aabe 
is  homogeneous,  for  each  term  is  of  three  dimensions. 

The  following  examples  will  serve  for  an  exercise  in  the 
preceding  definitions. 

EXAMPLES. 

If  a=l,  6  =  3,  c=4,  d=Q,  e  =  2  and/=  0,  find  the  numerical 
values  of  the  following  twelve  algebraical  expressions  : 


1. 

a+2b  +  4:c. 

2. 

36  +  5(^  -  2e. 

3. 

ah  +  2bc  +  3ed. 

4. 

ac  +  AiCd  —  2eb. 

5. 

abc  +  4:hd  +  ec- 

-fd. 

6. 

a'  +  b'  +  c-°  +/^ 

7. 

cd     Abe      cd 
6  ^  3a      24' 

8. 

c"  -  4c='  +  3c  -  6. 

9. 

b'  +  c' 
2c  -  3a  ■ 

10. 

d'-c' 
d^  +  dc  +  c^' 

1. 

J{21b)  -  :/{2c 

)  +  J(2e). 

12. 

J(Sbc)  +  l/(9cd)-U{2e' 
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13.  Find   the   value   of  (d  -  ij)  (x  +  l)  +  {x  +  5)  {y +  7)  -  112, 
when.  x  =  3  and  y  =  5. 

14.  Find  the  value  of  x  ^{af  -  8>/)  +  y  J  {of  +  8y),  when  x  =  b 
and  y  =  3. 

15.  Find  the  value  of  a  J{x^  -  3a)  +  x  J(x'  +  3a),  when  cc  =  5 
and  a  =  8. 

1 6.  Find  the  value  of  a  +  b  J{x  +  y)-  {a  -  h)  Ijix  -  y),   when 
a  =:  10,  5  =  8,  a;  =  12,  and  y  =  4. 

17.  If  a  =  1 6,  6  =  10,  a;  =  5  and  y—1,  find  the  value  of 

{h  -  x)  {Ja  +  b)  +  J{(a  -b)(x  +  7j)}  ■ 
and  of  {a  -  y)  {J{2bx)  +  x')  4-  J  {{a  -  x)  (b  +  y)}. 

18.  If  a  =  2,  6  =  3,  x  =  6  and  y  =  5,  fijid  the  value  of 

^{(a  +  by-y]  +  l/{ia  +  x)  (y  -  2a)}  +  ^/{{y  -  bf  a}. 


II     CHANGE  OF  THE  ORDER  OF  TERMS.     REDUCTION  OF  LIKE 
TERMS.      ADDITION,    SUBTRACTION,    USE   OF   BRACKETS. 

25.  When  the  terms  of  an  expression  are  connected  by  the 
sign  +  it  is  indifferent  in  what  order  they  are  wi-itten ;  thas 
a  +  b  and  b  +  a  give  the  same  result,  namely  the  sum  of  the 
numbers  which  are  denoted  by  a  and  b.  We  may  express  this 
fact  algebraically  thus  : 

a  +  b  =  h  +  a. 
Similarly 

a-\-b-\-c  =  a+G  +  b  =  b-\-a+c-b  +  c  +  a  =  c  +  a^-b^c  +  b  +  a. 

26.  When  an  expression  consists  of  some  terms  preceded 
by  the  sign  +  and  some  tenns  [)receded  by  the  sign  — ,  wo  may 
write  the  former  terms  first  in  any  oi'der  we  i^lease,  and  the 
latter  terms  after  them  in  any  order  we  please.  This  appears 
from  the  same  considerations  as  before.     Thus,  for  example, 

a  +  b  —  c-e  =  a  +  h— e  —  c  =  b  +  a  —  c  —  e- b  +  a  —  e  —  c. 
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27.  In  some  cases  it  is  obvious  that  we  may  vary  the  order 
of  terms  still  furtlier,  by  mixing  up  the  terms  preceded  by  the 
sign  -  with  those  preceded  by  the  sign  + .  Thus,  for  example, 
if  a  represent  10,  &  represent  6,  and  c  represent  5,  then 

a+b— c  =  a-c  +  b~b  —  c  +  a. 

If  however  a  represent  2,  b  represent  G,  and  c  represent  5, 
then  the  expression  a  —  c  +  b  presents  a  difficidty  because  we  are 
thus  apparently  requii-ed  to  take  a  greater  number  from  a  less, 
namely  5  ffom  2.  It  will  be  convenient  to  agree  that  such  an  ex- 
pression as  a  -  c  +  6  when  c  is  greater  than  a  shall  he  understood  to 
7nean  the  same  thing  as  a  +  b  —  c.  At  present  we  shall  never  use 
such  an  expression  except  wlien  c  is  less  than  a  +  h,  so  that  a  +  b  —  c 
presents  no  difficulty.  Similarly  we  shall  consider  -  b  +  a  to  mean 
the  same  thing  as  a  —  b.  "We  shall  recur  to  this  point  hereafter  in 
Chapter  V. 

28.  Thiis  the  niimerical  value  of  an  expression  remains  the 
same  whatever  may  be  the  order  of  the  terms  which  compose  it. 
This,  as  we  have  seen,  follows,  partly  from  our  notions  of  addition 
and  subtraction,  and  j^artly  from  an  agreement  as  to  the  meaning 
we  ascribe  to  an  expression  when  our  ordinary  arithmetical 
notions  are  not  strictly  apj^licable.  Such  an  agreement  is  called 
in  Algebra  a  convention,  and  conventional  is  the  corresponding 
adjective. 

29.  We  shall  frequently,  as  in  Article  26,  have  to  distinguish 
the  terms  of  an  expression  which  are  preceded  by  the  sign  +  from 
the  terms  which  are  preceded  by  the  sign  — ,  and  thus  the  follow- 
ing definition  is  adopted  :  The  terms  in  an  expression  which  are 
preceded  by  no  sign  or  which  are  preceded  by  the  sign  +  are 
called  positive  terms ;  the  terms  which  are  preceded  by  the  sign 

-  are  called  negative  tenns.  This  definition  is  introduced  merely 
for  the  sake  of  brevity,  and  no  meaning  is  to  be  given  to  the 
words  j)ositive  and  ^legative  beyond  what  is  expressed  in  the 
definition.  The  student  Avill  notice  that  terms  preceded  by  no  sign 
are  treated  as  if  they  were  preceded  by  the  sign  + . 
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30.  Sometimes  an  expression  includes  several  like  terms ;  in 
this  case  tlie  expression  admits  of  simplification.  For  example, 
consider  the  expression  4a"&  —  3rt"c  +  9rtc"  -  2(i?h  +  lore  —  G6" ;  this 
may  be  wi-itten  4a"6  —  2a-h  +  Id^c  —  Sa'^c  +  9ac^  —  6b^  (Art.  28). 
Now  4a^6  -  2a^b  is  the  same  thing  as  2a^b,  and  7a^c  —  3a^c  is 
the  same  thing  as  Aa^c.  Thus  the  expression  may  be  put  in  the 
simpler  form  2a%  +  ia'c  +  9ac^  —  66^ 

ADDITION. 

31.  The  addition  of  algebraiccd  expressions  is  'performed  by 
writing  the  terms  in  succession  each  preceded  by  its  proper  sign. 

For  suppose  we  have  to  add  c  —  d+e  to  a  —  b;  this  is  the 
same  thing  as  adding  c  +  e  —  d  to  a  —  b  (Ai't.  28).  Now  if  we 
add  c  +  e  to  a  —  b  we  obtain  a-b  +  c  +  e;  we  have  however  thus 
added  d  too  much,  and  must  consequently  subtract  d.  Hence 
we  obtain  a-b  +  c  +  e  —  d,  wluch  is  the  same  as  a  —  b  +  c  —  d  +  e; 
thus  the  result  agi-ees  with  the  rule  above  given.  The  result  is 
called  the  sum. 

We  may  write  our  result  thus  : 

a  —  b  +  {c  —  d  +  e)  =  a  —  b  +  c  —  d-¥e. 

32.  When  the  tei-ms  of  the  expressions  which  are  to  be 
added  are  all  unlike,  the  sum  obtained  by  the  ride  does  not 
admit  of  simpKfication.  But  when  like  tenns  occur  in  the  ex- 
pressions, we  may  simplify  as  in  Art.  30.  Hence  we  have  the 
following  rules  : 

When  like  terms  have  the  same  sign  their  sum  is  found  by 
taking  the  sum  of  the  coefficients  with  that  sign  and  annexing  the 
common  letters. 

Example;  add  5a  —  36  and  4a  —  76  ;  the  sum  is  9rt— 106. 
For  the  5a  and  the  4a  together  make  9a,  and  the  36  and  76 
together  make  106. 

Again  ;  add  4a'c  -  106f?e,  Ca'c  -  Ude  and  1  la=c  -  Zbde.  The 
sum  is  2\a^c—  22bde. 
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When  like  terms  occur  with  different  signs  their  sum  is  found 
hy  taking  the  difference  of  the  sum  of  the  positive  and  the  sum  of 
the  negative  coefficients  with  the  sign  of  the  greater  sum  and  an- 
nexing the  common  letters  as  before. 

Example  ;  add  7a  —  9&  and  5b  —  ia.     The  sum  is  3a  —  46. 
Again  ;    add    together    3a"  +  46c  —  e"  +  10,    5a^  +  66c  +  2e^  —  15 
and  4a'-96c-10e'  +  21.     The  sum  is  12a'+ 6c  -  9e'+ 16. 


SUBTRACTION. 

33.  Suppose  "we  have  to  take  6  +  c  from  a.  Then  as  each  of 
the  numbers  6  and  c  is  to  be  taken  fi-om  a  the  result  is  denoted  by 
a  —  b-c.     That  is 

rt  —  (6  +  c)  =  a  —  6  —  c. 

We  enclose  the  term  6  +  c  in  brackets,  because  both  the  num- 
bers 6  and  c  are  to  be  taken  from  a. 

Similarly      a  +  c/  —  (6  +  c  +  e)  =  a  +  f^  —  6  —  c  -  e. 

Next  sup})ose  we  have  to  take  6  —  c  from  a.  If  we  take 
6  from  a  we  obtain  a  —  b;  but  we  have  thus  taken  too  much 
from  a,  for  we  are  required  to  take,  not  6  but,  6  diminished  by  c. 
Hence  we  must  increase  the  result  by  c  ;  thus 

a  —  (6  —  c)  =  a  —  6  +  c. 

Similarly,  suppose  we  have  to  take  b  —  c  —  d+e  from  a.  This 
is  the  same  thing  as  taking  b  +  e  —  c  —  d  from  a.  Take  away  6  +  e 
from  a  and  the  result  is  a  —  6  —  e  ;  then  add  c  +  d,  because  we 
were  to  take  away,  not  6  +  e  but,  6  +  e  diminished  ]jjc  +  d;  thus 

a—  {b  —  c  —  d  +  e)  —  a  —  b  —  e  +  c  +  d 

=  a~b  +  c  +  d  —  e. 

34.  From  considering  these  cases  we  arrive  at  the  following 
rule  for  subtraction  :  Change  the  sign  of  every  term  in  tJie  expres- 
sion to  be  subtracted,  and  tJien  add  it  to  the  other  expression.  Here 
as  before,  we  suppose  for  shortness,  that  where  there  is  no  sign 
before  a  term,  +  is  to  be  understood. 
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For  example  ;  take  a-b  from  3a  +  h. 

Sa  +  b-(a-b)  =  3a  +  b-a  +  b=^2a+2b. 
Again  ;  take  5a^  +  Aab  —  6xy  from  11a'  +  3ab  -  4a;y. 
1 1«^  +  '3ab  -  ixy  -  (5a''  +  iab  -  6xy) 

=  lla^  +  Sab  —  4xy  -  5a'  —  iab  +  Qxy  -  6a^  —  ab  +  Ixy. 


BRACKETS. 

35.  On  account  of  the  frequent  occui'rence  of  brackets  in 
algebraical  in^'estigations,  it  is  advisable  to  call  the  attention 
of  the  student  explicitly  to  the  laws  respecting  their  use.  These 
laws  have  already  been  established,  and  we  have  only  to  give 
them  a  verbal  enunciation. 

Wlien  an  expression  within  brackets  is  preceded  by  the  sign  + 
the  brackets  may  be  removed. 

Thus  a  —  b  -^  (c  —  d  +  e)  =  a  —  b  +  c  ~  d  +  e^   (Art.  31). 

And  consequently  any  number  of  terms  in  an  expression  may  be 
enclosed  by  brackets,  and  the  sign  +  placed  before  the  lohole. 

Thus  a  —  b  +  c-d-\-e  may  he  written  in  the  following  ways  : 

a  —  b  -\-  c  +  {-  d  +  e),     a  -  d  -\-  {c  +  e-b),     a  +  {—  d  +  c  +  e  ~  b), 

and  so  on. 

Wlien  an  expression  within  brackets  is  preceded  by  the  sign  — 
the  brackets  may  be  removed  if  the  sign  of  every  term  within  the 
brackets  be  changed,  namely  +  to  —  and  —  to  ■¥. 

Thus  a  -  (6  —  c  —  fZ  +  e)  =  a  —  6  +  c  +  f/  —  e,   (Art.  34). 

And  consequently  any  number  of  terms  in  an  expression  mxiy 
be  enclosed  by  brackets  and  the  sign  —  placed  before  the  whole, 
2)rovided  the  sign  of  every  term  within  the  brackets  be  changed. 

Thus  a  —  b  +  c  +  d—e  may  be  written  in  the  following  ways  : 

a  —  b  +  c—(-d+e),    a  -  {b  -  c  —  d  +  e),    a  +  c  —  (b  —  d+  e), 

and  so  on. 
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36,  Expressions  may  occur  with  more  than  one  paii-  of 
brackets;  these  may  be  removed  in  succession  by  the  preceding 
rules  beginning  with  the  inside  pair.     Thus,  for  example, 

a  +  {b  +  {c-d)}  =  a  +  {b  +  c~d}  =  a  +  b  +  c-d, 

a  +  {b~  (c-d)}  =  a+{b-c  +  d}  ^a  +  b  —  c  +  d, 

a-{b+{c-  d)}  =  a-{b  +  c  —  d}-a-b-c  +  d, 

a  —  {b  —  {G-  d)}  =  a  —  {b  —  c  +  d}  =  a  —  b  +  c  —  d. 

Similarly, 

a-  [b-{c-  (d-  e)}]  =  a  -  [b  -  {c  -  d  +  e]] 

=  a  —  [b  —  c  +  d  —  e]  =a  —  b  +  c—d  +  e. 

It  will  be  seen  in  these  examples  that,  to  prevent  confusion 
between  various  paii's  of  brackets,  we  use  brackets  of  different 
shapes;  we  might  distingviish  by  using  brackets  of  the  same  shape 
but  of  different  sizes. 

A  vinculum  is  equivalent  to  a  bracket;  see  Art.  11.  Thus, 
for  example, 

a-[b  -  {c  -{d  -7^/)]]  =  a-  [b-  {c  -{d  -e+f)}] 

=  a-[b-{c-d  +  e  -/}]  =a-[b-c  +  d-e  +/] 

—  a  —  b  +G  —  d  +  e  —f. 

In  like  manner  more  than  one  pair  of  brackets  may  be  intro- 
duced.    Thus,  for  example, 

a-b-\'C  —  d  +  e  =  a  —  {b-c  +  d—e]  =  a  —  {b  —  {G-d  +  e)]. 

37.  The  beginner  is  recommended  always  to  remove  brackets 
in  the  oi'der  shewn  in  the  preceding  Article ;  namely,  by  removing 
fii'st  the  innermost  pair,  next  the'  innermost  pair  of  all  which  re- 
main, and  so  on.  "We  may  however  vary  the  order  ;  but  if  we 
remove  a  pair  of  brackets  including  another  bracketed  expression 
within  it,  we  must  make  no  change  in  the  sign  of  the  included  ex- 
pression. In  fact  such  an  included  expression  counts  as  a  single 
term.     Thus,  for  example, 
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a  +  {b  +  {c  -  d)}  =  a  +  b  +  {c  -d)  =  a  +  b  +  c  -  d, 
a  +  {b  —  {G  —  d)]  =  a  +  b  —  (c  —  d)  —  a  +  b-c  +  d, 
a-{b  +  {c  —  d)}  =  a-b-{c-d)  =  a  —  b-c  +  d, 
a  —  {b  —  (c  —  d)}  =  a  —  b  +  {c-d)='a  —  b  +  c-d. 
Also,  a-  [b  -{c  —  {d - e)}]  =  a~  b+  {c~  (d-  e)} 

=  a  —  b  +  c  —  (d  —  e)  =  a  —  b  +  c  —  d  +  e. 


And  in  like  manner,  a  —  [b  —  {c—  (d-  e  — y')}] 

=  a  —  b  +  {c  —  (d—e—/)}  =a  —  b  +  c—{d-  e—f) 
—  a—  b  +  c  —  d  +  e  —/=  a—b  +  c  —  d+e  —f. 

EXAMPLES, 

1.  Add  together  4a  -  56  +  3c  -  Id,  a  +  J  -  4c  +  ^d, 

3a -  76  +  6c  +  4c?  and  a+  ib  -c  —  Id. 

2.  Add  together  x^  +  2a;'  -  3a;  +  1,  2a;'  -  3a;'  +  4a;  -  2, 

3a;'  +  4a;'  +  5  and  4a;'  -  3a;'  -  5a;  +  9. 

3.  Add  together 

a;'  —  3xy  -Jry^  -¥  x  +  y  —  1,   2a;'  +  ^xy  —  3?/'  —  2a;  —  2y  +  3, 
3a;'  —  5a;y  —  iy"  +  3x  +  iy  —  2  and  6a;'  +  1  Oxy  +  5y'  +  x  +  y. 

4.  Add  together  x^  —  2aa;'  +  a'x,  a;'  +  3aa;'  and  2a;'  -  ax^. 

5.  Add  together  4«6  —  a;',   3a;'  —  2ab  and  2aa;  +  26a;. 

6.  From  5a  -  36  +  4c  -  7d  take  2a  -  26  +  3c  -  d. 

7.  From  x^  +  4a;'  -  2a;'  +  7a;  -  1   take  a;"  +  2a;'  -  2a;'  +  6a;  -  1. 

8.  Suljtract  a'  —  aa;  +  a;'  from  3a'  —  2aa;  +  a;'. 

9.  Subtract  a  —  b  —  2(c-d)  from  2  (a  -  6)  —  c  +  d. 

10.  Subtract  (a  -b)x  —  (b  ~  c)y  from  (a  +  6)  a;  +  (6  +  c)  y. 

11.  Remove  the  brackets  from  a-{b-{c—d)}. 

12.  Remove  the  bi-ackets  from  a  —  {{b-c)-d}. 

1 3.  Remove  the  brackets  fr-om  a  +  26  -  6a  -  {36  —  (6a  —  66)} 

14.  Remove  the  brackets  fr-om  7a- {3a- [4a- (Sa- 2a)]}. 
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15.  Also  from  3a-[a  +  h-{a  +  b  +  c-{a  +  b+c  +  d)]]. 

16.  Also  from  2x  -  [3'i/ -  {ix  -  {5y  -  Gx)}]. 

17.  Also  from  a  -  [2b  +  {3c  -  Sa  -  {a  +  b)]  +2a-{b  +  3c)]. 

18.  Also  from  a -[5b -{a-  (3c  -  36)  +  2c -{a -2b-  c)}]. 

19.  U  a=2,  b  =  3,  x^Q  and  ?/=  5,  find  the  value  of 

a  +  2x-  {b  +  7/  -[a-x-{b-  2y)]}. 

20.  Simplify 

Ax^  -  2x'  +  x+  1  -  {3x'  -  x'  -  x-7}-  (x^  -  ix'  +  2x  +  8). 


III.     MULTIPLICATION. 

38.  We  have  already  stated  that  the  product  of  the  numbers 
denoted  by  any  letters  may  be  denoted  by  wiiting  those  letters  in 
succession  without  any  sign  between  them  ;  thus  abed  denotes  the 
2)roduct  of  the  numbers  denoted  by  a,  b,  c  and  d.  We  suppose  the 
student  to  know  from  Arithmetic,  that  the  product  of  any  num- 
ber of  factors  is  the  same  in  whatever  order  the  factors  may  be 
taken  ;  thus  abc  -  acb  =  bca,  and  so  on. 

39.  Suppose  we  have  to  form  the  product  of  4a,  5&,  and  3c ; 
this  product  may  be  ^vl•itten  at  full  thus  :  4xax5x6x3xc,  or 
4  X  5  X  3  X  cd)c,  that  is  60rt6c.  And  thus  we  may  deduce  the 
followmg  rule  for  the  multiplication  of  simple  terms :  imdti2dy 
together  the  numerical  coefficients  and  put  the  letters  after  the 
product. 

40.  The  notation  adopted  to  represent  the  powers  of  a  num- 
ber, (Art.  17),  will  enable  us  to  prove  the  following  inile :  the 
powers  of  a  number  are  multiplied  by  adding  the  exponents,  for 
a^  X  «^  =  a  X  a  X  a  X  a  X  a  =  a*  =  a^"^  ^ ;  and  similarly  any  other  case 
may  be  established. 

Thus  if  m  and  n  are  any  whole  numbers,  a"*  x  a"  =  a'"^". 
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41.  We  may  if  we  please  indicate  the  product  of  the  same 
powers  of  different  letters  by  writing  the  letters  witliin  brackets, 
and  placing  the  index  over  the  whole.  Thus  a^  x  b^  =  (aby ;  this 
is  obvious  since  (aby  =  ab  x  ab  =  a  x  a  x  b  x  b.     Similarly, 

a^  X  6^  X  c^  =  (abcy. 

Thus  a^  xb'^=  (aby' ;  a"  x  6"  x  c"  =  (abcy ;  and  so  on  for  any 
number  of  factors. 

42.  Suppose  it  required  to  multiply  a  +  b  by  c.  The  pro- 
duct of  a  and  c  is  denoted  by  ac,  and  the  product  of  b  and  c 
is  denoted  by  be ;  hence  the  product  of  a  +  6  and  c  is  denoted  by 
ac  +  be.  For  it  follows,  as  in  Arithmetic,  from  our  notion  of 
multiplication,  that  to  midtiply  any  quantity  by  a  number  we 
have  only  to  mxiltiply  aU  the  parts  of  that  quantity  by  the  number 
and  add  the  results.     Thus 

(a  +  &)  c  =  ac  4-  be. 

43 .  Suppose  it  required  to  multiply  a  —  b  by  c.  Here  the 
product    of  a   and  c  must    be    diminished  by    the    product    of  b 

and  c.     Thus 

(a  —  b)c-ac  —  be. 

44.  Suppose  it  required  to  midtiply  a  +  b  hj  c  +  d.  It 
follows,  as  in  Arithmetic,  from  our  notions  of  multiplication, 
that  if  a  quantity  is  to  be  multiplied  by  any  number,  we  may 
separate  the  multiplier  into  parts  the  sum  of  which  is  equal  to 
the  multipKer,  and  take  the  product  of  the  quantity  by  each  part, 
and  add  these  partial  products  to  form  the  complete  product. 

Thus  (a  +  b)  (c  +  <£)  =  (a  +  b)  c  +  (a  +  b)  d ; 

also  (a  +  b)  c-  ac  +  bo,  and  (a  +b)  d  —  ad  +  bd ; 

thus  (a  +  b)  (c  +d)-  ac  +  bc  +  ad  +  bd. 

45.  Siippose  it  required  to  multiply  a  —  b  by  c  +  d.  Here 
the  product  of  a  and  c  +  d  mvist  be  diminished  by  the  product  of 
b  and  c  +  d.     Thiis 

(a-b)  (c  +  d)  =a(c  +  d)  -b(c  +  d) 

-ac  +  ad  -  (be  +  bd)  =  ac  +  ad  -be-  bd. 


1 6  MULTIPLICATION. 

46.  Suppose  it  required  to  multij)ly  a  +  b  by  c  -d.  Here 
the  product  of  a  +  b  and  c  must  be  diminished  by  the  product 
of  a  +  6  and  d.     Thus 

(«  +  b)  {c  -  d)  =  (a  +  b)  c  ~  (a  +  b)  d 

=  ac  +  be-  [ad  +  bd)  -ac  +  bc  —  ad  -  bd. 

47.  Suppose  it  required  to  multiply  a  —  h  by  c  —  d.  Here 
the  product  of  a~b  and  c  must  be  diminished  by  the  product 
of  a  -  6  and  c/.     Thus 

(a  -  b)  (c  -d)  =  (a~b)  c-{a-b)d 

=  ac  —  bc  —  (ad  —  bd)  =  ac  —  be  —  ad  +  bd. 

48.  From  considering  the  above  cases  we  arrive  at  the  fol- 
lowing rule  for  multiplying  two  binomial  expressions  :  Multiply 
each  ter7n  of  the  luultiidicand  by  each  term  of  the  multiplier  ;  if  the 
terms  have  the  same  sign,  prefix  the  sign  +  to  their  product,  if  they 
have  different  signs  prefix  the  sign  — ;  then  collect  these  partial 
products  to  form  the  complete  product. 

The  rules  with  respect  to  the  sign  of  each  partial  product  are 
often  enunciated  thus  for  shortness  :  like  signs  2>foduce  +  ,  and 
unlike  signs  produce  —  . 

49.  It  aj)]iears  from  the  preceding  Ai'ticles,  that  correspond- 
ing to  the  terms  -  b  and  c  which  occiu'  in.  two  binomial  factors, 
there  is  a  term  —6c  in  the  product  of  the  factors.  Hence  it  is 
often  stated  as  an  independent  truth  that  —  b  x  c  =  —  be. 

Similarly,  we  observe,  that  corresponding  to  the  terms  -  b  and 
—  c  which  occur  in  two  binomial  factors,  there  is  a  term  be  in  the 
product  of  the  factors ;  hence  it  is  often  stated  as  an  independent 
truth,  that  -  b  x  —  c  =  be.  These  statements  will  be  examined  and 
explained  in  Chapter  V. 

50.  The  rule  given  in  Article  48  will  hold  for  the  multipli- 
cation of  any  expressions.  This  will  appear  from  considering 
a   few   examples.     Suppose,    for    instance,   we  have  to  multiply 
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4fj2  _  g^jj  _^_  (3^2  \^j  2tt2  _  3^5  _|.  4^2^     rpj^g  required  product  here  is 
2(*'  (4a'  -  5ab  +  66')  -  3ab  {icr  -  5ab  +  Qh^)  +  ib"  (4a'  -  Sab  +  Gb') ; 
thus  we  obtain 

(8a*  -  lOa'b  +  I2a%')  -  {12a'b  -  15a'b'  +  I8ab^) 

+  {I6a%' -  20ab'' +  2U% 
that  is, 

8a*  -  lOa'6  +  12a'6°  -  12a'6  +  15aT  -  18«6'  +  IQa'b'  -  20ab^  +  246*. 

Tliis  result  agrees  with  the  rule.     If  we  simplify  the  result  by 
collecting  the  like  terms  we  obtain 

8a*  -  22a='6  +  43a=6-  -  38a6'  +  246*. 

The  whole  operation  may  be  conveniently  aiTanged  thus  : 

4a^  -  5a6  +  66' 
2a'  -  3a6  +  46' 


8a*-10a'6  +  12a'6' 

-12a'6  +  15a'6--18a6' 

+  16a'6'-20a6='+246^ 

8a*  -  22a^6  +  43a'6'  -  38a6'  +  246* 

51.  The  student  should  carefully  notice  the  arrangement  of 
the  above  oiDeration.  The  expressions  which  we  wish  to  multiply 
are  here  said  to  be  arranged  according  to  descending  powers  of  a  ; 
for  in  the  expression  4a'  —  5a6  +  66*  the  term  which  contains  the 
highest  power  of  a  is  4a',  and  this  is  placed  first ;  next  we  place 
—  5a6  which  contains  a,  and  last  we  place  the  term  +  66',  which 
does  not  contain  a  at  all.  Similarly  the  other  factor  2a'  -  3a6  +  46' 
is  arranged.  The  j^artial  products  which  arise  are  so  arranged 
tliat  like  terms  occiu-  in  the  same  column,  and  thus  we  collect 
them  more  easily. 

The  factors  might  also  have  been  arranged  thus  66'  —  5a6  +  4a' 
and  46'  —  3a6  +  2a' ;  they  are  tlien  said  to  be  arranged  according 
to  ascending  j)Owers  of  a.  It  is  of  no  conseq\iencc  which  order 
we  adopt,  l)ut  we  should  take  the  same  order  for  the  multiplicand 
and  tlie  multiplier. 

T.  A.  2 
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52.     Again ;  multiply  2x^  +  3a;  +  4  by  2x*  -  3x  +  4.     Tho   ope- 
ration may  be  arranged  thus  : 

2x'  +  3a;  +  4 
2x'  -  3a;  +  4 


4a;*  +  Qx^  +  8x^ 

-Qx'-dx''-  Ux 

+  8a;^+  12a;  +  16 

4a;*  +7x'  +16 

Thus  the  product  is  4a;*  +  7x"  +  16. 

53.      The  following  three  examples  deserve  special  notice, 


a  +b 

a  —b 

a  +b 

a  +b 

a  —b 

a  -b 

a^  +  ab 

a^  —  ab 

a^  +  ab 

+  ab 

+ 

¥ 

—  ah 

+ 

h' 

-ab-b' 

a^  +  2ab 

+ 

b' 

a'  -  2ab 

+ 

¥ 

a'          -  b 

The  first  example  gives  the  value  of  (a  +  b)  (a  +  b),  that  is,  of 
(a  +  by  ;  we  thus  find 

(a  +  by  =  a'+  2ah  +  b\ 

Thus  the  square  of  the  sum  of  two  nuvnhers  is  equal  to  tlie 
sum  of  the  squares  of  the  two  numbers  increased  by  twice  their 
product. 

Again  we  have 

{a-by'-=a'-2ab  +  b\ 

Thus  tlie  square  of  the  difference  of  two  numbers  is  equal  to  the 
su7)b  of  the  squares  of  the  two  numbers  diminished  by  twice  their 
product. 

Also  we  have 

{a  +  h){a-b)  =  a'-  b\ 

Thus  the  jn-oduct  of  the  sum  and  the  difference  of  two  numbers 
is  equal  to  the  difference  of  their  squares. 
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54.  We  may  liere  indicate  tlie  meaning  of  the  sign  ±  wMch 
is  sometimes  used,  and  which  is  called  the  double  sign. 

Since  (a  +  hf  =  a'  +  2ab  +  h\ 

and  {a  -  bf  =  a' -  2ab  +  b\ 

we  may  write  («  ±  bf  =  a"  ±  2a6  +  b^. 

Thus  ±  indicates  that  we  may  take  either  the  sign  +  or  the 
sign  -  ;  a  ±  6  is  read  thus,  "  a  plus  or  ininus  b." 

55.  The  results  given  in  Art.  53  furnish  a  simple  example  of 
the  vise  of  Algebra ;  we  may  say  that  Algebra  enables  us  to  prove 
general  theorems  respecting  numbers,  and  also  to  express  those 
theorems  briefly.  For  example,  the  result  [a  +  b)  (a  —  b)  ^a^  -  b"  is 
proved  to  be  tnie,  and  is  stated  thus  by  symbols  more  compactly 
than  by  words. 

There  aire  other  results  in  multiplication  which  are  of  less 
importance  than  the  three  formuliB  given  in  Art.  53,  but  which 
are  deserving  of  attention.  We  place  them  here  in  order  that  the 
student  may  be  able  to  refer  to  them  when  they  are  wanted;  they 
can  be  easily  verified  by  actual  midtiplication. 

{a  +  b)  (a"  -ab  +  b^)  =  a^  +  b^, 

(«  -  b)  {a^  +  ab  +  b'^)  =  a^  -  b", 

(a  +  by  =  (a  +  b)  {a'  +  2ab  +  b"')  =  a^  +  ia'h  +  3«&'  +  6", 

(a -  bf  =  {a-b) (a- -  2ab  +  b')  =  a' -  Sa'b  +  3ab' -  b\ 

{b  +  c)  (c  +  a){a  +  b)  =  a-  {b  +  c)  +  b^  (c  +  a)  +  c^  (a  +  b)  +  2abc, 

(b  -  c)  (c  -a)  {a-b)  =  a'  {c  -  b)  +  b'  {a-  c)  +  c'  {b-  a), 

{a  +  b  +  c)  (be  +  ca  +  ab)  =  a^  {b  +  c)  +  b"  (c  +  a)  +  c*  {a  +  b)  +  3abc, 

(a  +  b  +  c)  (a"  +  b^  +  c"  -be-  ca  ~  ab)  =  a^  +  b^  +  c''  -  3((bc, 

(b  +  c-  a)  (c  +  a-b)(a+b-  c)  =  a'  (b  +  c)  +  b"  (c  +  a)  +  c"  (a  +  b) 

^ai'-b^-^-^abc, 
(a  +  b  +  cy  =  a""  +  3a"  {b  +  c)  +  3«  (b  +  cf  +  (b  +  cf 

=  a'  +  3a^  (6  +  c)  +  3«  {W  +  26c  +  c')  +  b^  +  U'c  +  Zbc'  +  c' 
=  a^  +  ¥  +  c^  +  2>a^  (b  +  c)  +  3b'  (a  +  c)  +  Sc"  (a  +  b)  +  6abc. 

2—2 
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56.  By  using  the  fovniulce  given  in  Art.  53,  the  process  of 
multiplication  may  be  often  simplified.  Thus  suppose  we  have  to 
multiply  a  +  6  +  c  +  (/  by  a  +  h  —  c  -  d.  This  is  the  same  thing  as 
multiplying  (a  +  h)  +  {c-^d)  Ijv  {a  +  h)  —  {G  +  d).  Then  by  the  third 
formula  we  have 

{(a  +  6)  +  (c  +  d)\  {{a  +  b)-{c  +  d)}  =  (a  +  bf  ~(c  +  df. 

Next  we  can  express  (a  +  hf  and  (c  +  dy  by  means  of  the  first 
formula ;  thus  finally 

{a  +  h  +  G  +  d)  {a  +  h  -  c  -  d)  =  a^  +  lr  +  2ab  -c"-d^-  led. 

57.  From  an  examination  of  the  examples  here  given,  and 
those  which  are  left  to  be  worked,  the  student  will  recognise  the 
truth  of  the  following  laws  -with  respect  to  the  residt  of  multi- 
plying algebraical  expressions. 

The  number  of  terms  in  the  product  of  two  algebraical  ex- 
pressions is  never  greater  than  the  product  of  the  numbers  of  the 
terms  in  the  two  expressions,  but  may  be  less,  owing  to  the 
simplification  produced  by  collecting  like  terms. 

When  the  multiplicand  and  mxiltiplier  are  both  arranged  in  the 
same  way  according  to  the  i)0wers  of  some  common  letter,  the  first 
and  last  terms  of  the  product  are  unlike  any  other  terms.  For  in- 
stance, in  the  example  of  Art.  50,  the  multiplicand  and  multiplier 
are  arranged  according  to  powers  of  a ;  the  first  teiTQ  of  the 
product  is  8a*  and  the  last  term  is  24&*,  and  there  are  no  other 
terms  which  are  like  these  ;  in  fact,  the  other  terms  contain  a 
raised  to  some  power  less  than  the  fourth  power,  and  thus  they 
differ  from  8a*;  and  they  all  contain  a  to  some  power,  and  thus 
they  diff'er  from  246*. 

When  the  multiplicand  and  multiplier  are  both  homogeneous 
the  product  is  homogeneous,  and  the  number  of  the  dimensions  of 
the  product  is  the  sutyi  of  the  numbers  which  express  the  dimen- 
sions of  the  multiplicand  and  multiplier.  Tlius  in  the  example  of 
Ai^t.  50,  the  multiplicand  is  homogeneous  and  of  two  dimensions, 
and  the  multiplier  is  homogeneous  and  of  two  dimensions ;  the 
product  is  homogeneous  and  of  four  dimensions.  In  the  example 
of  Art.  56  the  multiplicand  and  the  multiplier  are  both  homo- 
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geneoiis  and  of  one  dimension ;  tlie  product  is  homogeneous  and  of 
two  dimensions.  The  law  here  stated  and  exemplified  is  of  great 
importance  as  it  serves  to  test  the  accuracy  of  algebraical  work ; 
and  accordingly  the  student  is  recommended  to  pay  great  attention 
to  the  dimensions  of  the  terms  in  the  results  which  he  obtains. 

Thei-e  is  another  law  wliich  is  often  useful  in  testing  the 
acciiracy  of  algebraical  work,  which  we  may  call  the  law  of 
symmetry.     Suppose  we  reqiiire  the  product 

{x  +  a  +  b)  {x  +  h  +  c){x  +C  +  a). 

Here  a,  b,  and  c  occur  sym/metrically.  If  we  put  a  instead  of  c, 
and  G  instead  of  a,  we  shall  only  change  the  order  of  the  factors ; 
and  this  will  produce  no  change  in  the  result.  Similarly  a  and  b 
may  be  interchanged,  or  b  and  c  may  be  interchanged,  without 
changing  the  value  of  the  result.  "We  may  expect  then  that 
the  result  will  be  symmetrical  with  respect  to  a,  b,  and  c ;  and 
we  shall  find  this  to  be  the  case.      The  result  is 

a^  +  2x'^  (a  +  b  +  c)  +x  {a^  +  b'^  +  c^  +3  {ab  +  be  +  ca)} 
+  a^  (b  +  c)  +  b^  (c  +  a)  +  c'  {a  +  b)  +  '2abc. 

It  will  be  seen  that  this  expression  is  symmetrical  with  respect  to 
a,  b,  and  c.  Take,  for  example,  the  coefficient  of  x^ ;  this  is 
2  (a  +  b  +  c),  that  is,  2a+  2b  +  2c  :  if  then  a  student  had  obtained 
an  unsymmetrical  result,  suppose  2a+  2b  +  c,  it  would  be  obvious 
to  a  person  acquainted  with  the  subject  that  there  must  be  an 
error  in  the  work. 

The  law  of  symmetry  is  one  with  which  the  student  will 
gradually  become  famiUar ;  for  the  further  he  proceeds  ui  Algebra, 
the  more  frequently  will  the  law  be  of  service. 

EXAMPLES    OF    MULTIPLICATION. 

1.  Multiply  2p-q  by  2q  +  p. 

2.  Multiply  a^  +  3ab  +  2b'  by  7a -56. 

3.  Multiply  rt'  -  ab  +  b'  by  «'  +  ab  -  b\ 

4.  Multiply  a'-ab+  26*  by  a  +  ab  -  W. 

5.  Multiply  a'  +  2ax  +  «"  by  a^  +  2ax  -  a;^ 
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6.  Multiply  a*  +  iax  +  ix^  hj  a*  -  iax  +  io(f. 

7.  Multiply  a'  -  lax  +  hx-x^  by  h  +  x. 

8.  Multiply  1 5«'  +  1 9,ax  -  1  ia'  by  ix'  -  2ax  -  a\ 

9.  Multiply  2a;'''  +  4a;'  +  8a;  +  1 G  by  3a;  -  6. 

10.  Multiply  2a;'  -  8a;y  +  9y"  by  2a;  -  3?/. 

1 1.  Multiply  4a;'  -  3a;?/  -  y'  by  3a;  -  2?/. 

12.  Multi})ly  x^  —  x*y  +  xif  —  y^hjx-¥y. 

1 3.  Multiply  a;  +  2?/  -  3;s  by  a;  -  2y  +  3,^. 

14.  Multiply  2a;'  +  3a;y  +  ii/  by  3a;'  -  4a;?/  +  ?/'. 

15.  Multiply  a;'  +  aj?/  +  y'  by  a;'  +  a;2;  +  s'. 

16.  Multiply  a'  +  6'  +  c'  +  6c  +  ca  -  «6  by  a  +  6  -  c. 

17.  Multiply  a;'  —  a;?/  +  y'  +  a;  +  2/  +  1  by  a;  +  ?/  -  1 . 

1 8.  Multiply  x^  +  4a '  +  5a;  -  24  by  a;'  -  4a;  +  11 . 

19.  Multiply  x^  -  4a;'  +  1  la;  -  24  by  a;"  +  4a;  +  -5. 

20.  Multii)ly  a;'  -  2a;'  +  3a;  -  4  by  4a;'  +  3a;'  +  2x  +  1. 

2 1 .  Multiply  a;'  +  2a;'  +  a;'  -  4a;  -  1 1  by  a;'  -  2a;  +  3. 

22.  Multiply  x^  -  5a;V  1 3a;'  -  a;'  -  a;  +  2  by  a;'  -  2a;  -  2. 

23.  Multiply  a'  -  2a'  +  3a'  -2a+l  by  a'  +  2a'  +  3a'  +  2a  +  1. 

24.  Multiply  together  a  —  x,  a  +  x,  and  a''  +  a;'. 

25.  Multiply  together  a;—  3,  a;— 1,  a;+l,  and  a;+  3. 

26.  Multiply  together  a;'—  a;  +  1,  a;'  +  a;  +  1,  and  a;*  —  a;'  +  1. 

27.  Multiply  X*  —  aa;'  +  6a;'  —  cx+  d  by  x*  +  ax'  —  bx^  +  cx  —  d. 

28.  Shew  that  (a;  +  a)*  =  x^  +  Aa^a  +  6a;'a'  +  4a;a'  +  a*. 

29.  Shew  that  a;  (a;  +  1)  (a;  +  2)  (a;  +  3)  +  1  =  (a;'  +  3a;  +  1)'. 

30.  Multiply  together  a  +  x,  b  +  x,  and  c  +  x. 

31.  Multiply  together  a;  —  a,  x—b,  x  —  c,  andx  —  d. 

32.  Multiply  together  a+b  —  c,  a  +  c  —  b,  b  +  c  —  a,  and  a  +  b  +  c. 

33.  Simplify  (a  +  b){b  +  c)-{c  +  d)  (d  +  a)-  (a  +  c){b-  d). 

34.  Simplify  {a  + b  +  c +  d)'-  +  (a-b-c  +  dy  +  (a-b  +  c-dy 

+  (a  +  b-c-dy. 
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35.  Prove  that  {x  +  y  +  zf  -  {s^  +  1/  +  ^)=  o{y  +  z)  {z  +  x)  {x  +  y). 

36.  Simplify  {a  A-  b  +  cf  —  a{h  +  c  —  a)  —  h  {a  +  c  —  b) - c (a+b—c). 

37.  Simplify  {x-yy+ {x  + yy+3{x-7jy{x  +  7/)  +  3{x  +  yy{x-y). 

38.  Simplify  {a^  +  b-+ c-y-{a  +  b  +  c){a  +  b-c){a  +  c-b)(b  +  c-a). 

39.  Simplify  {a'+b'+cy+ {a+b+c){a  +  b-c){a+c-b){b  +  G-a). 

40.  Prove  that  x^  +  y^  +  {x  +  yy  =  2  (x^  +  xy  +  yy 

+  Sx'^y^  {x  +  yy  (x^  +  xy  +  7/). 

41.  Prove  that  4:xy  (x^  +  y^)  =  («*'  +  xy  +  yy  -  (x^  -  xy  +  yy. 

42.  Prove  that  ixy  (x^  —  y^)  =  {x^  +  xy  —  y')"  —  (cc^  —  xy  -  yy. 

43.  Multiply  together  (x^  -  Sx  +  2)°  and  x^+  6x+l. 

44.  Multiply  x^  +  a^  -  ax  (x^  +  a^)  by  x^  +  cv"  -  ax  {.c  +  a). 

45.  Multiply  {a  +  by  by  («  -  by. 

46.  If  5  =  a  4-  6  +  c,  prove  that 
s{s-2b){s-2c)+s{s~1c)  (s-2«)  +  s(s-2«)  (s-26) 

=  (s  -  2a)  (5  -  26)  (s  -  2c)  +  Sa6c. 
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58.  Division,  as  in  Ai'ithmetic,  is  the  inverse  of  Multipli- 
cation. In  Multiplication  we  determine  the  product  arising  from 
two  given  factors ;  in  Division  we  have  the  product  and  one  of 
the  factors  given,  and  our  object  is  to  deteiTQin^e  the  other  factor. 
Tlie  factor  to  be  determined  is  called  the  quotient. 

59.  Since  the  product  of  the  niunbers  denoted  by  a  and  b 
is  denoted  by  ah,  the  quotient  of  ab  divided  by  a  is  6  ;  thus 
ab-~-a  =  b  ]  and  also  ah-T-b  =  a.  Similarly,  we  have  abc-i-a  —  bc, 
abc-T-b  =  aG,  abG~-G  =  ab ;  and  also  obG-^bc  =  a,  abc-^aG  =  b, 
abc-i-ab  —  c.     These  i-esults  may  also  be  written  thus  : 

abc     .  abG  abc        , 

—  =  be,  - ,-  —  ac,  —  =  ab  : 

a  be 

abc  abc      ,  abc 

be  ac  <w 
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60.  Suppose  we  requii-e  the  quotient  of  60abc  divided  by  3c. 
Since  QOabc  =  20ab -x.  3c  we  have  60a6c-=-3c  =  20a6.  Similarly, 
60a&c-=-4a=  155c ;  60abc-i-5ab=  12c  ;  and  so  on.  Thus  we  may 
deduce  the  following  rule  for  dividing  one  simple  tervi  by  another  : 
If  the  mionerical  coefficient  and  the  literal  'product  of  the  divisor 
be  J'ound  in  the  dividend,  the  other  part  of  tlie  dividend  is 
the  quotient. 

61.  If  the  numerical  coefficient  and  the  literal  product  of 
the  divisor  be  not  foiind  in  the  dividend,  we  can  only  indicate  the 
division  by  the  notation  we  have  appropriated  for  that  purpose. 
Thus  if  5  a  is  to  be  divided  by  2c,  the  quotient  can  only  be  indi- 
cated  by  5a-i-2c,    or  by  ^.      In    some    cases    we    may  however 

^c 

simplify  the   expression  for  the  quotient   by  a   principle   already 
used  in  arithmetic.      Thus   if  loa'b  is  to  be  divided  by  66c,  the 

qiiotient  is  denoted  by  -— —  .    Here  the  dividend  =Sb  x  ba^,  and 

the  divisor  =  36  x  2c  ;  thus  in  the  same  way  as  in  Arithmetic  we 

may  remove  the   factor  36,  which    occurs  in  both   dividend   and 

5a^ 
divisor,  and  denote  the  quotient  by  — -  . 

62.  One  power  of  any  number  is  divided  by  another  power 
of  the  same  number  by  subtracting  the  index  of  the  latter  power 
from,  the  index  of  the  former. 

Thus  a^-r-a^  =  axaxaxax  a-^a  x  a  =  axaxa  =  a^  =  a^~'. 
Similarly  any  other  case  may  be  established. 

Hence   if    m   and   n   be  any  whole  numbers,    and  m  greater 

than  n,  we  have  a  -=-«   or  ^,  =« 
a 

63.  Again,  suppose  we  have  such  an  expression  as  —5 .     We 

a^  x\ 
may  wiite  it  thus  —„ -^ ;  then,  as  in  Ai-t.   61,  we  may  remove 

a   X  a 


DIVISION.  25 

a*       1 

the  common  factor  a^.      Tlius  we  obtain  -.  =  —  .      Similarly  any 

other  case  may  be  established. 

Hence  if  m  and  n  be  any  whole  numbers,  and  m   less  than  n, 

,                             a'"         1 
we  have  «-=-«"  or  —  =  . 

64.     Suppose  such  an  expression  as  jj  to  occur  ;  this  may  be 

written  thus  (t)  •     For  (-\   means  t^t,  and  t  x  r  =  To  >    as  we 

know   from  Aiithmetic,   and   as  will   be  she^vn   in    Chapter  viii. 
Similarly  any  other  case  may  be  established. 

Hence  if  w  be  anv  whole  number  ^^  = 

o" 

Go.  When  the  dividend  contains  more  than  one  term,  and  tJie 
divisor  contains  only  one  term,  xce  must  divide  each  terra  of  tlie 
dividend  by  tJie  divisor,  and  then  collect  the  partial  quotients  to  ob- 
tain the  complete  quotient. 

Thus,  — 7 —  =  a  —  G  ;  for  [a  —  c)  b  =  ab  —  cb. 

ab'-abc  +  abd     ,  j     r     n  7x    i        7:2       7 
=^  b-  c  +  d  ;  tor  (0  —  c  +  a)  ao  =  ab  —  abc  +  abd. 

In  the  first  example  we  see  that  corresponding  to  the  term  ab 
in  the  di^-idend  and  to  the  di^^sor  b  there  is  the  tei-m  a  in  the 
quotient ;  and  coiTesponding  to  the  teiTa  —  c6  in  the  di\'idend 
and  to  the  di'vdsor  b  there  is  the  teiin  —  c  in  the  quotient. 

"We  have  ali-eady  stated  in  Art.  49,  that  the  following  results 
are  admitted  for  the  present,  subject  to  future  ex^ilanation : 

b  X  —  c  =  —  bc,  —  b  X  —  c  =  be. 

Similarly,  the  following  results  may  be  admitted  : 

—  bc^  he         , 

—  =  0,  —  =  —  0. 

—  c  —c 
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Thiis  in  Division  as  in  Multiplication,  the  sign  of  the  quotient 
is  deduced  from  the  signs  of  the  dividend  and  di\'isor  by  the  i-ule, 
like  si(/us  jn-oduce  +  ,  and  unlike  signs  produce  -  . 

G6.  When  the  divisor  as  well  as  the  dividend  contains  more 
than  one  term,  we  must  perfoi-m  the  operation  of  algebraical 
division  in  the  same  way  as  the  operation  called  Long  Division  in 
Arithmetic.     The  following  rule  may  be  given  : 

Arrange  both  dividend  and  divisor  according  to  the  powers  of 

sortie  common  letter,  either  both  according  to  ascending  powers,  or 
both  according  to  descending  powers.  Find  how  often  the  first  term, 
of  the  divisor  is  contained  in  the  first  term  of  the  dividend,  and 
write  down  this  residt  for  the  first  term  of  the  quotient ;  multiply 
the  whole  divisor  by  this  term,  and  subtract  the  product  from  the 
dividend.  Bring  down  as  many  terms  of  the  dividend  as  tloe  case 
may  require,  and  repeat  the  operation  till  all  the  terms  are  brought 
down. 

Example.     Divide  a'  -  2ab  +  b^  by  a  —  b. 

The  operation  may  be  arranged  thus  : 

a  —  b)  a'  —  2ab  +  h^  {ci  —  h 
a"  —  ab 


-ab  +  b^ 
-ab  +  b' 


The  reason  for  the  rule  is,  that  the  whole  dividend  may  be 
divided  into  as  many  parts  as  may  be  convenient,  and  the  com- 
plete qiiotient  is  found  by  taking  the  sum  of  all  the  partial  quo- 
tients. Thus,  in  the  example,  a^  —  2ab  +  V  is  really  divided  by  the 
process  into  two  parts,  namely,  a^  —  ab  and  —ab  +  b^,  and  each  of 
these  parts  is  divided  by  a  —  b ;  thus  we  obtain  the  complete 
quotient  a  -b. 

67.  It  may  happen,  as  in  Arithmetic,  that  the  division  can- 
not be  exactly  performed.  Thus,  for  example,  if  we  divide 
a^  —  lab  +  26''  by  a-h,  we  shall    obtain    as  before    a  —  b   in   the 
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quotient,  and  there  vdl\  then  be  a  remainder  h^.     This  result  is 

expressed  in  a  manner  similar  to  that  used  in  Arithmetic  ;  we  say 

a^'-^ah+'Ib^  r_        b'         ,       .      ,         . 

— J =  a  —  0  -\ y  ;  that  is,  there  is  a  complete  quotient 

a  —  b  and  a  fractional  part  y  .     To  the  consideration  of  alge- 
braical fractions  we  shall  retui'n  in  Chapter  viii. 

68.     The  following  examples  are  impoi-tant : 

X  —  a)  x^  —  a^  l^x^  +  xa  +  a^  x  —  a  J  x*  —  a*  {of  +  x^a  +  xa^  +  a? 

c(?  —  x'a  as*  —  x^a 


x~a- 

-a' 

x^t- 

-xa^ 

xa^  - 

-a^ 

xa^  - 

-a? 

x^a- 

-a* 

x^a~ 

-xW 

x^a-  - 

-a* 

2     3 

X  a  - 

-xa^ 

xa?  - 

-a* 

xa?  - 

-a* 

The  student  may  also  easily  verify  the  following  statements  : 

X  — a  X  — Oj        -,       o  2       q 

=x-  a  ;  =  X  —  xa  +  xa  -  a  ; 

x+  a  x  +  a 

X  -\-  a        2  a       X  +  a        .       q         po         •»       . 

=  x  —xa  +  a;     =x  —  xa  +  x  a  —  xa  +  a*. 

x+a  x+a 

Each  of  these  examples  of  division  famishes  an  example  of 
multi}jKcation,  as  the  product  of  the  divisor  and  quotient  must  be 
equal  to  the  dividend.  Thus  we  have  the  following  results  which 
are  worthy  of  notice  : 

x'  -  a^  =  {x  +  a)  {x  —  a), 

^ -a*  =  (x- a)  (x'  +  xa  +  a"), 

x^  +  a^  =  (x  +  a)  (x^  -xa  +  a"), 

X*  —  a*  =  (x—  a)  {x^  +  x'a  +  xa^  +  a^), 

X*  —  a*  =  {x  +  a)  (x^  -  x'a  +  xa'  -  «'), 

xf'  +  a^  =  (x  +  a)  {x*  -  oi?a  +  x^a^  -  xa?  +  a^). 
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G9.     It  will  bo  useful  for  the  student  to  notice  the  following 

facts  : 

a;"  —  a"  is  always  divisible  hj  x-a  whether  the  index  n  be  an 
odd  or  eve7i  whole  number. 

a"  —  rt"  is  divisible  hj  x  +  a  if  the  index  w  be  an  eve7i  whole 
number. 

x"  +  a"  is  divisil)le  by  x  +  a  if  the  index  n  be  an  odd  whole 
number. 

It  will  be  easy  for  the  student  to  verify  these  statements  in 
any  particiilar  case,  and  hereafter  we  shall  give  a  general  proof  of 
them.     See  Chapter  xxxiii. 

70.  By  means  of  the  i-esults  which  have  been  obtained  in 
the  preceding  Articles  we  may  often  resolve  algebraical  expres- 
sions into  factors.     Thus  whatever  A  and  B  denote  we  have 

A'-B'  =  {A+J]){A-B), 

and  the  student  will  frequently  have  occasion  to  use  this  general 
result  with  various  foi'ms  of  A  and  B.  For  example,  suppose 
A  =  a^,  and  B  -  Jf,  so  that  A^  =  a^,  and  B^  =  b* ;  then  we  have 

a'  ~b'  =  {a'  +  ¥)  (a'  -  W), 

and  as  a^  —  h'  =  («  +  h)  (a  -  b), 

we  obtain  a*  —  6*  =  (a'  +  b')  («  +  b)  (a  —  b). 

Again,  suppose  A  =  a^,  and  B  =  b^,  so  that  A^  —  a*,  and  B'  =  ¥; 
then  we  have 

a'-b'  =  {a'  +  b')  {a'  -  b^) ; 

and,  as  iii  Art.  68, 

ci?  +  b^  =  {a  +  b){a''-ab  +  b''), 

a'-b'  =  (a-b){a-  +  ab  +  b'), 
so  that 

a"  -  6"  =  {a  +  b){a-  b)  {a'  +  ah  +  6")  (a"  -ab+  ¥). 
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Again,  suppose  A  =  a*  and  B  =  b\  so  that  A^  —  a^,  and  B^  =  b^ ; 
then  we  have 

a'-b'^ (a*  +  b')  {a'  -  b') 

=  {a'  +  b')  {a'  +  b')  («  +  b)  (a  -  b). 

Again,  take  the  general  result 

A^-B'  =  {A-B){A'  +  AB  +  B% 

and  suppose  A  =  a^,   and  B  —  b^;  thus  we  obtain 
a'-b'=  {a"  -  K-)  {a*  +  aV'  +  ¥)  ; 
and  bj  comparing  this  with  the  result  just  proved, 

a'-¥  =  {a  +  b)  (a  -  b)  {a'  +  ab  +  b^)  {a'  -  ab  +  b% 
we  infer  that 

{a^  +  ab  +  b'-)  («"  -  ab  +  b')  =  a*  +  a~b'  +  b*. 
This  can  be  easily  verified  by  the  method  of  Art.  56. 

For  {a'  +ab+  b')  (a'  -ab+  6")  =  (a'  +  b'  +  ab)  {a'  +  ¥  -  ab) 

=  (a=  +  ly  _  a'b' 
=  a'  +  2a'b'  +  b'~  a'b' 
-  a'  +  a%'  +  b\ 

We  may  also  in  some  cases  obtain  useful  arithmetical  applica- 
tions of  oiu'  formuljB.      For  example, 

(127)'-(123)=  =  (127  + 123)  (127-123) 
=  250  X  4  =  1000; 

thus  the  value  of  (127)'' -  (123)^  is  obtained  more  easily  than  it 
would  be  by  squaring  127  and  123,  and  subtracting  the  second 
result  from  the  first. 

The  following  additional  examples  are  deservmg  of  notice  : 

(a'  +  ab  J2  +  b')  {a'  -  ab  J2  +  b')  =  (a'  +  by  -  (ab  J'2y 

=  a*+  2a'b'  +  b*  -  2a'b' 
=  a^  +  b\ 
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{oj"  +  ah  v'3  +  h-)  {a"  -  ah  J3  +  h")  =  («*  +  hj  -  {ah  J?>y 

=  a*+2a'b'  +  h'~3a'h^ 
=  a*  -  a^h''  +  h\ 
a«  +  U'  =  {a-  +  b")  («"  -  u'h-  +  h*) 

=  (a-  +  h'-)  {a-  +  ah  J'.i  +  b'-)  {a"^  -  ah  J?>  +  h"). 

71.     The  folio wiiig  are  additional  examples  of  Division. 

Divide  8«'  -  22a'6  +  i?>a"¥  -  3Srt6^  +  24&'  by  2a-  -  3a6  +  46". 

2a"  -  3«6  +  46-;  8a*  -  22a'6  +  43a'6-"  -  SSa^^^'  +  246*  (4a--5rt6  +  66' 
8a*-12a'6  +  16a'6' 


-10a'6  +  27a'6*-38a6' 
-10a=*6+15a'6--20a6^ 


12a*6^-18a6*+246* 
12a=^6'-18a6^  +  246* 

The  quotient  is  4a-  -  5a6  +  661 

Divide  a;^  -  (a  +  6  +  c)  x'  +  (a6  +  6c  +  ac)  x  —  ahc  by  a;  -  a. 

X  ~a  \  .^^ -  («  +  6  +  c)  a;-  +  (a6  +  6c  +  ac)  x  —  ahc  I  x'  -  (6  +  c)  x  +  6c 
a^  —  ax^ 


-  (6  +  c)  Q(?  +  (a6  +  6c  +  «c)  X 

-  (6  +  c)  a;^  +         (a6  +  ac)  x 

hex  —  ahc 
hex  —  ahc 

Tlie  quotient  is  a;"  —  (6  +  c)  a;  +  6c. 

These  two  examples  suggest  the  following  statement  :  When 
the  dividend  and  the  divisoi*  are  homogeneous  so  also  is  the  quo- 
tient; the  number  of  the  dimensions  of  the  quotient  is  equal  to 
the  excess  of  the  number  which  expresses  the  dimensions  of  the 
di\'idend  over  the  number  which  expresses  the  dimensions  of  the 
divisor.   See  Ai-t.  57. 
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EXAMPLES    OF    DIVISION. 

1 .  Divide  a?  +  I  by  x-\-  1. 

2.  Divide  27a;^  +  8/  by  Sx  +  2t/. 

3.  Divide  a^  -  2ab'  +  F  by  a-h. 

4.  Di^dde  a?  -  1a%  -  ?>alf  by  a  +  h. 

5.  Di\dde  64a;°  -  y^  by  2x  -  y. 

6.  Divide  a*  +  &'  by  a  +  h. 

7.  Divide  o?  —  x^y  +  xy^  —  y^  by  x  —  y. 

8.  Di%-ide  a.-^  —  7ie  —  6  by  aj  -  3. 

9.  Divide  32a3'  +  y^  by  2x  +y. 

10.  Divide  x^  —  x*y  +  s(?y''  —  x'-tf  +  xy*  —  y^  hj  x^  —  y^. 

11.  Di\dde  a;^  +  ar'  -  4a;-  +  5a;  -  3  by  a;^  +  2a;  -  3. 

1 2.  Di^dde  a^  +  2a'b^  +  9b'  by  a"  +  2ab  +  3b'. 

1 3.  Di^-ide  a'  -  b'  by  a^  +  2a'b  +  2ab'  +  h\ 

14.  Divide  32a*  +  5iaW  -  8W  by  2a  +  36. 

15.  Divide  x'  -  2a;='  +  1  by  x'  -2x  +  l. 

1 6.  Divide  x'  -  6x*  +  9a;=  -  4  by  a;'  -  1 . 

17.  Divide  a'  +  a'b  -  Sa'b'  +  19ab^-  156*  by  a'  +  Sab  -  5b\ 

18.  Divide   the    product    of  a;^— 12a; +  16  and  a;''— 12a;— 16 
by  a;'-  16. 

19.  Divide    the    product    of    af'  — 2a;+l    and   ar'— 3a; +2  by 
a?  —  3a;*  +  3a;—  1. 

20.  Divide  the  product  of  a;*  —  a;  —  1,   2a;^  +3,  a;^  +  a;  -  1 ,   and 
a;-  4  by  a;*—  3a;^+  1. 

21.  Divide    the     product    of    a°  +  aa;  +  a;*    and    a^  +  o(?     by 
a^  +  aV  +  x*. 

22.  Divide    the    product  of   .-c*  -  4ar\t  +  6a;'a^  —  4a;a'  +  a*  and 
a*  +  2xa  +  a^  by  x*  -  2x\i  +  2xa^  -  a*. 

23.  Di-sade  a^  +  a%  +  a^c  -  abc  -  b'c  -  be"  by  a^  -  be. 
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24.  Divide  3o(?  +  iabx'  -  Ga'b'x  -  ia^h^  hj  x+  2ab. 

25.  Divide  the  product   of  x^  -  Sx'^  +  Sx—1,  x^—2x+\  and 
03  —  1  by  a;*  —  4a;*  +  6a;^  -  4a;  +  1 . 

2G.     Divide  6a*  -  ci^h  +  2a%-  +  1  ?,ah^  +  46*  by  2a-  -  Sab  +  ib\  . 

27.  Divide  a?  -hy^  +  ?>xy  -  1  by  a;  +  y  -  1. 

28.  Divide  a^  +  b'^  -  <?  +  Sabc  by  a  +  b  —  c. 

29.  Divide  2a'b  -  5a"6'  -  1  la'b^  +  5a%'  -  2GaW  +  7a'b'  -  \2ab' 
by  a*  -  4a^6  +  a"6"  -  2>aW. 

30.  Divide  «^6^  +  2abG-  -  a'c^  -  b^c^  by  nb  +ac-  be. 

3 1 .  Divide    the  product  of  a+  b  —  c,  a  —  b  +  c,  and  b  +  c—  a 
hj  a'' -  K- -  c^  +  2hc. 

32.  Divide  {a-^b  +  c)  {ab  +  be  +  ca)  —  abc  by  a  +  b. 

33.  Divide  (a^  -  bcf  +  8bV  by  a^  +  be. 

34.  Divide  b(j(?—a^)  +  ax  {a?  -  a^)  +  a^  {x  —  a)  by  («  +  b)  (x  —  a). 

35.  Divide    xy^  +  2y^z  —  xy^z  +  xyz^  —  x^y  —  2yz^  +  x'z  —  xs?   by 
y  +  z  —  X. 

36.  Divide  a"  {b+  c)  —  ¥  (a  +  c)  +  c"  {a  +  b)  +  abc  hy  a  -  b  +  c. 

37.  Divide  (a  ~b)x^  +  {b^-a?)  x+ab{a--b")  by  {a-b)x  +  a^-b-. 

38.  Divide  ax^  —  ab'  +  V'x  -  »?  by  (a;  +  6)  (a  —  a;). 

39.  Divide  (6  —  c)  a^  +  (c  -  a)  b^  +  [a  -  b)  &  by  a^  —  ab  -  ac  +  be. 

40.  Divide  (ax  +  byf  +  {ay  —  bxf  +  c"x"  +  c'y"  by  x~  +  y". 

41.  Divide  a"6  —  bo?  +  era;  —  x^  by  (a;  +  6)  («  -  a;). 

42.  Resolve  a^  —  b'  —  c^  +  d"  —  2  {ad  —  6c)  into  two  factors. 

43.  Divide  b  {x^  +  a^)  +  «a;  {gi?  -  a")  +  a*  (a;  +  a)  by  {a  +b){x  +  a). 

44.  Shew    that    (a;"  —  xy  +  y'f  +  {x"  +  xy  +  y")^  is   divisible  by 
2a;^+22/^ 

45.  Shew  that  (.x  +  ?/)'  —x^^y''  is  divisible  by  (a;^  +  a;?/  +  y^)". 

46.  If  A  =  be  -  /,     B  =  ca-  q",     C=ab-  i^,    F  =  qr  -  ap, 

Q  =  7'})  -  bq,  and  K^pq-  er,  nnci  the  value  oi ,    y , 

AB-R'      QR-AP     RP-BQ         ^  PQ-CR 

,  ~ ,   ,  and  , 

c  p  q  r 
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47.  Resolve  a'"  -  x"^  into  five  fiictoi-s. 

48.  Resolve  iaW  —  (a-  +  b'  —  c")"  into  foui-  factoi'S. 

49.  Resolve  4  (ad  +  bcf  —  {a"  —  b"  —  c^  +  cPf  iato  four  factors. 

50.  Shew  that  {ay  —  hx^  +  (bz  —  ci/f  +  (ca;  -  azf  +  {ax  +  by  +  czf 
is  divisible  by  c^  +  b^  +  (?  and  by  v?  -vy"^  ^-  z^. 
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72.  In  Algebra  we  are  sometimes  led  to  a  subtraction 
which  cannot  be  performed  because  the  number  which  should 
be  subtracted  is  greater  than  that  fi'om  which  it  is  requii-ed  to 
be  subtracted.  For  instance,  we  have  the  following  relation : 
a-  {b  +  c)  =  a  —  b  —  c  ;  suppose  that  «  =  7,  6=7  and  c  =  3  so  that 
b  +  c  =10.  Now  the  relation  a  — {b  +  c)-a  —  b~G  tacitly  sup- 
poses 6  4-  c  to  be  less  than  a  ;  if  we  were  to  neglect  this  supposi- 
tion for  a  moment  we  should  have  7  —  10=7  —  7  —  3;  and  as  7  —  7 
is  zero  we  might  finally  write  7  —  10  —  —  3. 

7  3.  In  wi'iting  such  an  equation  as  7  —  1 0  =  —  3  we  may  be 
understood  to  make  the  following  statement  :  "  it  is  impossible  to 
take  10  fi'om  7,  but  if  7  be  taken  from  10  the  remainder  is  3." 

74.  It  might  at  first  sight  seem  to  the  student  unb!kely  that 
such  an  expression  as  7-10  should  occur  in  practice ;  or  that  if 
it  did  occiu'  it  would  only  arise  either  from  a  mistake  which  could 
be  instantly  corrected,  or  from  an  operation  being  proposed  which 
it  was  obviously  impossible  to  perform,  and  which  must  therefore 
be  abandoned.  As  he  proceeds  in  the  sulrject  the  student  will 
find  however  that  svich  expressions  occur  frequently  ;  it  might 
happen  that  a-b  appeared  at  the  commencement  of  a  long  investi- 
gation, and  that  it  was  not  easy  to  decide  at  once  whether  a  were 
greater  or  less  than  b.  Now  the  object  of  the  present  Chapter  is 
to  shew  that  in  such  a  case  we  may  ])roceed  on  the  supposition 
that  a  is  greater  than  b,  and  that  if  it  should  finally  a])pear  tliat  a  is 
less  tlian  b  we  shall  still  be  able  to  make  use  of  our  investigation. 

T.  A.  3 
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75.  Let  us  consider  an  ilhistration.  Suppose  a  merchant  to 
gain  in  one  year  a  certain  number  of  pounds  and  to  lose  a  certain 
number  of  pounds  in  the  following  year,  what  change  has  taken 
place  in  his  capital  1  Let  a  denote  the  number  of  pomids  gained 
in  the  first  year,  and  b  the  number  of  pounds  lost  in  the  second. 
Then  if  a  is  greater  than  b  the  capital  of  the  merchant  has  been 
increased  hj  a  —  b  pounds.  If  however  b  is  gi^eater  than  a  the 
capital  has  been  diminished  hj  b  —  a  pounds.  In  this  latter  case 
a  —  b  is  the  indication  of  what  would  be  pronounced  in  Arithmetic 
to  be  an  impossible  subtraction  ;  but  yet  in  Algebra  it  is  found 
convenient  to  retain  a  —  i  as  indicating  the  change  of  the  capital, 
which  we  may  do  by  means  of  an  appropriate  system  of  interpre- 
tation. Thus,  for  example,  if  a  =  400  and  b  —  500  the  merchant's 
capital  has  suffered  a  dimiimtion  of  100  pounds;  the  algebraist 
indicates  this  in  spnbols,  thus 

400-500^-100, 
and  he  may  turn  his  symbols  into  words  by  saying  that  the 
merchant's  capital  has  been  increased  by  —  100  pounds.  This 
language  is  indeed  far  removed  from  the  language  of  ordinary  life, 
biit  if  the  algebraist  understands  it  and  uses  it  consistently  and 
logically  his  deductions  from  it  will  be  soimd. 

76.  There  are  niimeroiis  instances  like  the  preceding  in  which 
it  is  convenient  for  us  to  be  able  to  represent  not  only  the 
magnitude  but  also  what  may  be  called  the  quality  or  affection  of 
the  things  about  which  we  may  be  reasoning.  In  the  preceding 
case  a  sum  of  money  may  be  gained  or  it  may  be  lost ;  in  a  ques- 
tion of  chronology  we  may  have  to  distinguish  a  date  before  a 
given  ej)och  from  a  date  after  that  ej)0ch ;  in  a  question  of  posi- 
tion we  may  have  to  distinguish  a  distance  measured  to  the  north 
of  a  certain  starting-point  from  a  distance  measured  to  the  south 
of  it ;  and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  -f-  and  — .  Thus  if,  as  in  the 
preceding  Article,  the  things  to  be  distinguished  are  gain  and  loss, 
he  may  denote  by  100  or  by  -f- 100  a  gain,  and  then  he  mil  denote 
by  —100  a  loss  of  the  same  extent.     Or  he  may  denote  a  loss  by  100 
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or  by  +  100,  and  then  lie  will  denote  by  —  100  a  gain  of  tbe  same 
extent.  There  are  two  points  to  be  noticed ;  first,  that  when  no 
sign  is  used  +  is  to  be  understood  ;  secondly,  the  sign  +  may  be 
ascribed  to  either  of  the  two  related  magnitudes,  and  then  the  sign 
—  will  throughout  the  investigation  in  hand  belong  to  the  other 
magnitude. 

77.  In  Arithmetic  then  we  ai'e  concerned  only  with  the 
numbers  represented  by  the  symbols  1,  2,  3,  &c.,  and  intermediate 
fractions.  In  Algebra,  besides  these,  we  consider  another  set  of 
symbols  —  1,  —  2,  —  3,  &c.,  and  intermediate  fi'actions.  Symbols 
preceded  by  the  sign  —  are  called  negative  quantities,  and  symbols 
preceded  by  the  sign  +  are  called  positive  quantities.  Symbols 
without  a  sign  prefixed  are  considered  to  have  +  prefixed. 

The  absolute  value  of  any  quantity  is  the  number  repre- 
sented by  this  quantity  taken  independently  of  the  sign  which 
precedes  the  number. 

78.  In  the  preceding  Chapters  we  have  given  miles  for  the 
Addition,  Subtraction,  Multiplication,  and  Division  of  algebraical 
expressions.  Those  rules  were  based  on  arithmetical  notions  and 
were  shewn  to  be  true  so  long  as  the  expressions  represented  such 
tilings  as  Arithmetic  considers,  that  is  j^ositive  quantities.  Thus, 
when  we  introduced  such  an  expression  as  a-h  we  supposed  both 
a  and  h  to  be  positive  quantities  and  a  to  be  greater  than  h.  But 
as  we  wish  hereafter  to  include  negative  quantities  among  the 
objects  of  our  reasoning  it  becomes  necessary  to  recur  to  the  con- 
sideration of  these  primary  operations.  Now  it  is  found  con- 
venient that  the  laws  of  the  fundamental  operations  should  be  the 
same  whether  the  symbols  denote  p)ositive  or  negative  quantities, 
and  we  shall  therefore  secure  this  convenience  by  means  of  suitable 
definitions.  For  it  must  be  observed  that  we  have  a  power  over 
the  definitions ;  for  example,  midtiplication  of  positi\"e  quantities 
is  defined  in  Arithmetic,  and  we  should  naturally  retain  that  defi- 
nition ;  but  multiplication  of  negative  quantities,  or  of  a  positive  and 
a  negative  quantity  has  not  hitherto  been  defined ;  the  tonus  are 

3—2 
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at  present  destitute  of  meaning.  It  is  therefore  in  our  power 
to  define  them  as  we  please  provided  we  always  adhere  to  oiir 
definition. 

79.  The  student  will  remember  that  he  is  not  in  a  position  to 
judge  of  the  convenience  which  we  have  intimated  will  follow  fi-om 
our  keeping  the  fundamental  laws  of  algebraical  operation  perma- 
nent, and  giving  a  wider  meaning  to  such  common  words  as 
addition  and  multiplication  in  order  to  insure  this  permanence. 
He  must  at  present  confine  himself  to  watching  the  accuracy  of 
the  deductions  drawn  from  the  definitions.  As  he  proceeds  he  will 
see  that  Algebra  gains  largely  in  power  and  utility  by  the  intro- 
duction of  negative  quantities  and  by  the  extension  of  the  meaning 
of  the  fundamental  opex-ations.  And  he  will  find  that  although 
the  symbols  +  and  —  are  used  apparently  for  two  purposes,  namely, 
according  to  the  definitions  in  Ai'ts.  3  and  4,  and  according  to  the 
convention  in  Art.  76,  no  contradiction  nor  confusion  will  ulti- 
mately arise  from  this  circumstance. 

80.  Two  quantities  are  said  to  be  equal  and  may  be  con- 
nected by  the  sign  =  when  they  have  the  same  numerical  value 
and  have  the  same  sign.  Thus  they  may  have  the  same  absolute 
value  and  yet  not  be  equal ;  for  example,  7  and  —  7  are  of  the  same 
absolute  value  but  they  are  not  to  be  called  equal. 

81.  In  Ai-ithmetic  the  object  of  addition  is  to  find  a  number 
which  alone  is  equal  to  the  units  and  fractions  contained  in  certain 
other  numbers.  This  notion  is  not  applicable  to  negative  quan- 
tities ;  that  is,  we  have  as  yet  no  meaning  for  the  phrase  "  add  —  3 
to  5,"  or  "  add  —  3  to  —  5."  We  shall  therefore  give  a  meaning  to 
the  word  add  in  such  cases,  and  the  meaning  we  propose  is  deter- 
mined by  the  following  rules  :  To  add  two  quantities  of  the  same 
sign  add  the  absolute  values  of  the  quantities  and  place  the  sign  of 
the  quantities  before  the  sum.  To  add  two  qiiantities  of  different 
signs,  subtract  the  less  absolute  value  from  the  greater,  and  place 
before  the  remainder  the  sign  of  that  quantity  which  has  the  greater 
absolute  value. 
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Thus,  by  the  first  nile,  if  we  add  3  to  5  we  obtain  8 ;  if  we 
add  -  3  to  -  5  we  obtain  -  8.  By  the  second  nile,  if  we  add  3 
to  —  5  we  obtain  —  2  ;  if  we  add  —  3  to  5  we  obtain  2. 

82.  It  will  be  seen  that  the  iides  above  given  leave  to  the 
Word  add  its  common  arithmetical  meaning  so  long  as  the  things 
which  are  to  be  added  are  such  as  Ai-ithmetic  considers,  namely, 
positive  quantities,  and  merely  assign  a  meaning  to  the  word  in 
those  cases  when  as  yet  it  had  no  meaning.  The  reader  may 
perhaps  object  that  no  verbal  definition  is  given  of  the  word  add 
but  merely  a  inile  for  adding  two  quantities.  We  may  reply  that 
the  practical  use  of  a  definition  is  to  enable  us  to  know  that  we 
use  a  word  correctly  and  consistently  when  we  do  use  it,  and  the 
iTiles  above  given  will  ensure  this  end  in  the  present  case. 

83.  The  rules  are  not  altogether  arbitrary  :  that  is,  the  stu- 
dent may  easily  see  even  at  this  stage  of  his  progress  that  they  are 
likely  to  be  advantageous.  Thus,  to  take  the  numerical  example 
given  above,  suppose  a  man  to  be  entitled  to  receive  3  sliillings 
from  one  person  and  5  shillings  from  another,  then  he  may  be  con- 
sidered to  possess  8  shillings.  But  suppose  him  to  owe  3  shillings 
to  one  jjerson  and  5  shillings  to  another  ;  then  he  owes  altogether 
8  shillings  ;  this  may  be  considered  to  be  an  interpretation  of  the 
—  8  which  arises  from  adding  —  3  to  —  5.  Next,  supjjose  that  he 
has  to  receive  3  sliillings  and  to  pay  5  shillings  ;  then  he  owes 
altogether  2  shillings  ;  this  may  be  considered  to  be  an  interpreta^ 
tion  of  the  —  2  which  arises  fi-om  adding  3  to  —  5.  Lastly,  suppose 
that  he  has  to  receive  5  shillings  and  to  pay  3  shillLiigs,  then  he 
may  be  considered  to  possess  2  shillings ;  this  may  be  considered 
to  be  an  intei-pretation  of  the  2  which  arises  from  adding 
-3  to  5. 

84.  Thus  in  Algebra  addition  does  not  necessarily  imply 
augmentation  in  an  arithmetical  sense ;  nevertheless  the  word 
sum  is  used  to  denote  the  result.  Sometimes  when  there  might 
be  an  inicertainty  on  the  point,  the  term  algebraical  snm  is  >isod  to 
distinguish  such  a  result  from  the  arithmetical  sutn,  which  \\ouId 
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be  obtained  by  the  arithmetical  addition  of  tlie  absolute  values  of 
the  terms  considered. 

85.  Suppose  now  we  have  to  add  the  five  quantities  —  2,  +  5, 

—  1 3,  —  4  and  +  8.  The  sum  of  —  2  and  +5  is  +  3  ;  the  sum 
of  +  3  and  -  13  is  —  10  ;  the  sum  of  —  10  and  -  4  is  —  14  ;  the 
sum  of  —  14  and  +8  is  —6.  Thus  —  6  is  the  sum  required, 
Or  we  may  first  calculate  the  sum  of  the  negative  quantities  —  2 

—  13  and  —  4,  and  we  thus  get  —  19  ;  then  calculate  the  sum 
of  the  positive  quantities  +  5  and  +  8,  and  we  thus  get  +13, 
Thus  the  proposed  sum  becomes  +13  —  19,  that  is,  —  6  as  before. 
It  Avill  be  easily  seen  on  trial  that  the  same  result  is  obtained 
whatever  be  the  order  in  which  the  terms  are  taken.  That  is. 
for  example,  -2-13  +  5  +  8-4,  8-13-2-4  +  5,  and  so  on 
all  give  —  6. 

86.  Next  sup]30se  we  have  to  add  two  or  more  algebraical 
expressions  ;  for  example,  2a  —  36  +  4c  and  —  a  —  26  +  c  +  2c?.  We 
have  for  the  sutii 

2a-Sb  +  4:C-a-2b  +  c  +  2d. 

Then  the  like  terms  may  be  collected ;  thus 

2a  —  a  =  a,     -  3b  -  2b  =  —  5b,     4c  +  c  =  5c  ; 

and  the  sum  becomes 

a-5b  +  5c  +  2d. 

Thus  we  may  give  the  following  rule  for  algebraical  addition : 
Write  the  terms  in  tlie  same  line  ineceded  by  their  proper  signs; 
collect  like  terms  into  one,  and  arrange  the  terms  of  the  result 
in  any  order. 

87.  In  arithmetical  subtraction  we  have  to  take  away  one 
number,  which  is  called  the  subtrahend,  from  another  which  is 
called  the  minuend,  and  the  result  is  called  the  remainder.  The 
remainder  then  may  be  defined  as  that  number  which  must  be 
added  to  the  subtrahend  to  produce  the  minuend,  and  the  object 
of  subtraction  is  to  find  this  remainder. 


NEGATIVE    QUANTITIES.  39 

"We  shall  use  the  same  definition  in  algebraical  subtraction, 
that  is,  we  say  that  in  subtraction  we  have  to  find  the  quantity 
which  must  be  added  to  the  subtrahend  to  produce  the  minuend. 
From  tliis  definition  we  obtain  the  rule  :  Change  the  sign  of  every 
term  in  the  subtrahend  and  add  the  result  so  obtained  to  the  minu- 
end, and  the  residt  will  be  the  remainder  required. 

For  it  is  obvious,  that  if  to  the  expression  thus  formed  we  add 
the  subtrahend,  giving  to  each  term  its  proper  sign,  all  the  terms 
of  the  subtrahend  will  disappear  and  leave  the  minuend ;  which 
was  required. 

88.  We  have  still  another  point  to  notice.  According  to 
what  has  been  laid  down,  the  sum  of  +  a  and  —  6  is  denoted  by 
a  —  b]  if  we  take  —  b  from  a,  the  result  is  a^b ;  and  the  simi  of 

—  a,  4-  6,  and  — c  is  — a  +  6-c;  and  so  on.  But  we  have  as  yet 
supposed  that  the  letters  themseh-es  stand  for  positive  numbers; 
for  example,  when  we  say  that  the  sum  of  +  a  and  —b  is  a  —  b, 
a  may  be  G,  and  b  may  be  10  ;  but  suppose  that  a  is  -  6,  and 
b   is  -10,    do   the  rules   adopted    apply  here?      Since  b  is  -10, 

—  b  or  -  (—  10)  will  natm-ally  be  taken  to  mean  10,  and  +a  or 
+  (—  6)  will  be  taken  to  mean  —  6  ;  and  the  sum  of  1 0  and  —  6  is  -i. 

89.  Thus  if  a  be  itself  a  negative  quantity,  we  have  assigned 
a  meaning  to  +  a  and  to  —  a ;  and  the  meanings  are  these  :  let 
a  =—  a,  so  that  a  is  a  positive  quantity,  then  +  a  or  +  (—  a)  =  —  a, 
and  —  a  or  —  (—  a)  =  a.  "We  said  in  the  preceding  Article  that 
these  meanings  followed  naturally  from  what  had  preceded ;  it  is 
however  of  little  consequence  whether  we  consider  these  meanings 
to  follow  thus,  or  whether  we  look  upon  them  as  new  interpreta- 
tions ;  the  important  point  is  to  use  them  uniformly  and  con- 
sistently when  once  adopted. 

Since  -f-  (—  o)  =  —  a,  and  —  (—  a)  =  a,  that  is,  +  a,  we  may  enun- 
ciate the  same  rule  as  formerly,  namely,  that  like  signs  produce  + 
and  unlike  signs  — . 

90.  There  are  four  cases  to  consider  in  multiplication.      T.et 
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a  and  b  denote  any  two  nninbers,  then  we  have  to  consider 
+  a  X  +  b,     —a  X  +  b,     +a  x  —  b,     —ax  —  b. 

The  first  case  is  that  of  common  Arithmetic  and  needs  no 
remark.  The  ordinary  definition  of  multiplication  may  also  be 
applied  to  the  second  case  ;  for  suppose,  for  example,  that  6  =  3, 
then  —a  X  3  indicates  that  —  a  is  to  be  repeated  three  times,  that 
is,  we  have  -  a  —  a  —  a  or  —  3(t  as  the  resvilt.  Thus 
—  a  X  +  b  =  —  ab. 

In  the  other  two  cases  the  multiplier  is  a  negative  quantity, 
and  thus  the  common  arithmetical  notion  of  multiplication  is  not 
applicable ;  we  may  therefore  give  by  definition  a  meaning  to  the 
term  in  this  case.  Now  we  observe  that  when  the  multiplier  is 
positive,  the  sign  of  the  multiplicand  is  preserved  in  the  product ; 
thus  we  are  led  to  adopt  the  following  convention  :  When  the  mtil- 
tvplier  is  negative,  'perform  the  niulti'plication  as  if  the  viultiplier 
were  positive,  and  change  the  sign  of  the  p)roduct.  Hence  we  con- 
clude immediately  that 

+  a  X  —b  =  —  ab  and  —  a  x  ~  b  =  +  ab. 

91.  Thus  we  have  the  following  nile  :  To  midtiply  two 
quantities  ivhatever  be  their  signs,  midMply  them  without  consider- 
ing the  signs,  and  put  +  or  —  before  the  product  according  as  tJie 
two  factors  have  the  same  sign  or  different  signs.  As  before  re- 
marked, the  rule  for  the  sign  of  the  product  is  abbreviated  thus  : 
Like  signs  give  +  and  unlike  signs  give  — . 

92.  In  the  preceding  Articles  we  supposed  a  and  b  themselves 
to  denote  arithmetical  numbers ;  it  is  important  however  to 
observe  that  if  they  denote  any  quantities,  positive  or  negative, 
the  four  results  obtained  are  true ;  that  is, 

+  a  X  +  b  =  +  ab,  —ax  +  b  =  —  ab,   +  a  x  —  b  =  —  ab,  —  a  x  —b  =  +ab. 

Take,  for  example,  the  last  of  these,  and  suppose  that  a  is  a 
negative  qiiantity,  and  so  may  be  denoted  by  —  a  ;  then  —  a  is  a 
positive  quantity,  and  =  a.  (Ai't.  89.)  Hence  ~ax  —  b  =  ax  —  b; 
and  this  by  the  thii'd  case  =  —  ab.  And  ab  =  —  a  x  b  =  —  ab  by 
the  second  case. 
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Thus  tlie  result  —  ax  —  b  —  ab  holds  when  a  is  a  negative 
quantity.      Similarly  any  other  case  may  be  established. 

93.  We  must  now  shew  that  the  rule  for  multipl}Tng  bino- 
mial and  polynomial  expressions  given  in  Ai't.  48  is  true,  whatever 
the  symbols  denote.     Take,  for  example,  the  case 

(a  —  b)  G  =  ac-  be. 

When  this  was  pi'oved,  we  supposed  c  a  positive  quantity ;  we 
will  now  suppose  that  c  is  a  negative  quantity,  namely  —  y.  By 
virtue  of  the  convention  in  Art.  90,  to  find  the  product  of  a  —  b 
and  —  y  we  must  multiply  a  —  bhjy  and  then  change  the  sign  of 
each  tenn  in  the  result.      Now, 

(a  —  h)y  =  ay  —  by; 

thus  {a  -b)(-y)  =  -ay+  by. 

But  since  c  =  -  y,  we  have 

ac  —  bc  =  —  ay  +  by  ; 

thus  the  relation  (a  —  b)c  —  ac  -  be 

holds  whatever  c  may  be,  positive  or  negative.     Similarly,  any 
other  case  may  be  established. 

94.  The  ordinary  definition  of  division  will  be  universally 
applicable ;  we  suppose  a  product  and  one  factor  given,  and  we 
have  to  determine  the  other  factor. 

Hence  if  we  perfoiTa  the  division  without  regarding  the  signs 
we  oljtain  the  quotient  apart  from  its  sign.  It  remains  then 
to  detennine  the  sign,  for  which  we  may  give  the  following 
rule  : 

Wlien  the  dividend  and  divisor  have  the  same  sign,  the  quotient 
must  have  the  sign  +  ;  when  the  dividend  and  divisor  have  different 
signs,  the  quotient  must  have  the  sign  — . 

This  rule  follows  from  the  fiict  that  the  product  of  the  divisor 
and  quotient  must  be  equal  to  the  dividend.  The  iiile  for  the 
sign  of  tlie  quotient  may  as  before  be  abbreviated  thus  :  Like  signs 
give  +  and  unlike  signs  give  — . 
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95.  The  words  greater  and  less  are  often  used  in  Algebra  in 
an  extended  sense.  We  say  that  a  is  greater  than  b  or  that  h  is 
less  than  a  if  a-b  is  a  positive  quantity.  This  is  consistent  with 
ordinary  language  when  a  and  b  are  themselves  both  positive,  and 
it  is  found  convenient  to  extend  the  meaning  of  the  words  greater 
and  less  so  that  this  definition  may  also  hold  when  a  or  b  is  nega- 
tive, or  when  both  are  negative.  Thus,  for  example,  in  algebraical 
language  1  is  greater  than  —  2  and  —  2  is  greater  than  —  3. 

96.  Before  leaving  this  part  of  the  subject  we  may  make  a 
few  general  remarks.  The  subject  of  Algebra  has  been  divided 
by  some  modern  writers  into  two  parts,  which  they  have  called 
Arithmetical  Algebra  and  Symbolical  Algebra.  In  Aiitlimetical 
Algebi'a  sjonbols  are  used  to  denote  the  numbei'S  and  the  opera- 
tions which  occiu"  in  Arithmetic.  Here,  as  shewn  in  the  pre- 
ceding Chapters  of  the  present  work,  we  begin  by  defining  our 
symbols,  and  then  arrive  at  certain  residts,  as  for  example,  at 
the  result  {a  +  b)  (a  —  b)  =  a'  —  b'.  lu  SjTnbolical  Algebra  we 
assume  that  the  rules  of  Arithmetical  Algebra  hold  universally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  Chapter  we  have  been  examining 
what  meanings  must  be  given  to  the  symbols  to  make  the  results 
of  the  previous  Chapters  hold  universally.  And  we  have  thus 
been  led  to  the  theory  of  negative  quantities,  and  to  an  extension 
of  the  meaning  of  the  words  addition,  subtraction,  multiplication 
and  di^'ision. 

97.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  arithmetical  terms.  In  such  works  the 
proofs  and  investigations  are  valid  only  so  long  as  the  s_VTnbols 
have  purely  arithmetical  meanings  ;  and  the  proofs  and  investiga- 
tions are  really  assumed  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.  In  recent  works, 
as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.     It  must  not  however  be  denied  that  this  branch  of 
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the  subject  presents  considerable  difficulty  to  the  beginner,  and  it 
will  probably  only  be  after  repeated  examination  that  a  convic- 
tion will  be  obtained  of  the  universal  truth  of  the  fundamental 
theorems. 

The  student  is  recommended  to  proceed  onwards  as  far  as  the 
Chapter  on  Equations  ;  he  will  there  see  some  further  remarks 
on  negative  quantities,  and  he  may  afterwards  read  the  present 
Chapter  again.  It  would  be  inconsistent  with  the  plan  of  this 
work  to  enter  very  largely  on  this'  branch  of  Algebra  ;  but  the 
present  Chapter  may  fiu'nish  an  outline  which  the  student  can 
fill  up  by  his  future  reading  and  reflection. 

We  shall  require  in  the  course  of  the  work  certain  propo- 
sitions which  are  obvious  axioms  in  Arithmetic,  and  which  are 
also  true  when  we  give  to  the  terms  and  sjonbols  their  extended 
meanings. 

98.  If  equal  quantities  be  added  to  equal  quantities,  the  sums 
will  be  equal. 

99.  If  equal  quantities  be  taken  from  equal  quantities,  the 
remainders  will  be  equal. 

Thus,  for  example,  if  ^  =  pB  +  G,  then  by  taking  C  from  these 
eqiial  quantities  we  have  A  —  G  =  pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  by  equal 
qi;antities,  the  products  will  be  equal. 

Thus  too  if  a  =  6  then  a"  =  h"  and   ^a  =  IJh. 

101.  If  equal  quantities  be  divided  by  the  same  or  by  equal 
quantities,  the  quotients  will  be  equal. 

102.  If  the  same  quantity  be  added  to  and  subtracted  fi-om 
another,  the  value  of  the  latter  will  not  be  altered. 

103.  If  a  quantity  be  both  miiltiplied  imd  divided  by  another, 
its  value  will  not  be  altered. 
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104.  It  is  iznportant  to  draw  the  attention  of  the  reader  to 
the  fact,  that  these  propositions  are  still  tiixe  whether  the  quanti- 
ties spoken  of  are  positive  or  negative,  and  when  the  terms  addi- 
tion, subtraction,  nii;ltiplication,  and  division  have  their  extended 
meanings.  For  example,  if  a  =  b,  and  c  =  d,  then  ac  =  bd  ;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  c  is  a  negative  quantity,  so  that  we  may  represent 
it  by  -y ;  then  d  must  be  a  negative  quantity,  and  if  we  denote 
it  by  —  8,  we  have  y  =  8  ;  thei'efore  ay  —  bo  ;  therefore  -  ay  =  —  b%  ; 
and  thus  ac  =  bd. 

MISCELLANEOUS    EXAMPLES. 

1.  Shew  that  xr  +  y'  +  4s-  +  ^xy  +  ^xz  and  4  {x  +  zY  become 
identical  when  x  and  y  each  =  a. 

2 

2.  Ifffl=l,  6  =  ^,a:=7  and  y  =  8,  find  the  value  of 

5  (a  -  b)  l/{{a  +  x)7/-\-b  J  {{a  +  x)y}  +  a. 

5  1  9 

3.  If  a  =  ^ ,  b  =  ^,  x  =  5  and  y  =  -^,  find  the  value  of 

(10«  +  206)  J{(x  -  b)  7j\  -  3a  ^/{^  {x  -  b)}  +  5b. 

4  10  4 

4.  If  «  =  - ,  6  =  2,  X  =        and  y^-^,  find  the  value  of 

o  o  o 

(a  +  b)  l/{{x  -  b)  y"]  -  a  J{y  {x  -  b)\  +  x. 

5.  Substitute  y  +  3  for  x  in  a;*  —  cc^  +  2x^  —  3  and  an-ange  the 
result. 

6.  Shew  that 

{(a  -  by  +  {b-  cf  +  (c  -  afY  =  2  {{a  -  by  +  {b  -  cy  +  {c-  ay]. 

7.  li  2s  =  a+  b  +  c,  shew  that 

(s  _  ay  +  {s  -  by  +  (s  -  c)"  +  s"  =  a"  +  b-  +  cl 

8.  If  2s  =  a  +  b  +  c,  shew  that 

2{s-a)  (s  -b)  +  2  (s  -b){s  ~  c)  +  2  (s  -  c)  (s-  a)  =  2s"-  -  a'  -  6"  -  c". 

9.  If  2s  =  «  +  6  +  c,  shew  that 

2  (s  -  a)  {s  -  b)  {s  -  c)  +  a  {s  -  b)  {s  -  c)  +  b  (s  -  c)  {s  -  a) 

+  c  (s  —  a)  (s  —  b)  =  ahc. 
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10.  Shew  tkat 

{a  +  b  +  cf  -  (b  +  cf  -  (c  +  ay  -  (a  +  bf  +  a'  +  6^  +  c'  =  6abc. 

11.  Shew  that  if  a^  +a^+  ...  +  a„  =  ^  5,  then 

(s  -  ay  +  {s  -  a^y  +  ...  +{s-  a,y  =  a.y  +  «/+...  +  a,/. 

12.  If  2s  =  a  +  &  +  c  and  2a^  =  a' +  b' +  c",  shew  that 

(a'  -  «-)  {a-  -  b')  +  (o-^  -  6-)  (o-^  -  c')  +  {a-  -  (f)  (a'  -  a') 

=  4s  (s  -  a)  (s  -  b)  (s  -  c). 
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105.  In  Arithmetic  the  greatest  common  mea.sicre  of  two  or 
more  whole  numljers  is  the  greatest  number  which  will  divide  each 
of  them  without  remainder.  The  term  is  also  used  in  Algebra,  and 
its  meaning  in  this  subject  will  be  xmderstood  from  the  following 
definition  of  the  greatest  common  measure  of  two  or  more  alge- 
braical expressions :  Let  two  or  more  algebraical  expressions  be 
arranged  according  to  descending  powers  of  some  common  letter ; 
then  the  factor  of  highest  dimensions  in  that  letter  which  divides 
each  of  these  expressions  without  remainder  is  called  their  greatest 
common  measure. 

106.  The  term  greatest  common  measure  is  not  very  appro- 
priate in  Algebra,  because  the  words  greater  and  less  are  seldom 
applicable  to  algebraical  expressions  in  which  specific  nuniei'ical 
values  have  not  been  assigned  to  the  various  letters  which  occur. 
It  would  be  better  to  speak  of  the  highest  common  divisor  or  of 
the  highest  common  measure;  but  in  conformity  with  established 
usage  we  i-etain  the  term  greatest  common  measure.  Tlie  letters 
G.  c.  M.  will  often  be  used  for  shortness  instead  of  this  term. 

When  one  expression  divides  two  or  more  expi-essions  "without 
remainders  we  shall  say  that  it  is  a  common  measure  of  them,  or 
more  briefly,  that  it  is  a  measure  of  them. 
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107.  The  following  is  the  rule  for  finding  the  G.  c.  M.  of  two 
algebraical  expressions : 

Let  A  and  J3  denote  the  two  expressions ;  let  them  be  arranged 
according  to  descending  powers  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B.  Divide  A  by 
B ;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder  ;  then  the  last  divisor  is  the  G.  c.  M.  required. 

108.  Example  :  find  the  G.  c.  M.  of 

x'  -  6a.-  +  8  and  ix^  -  21a;'  +  15a;  +  20. 

a;' -  6a;  +  8^  4a;'- 21a;' +  15a; +20  (^4a;  +  3 
4a;'  -  24a;'  +  32a; 


3a;'- 17a; +  20 
3a;' -18a; +  24 

X- 

X-    4 

-  ij  of  -  6a;  +  8  (^a;  -  2 
a;^-4a; 

-2a; +  8 
-2a; +  8 

Thus  a;  -  4  is  the  G.  c.  M.  required. 

109.  The  truth  of  the  rule  given  in  Ai't.  107  depends  upon 
the  following  principles  : 

(1)  If  P  divide  A,  then  it  will  divide  mA.  For  since  P 
divides  A,  we  may  suppose  A  =  aP,  then  mA  =  maP,  thus  P 
divides  mA. 

(2)  HP  divide  A  and  B,  then  it  will  cUvide  7)iA  ± 7iB.  For 
since  P  divides  A  and  B,  we  may  suppose  A  -  aP,  and  B  =  bP, 
then  mA  ±  nB  -  (ina  ±  nh)  P  ;  thus  P  divides  mA  ±  nB. 

We  can  now  prove  the  rule  given  in  Art.  107. 
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110.  Let  A  and  B  denote  the  two  expres-  BJ  A  {p 
sions  ;  let  them  be  arranged  according  to  de-        pB 
scending  powers  of  some  common  letter,  and         p  ,  «  / 
suppose  the  index  of  the  highest  power  of  that  p 

letter  in  A   not  less   than    the   index    of  the  

highest  power  of  that  letter  in  B.      Divide  A  -^       v 

by  B ;  let  p  denote    the  quotient,  and  C  the  ^ 

remainder.      Divide  B  hj  C ;  let  q  denote  the 

quotient,  and  1)  the  remainder.  Divide  C  by  D,  and  suppose 
that  there  is  no  remainder,  and  let  r  denote  the  quotient.  Thus 
we  have  the  following  resvilts  : 

A=^pB  +  C;         B  =  qC  +  I);         C  =  rD. 

We  shall  first  shew  that  i)  is  a  common  measure  of  A  and  B. 

D  divides  C,  since  C  =  rD  ;  hence  (Art.  109)  D  divides  qC  and 
also  qC  +  D  ;  that  is,  D  divides  B.  Again,  since  D  divides  B  and 
C,  it  divides  j9^  +  G ;  that  is,  D  divides  A.  Hence  D  divides  A 
and  B. 

We  have  thus  shewn  that  D  is  a  common  measure  of  A  and  B; 
we  shall  next  shew  that  it  is  theii'  greatest  common  measure. 

By  Art.  109  every  expression  which  divides  A  and  B  divides 
A  —pB,  that  is,  C ;  thus  every  expression  which  is  a  measiu'e  of 
A  and  ^  is  a  measure  of  B  and  C.  Similarly  every  expression 
which  is  a  measure  of  B  and  C  is  a  measure  of  C  and  D.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D.  But 
no  expression  higher  than  D  can  divide  D.  Thus  D  is  the  G.  c.  M. 
required. 

111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
Ai-ticle  that  D  measures  A  and  B,  it  may  be  she^vn  that  every 
expression  which  divides  D  also  measures  A  and  B.  And  it  is 
shewn  in  the  })receding  Article  that  every  expression  which  mea- 
sures A  and  B  di\'ides  D.  Tlius  every  measure  of  A  and  B 
divides  their  G.  c.  M. ;  and  every  divisor  of  their  g.  c.  m.  measures 
A  and  B. 
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112.     As  an  example  of  tlie  process  in  Art.  110,  suppose  wc 
have  to  find  the  G.  c.  M.  of  a;*  +  5a;  +  4  and  a;^  +  4a;^  +  5a;  +  2. 

a;^  f  5a;  +  ij  x^  +  4a;^  +  5*  +  2  (.r  -  1 
x^  +  5a;*  +  4a; 

-x^  +    x+2 
-  a;^  —  5a;  —  4 


6x  +  6 


Qx  +  GJ  x^  +  5x  +  i  (p  +  p 
x"  +    X 


4a;  +  4 

4a;  +  4 

This  example  introduces  a  new  point  for  consideration.  The 
last  divisor  here  is  Gx-  +  G  ;  this,  according  to  the  rule,  must  be 
the  G.  c.  M.  requii-ed.     We  see  from  the  above  process  that  when 

X     4 

a;^  +  5a;  +  4   is   divided  by   6x  +  6   the  quotient  is  -  +  -  .     If  the 

other  given  expression,   namely  x^  +  ix^  +  5x  +  2,   be  divided  by 

6x  +  G,  it  will  be  found  that  the  quotient  is  ^  +  ^  +  -  .      It  may 

at  first  appear  to  the  student  that  Ga;  +  6  cannot  be  a  measure 
of  the  two  given  expressions,  since  the  so-called  quotients  really 
contain  fractions.  But  we  see  that  in  these  quotients  the  letter 
of  reference  x  does  not  appear  in  the  denominator  of  any  fraction 
although  the  coeflBcients  of  the  powers  of  x  are  fi-actions.     Such 

CC         2  Cr  OC         1 

expressions  as  ^  +  „  and    ^-  +  tt  +  „  ,   therefore,  may  be  said  to  be 
b      6  b       Z      6 

integral  expressions  so  far  as  relates  to  x. 

Thus,  in  the  example,  when  we  say  that  6a;  +  6  is  the  g.  c.  m. 
of  the  two  given  expressions,  we  merely  mean  that  no  measure 
can  be   foiuid   which  contains  higher  powers   of  x   than   6a; +6. 
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Other  measures  may  be  found  which  differ  from  this  so  far  as 
respects  numerical  coefficients  only.  Thus  3x  +  3  and  2a;  +  2  will 
be  found  to  be  measures  ;  these  are  respectively  the  half  and  the 
third  of  6x  +  6,  and  the  corresponding  quotients  when  we  divide 
the  given  expressions  by  these  measures  will  be  respectively  twice 
and  three  times  what  they  were  before.  Again,  a;  +  1  is  also  a 
measure,  and  the  corresponding  quotients  are  x  +  4  and  a;"+3ic4-2; 
we  may  then  conveniently  take  ic  +  1  as  the  greatest  common  mea- 
sure, since  the  quotients  are  free  from  fractional  coefficients. 

113.  tn  oixler  to  avoid  fractional  coefficients  in  the  quotients 
it  is  usual  in  performing  the  operations  for  finding  the  g.  c.  m.  to 
reject  certain  flictors  which  do  not  form  part  of  the  G.  c.  M.  re- 
quired. 

[Suppose  we  have  to  find  the  G.  c  .M.  of  ^  and  B ;  and  at  any 
stage  of  the  process  suppose  we  have  the  expressions  K  and  R, 
one  of  which  is  to  be  a  dividend  and  the  other  a  divisor.  Let 
R  =  mS,  where  m  has  no  factor  which  K  has  ;  then  «i  may  be  re- 
jected :  that  is,  instead  of  continuing  the  process  with  K  and  R  we 
may  continue  it  with  K  and  S. 

For  by  what  has  been  already  shewn  we  know  that  A  and  B 
have  just  the  same  common  measures  as  K  and  R  have. 

Now  any  common  measure  of  K  and  >S'  is  a  common  measure 
of  K  and  R,  and  is  therefore  a  common  measure  of  A  and  B. 

And  any  common  measure  of  K  and  ^  is  a  common  measure 
of  K  and  7nS.  But  m  has  no  factor  which  K  has.  Therefore 
any  common  measure  of  K  and  R  is  a  common  measure  of  K  and 
S.  Hence  any  common  measure  of  A  and  5  is  a  common  mea- 
sure of  K  and  S. 

Thus  we  see  that  A  and  B  have  just  the  same  common  mea- 
sures as  K  and  ;S'  have;  and  this  is  what  we  had  to  shew. 

114.  A  factor  of  a  certain  kind  may  also  be  introduced  at 
any  stage  of  the  process. 

Suppose  we  have  to  find  the  G.  C.  M.  of  A  and  B  ;  and  at  any 
stage  of  the  process  suppose  we  have  the  expressions  A' and  R,  one 
T.  A.  * 
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of  which,  is  to  be  a  dividend  and  the  other  a  divisoi'.  Let  L  —  nK, 
where  n  has  no  factor  which  7^  lias  ;  then  n  may  be  inti-odviced : 
that  is,  instead  of  continuing  the  process  with  K  and  R  we  may 
continue  it  with  L  and  II. 

For  by  what  has  been  ah-cady  shewn  we  know  that  A  and  B 
have  just  the  same  common  measures  as  K  and  R  have. 

Now  any  common  measure  of  K  and  R  is  a  common  measure 
of  L  and  R ;  so  that  any  common  meas\ire  of  A  and  B  is  a  com- 
mon measure  of  L  and  R. 

And  any  common  measure  of  L  and  .^  is  a  common  mea- 
sure of  nK  and  R.  But  n  has  no  factor  that  R  has.  Therefore 
any  common  measure  of  L  and  ^  is  a  common  measure  of  K  and 
R,  and  is  therefore  a  common  measure  of  A  and  B. 

Thus  we  see  that  A  and  B  have  just  the  same  common  mea- 
sures as  L  and  R  have  ;  and  this  is  what  we  had  to  shew. 

115.  We  see  then  that  certain  factors  may  be  removed  from 
either  a  dividend  or  a  divisor,  or  introduced  into  either :  in  practice 
we  usually  remove  factors  from  divisors,  and  introduce  factoi"s  into 
di\adends ;  and  such  factors  are  generally  numerical  factors.  The 
reasonmg  of  Arts.  113  and  114  shews  that  these  operations  may 
be  performed  at  any  stage  of  the  process,  for  example  at  the  begin- 
ning if  we  please.  By  means  of  such  modifications  of  the  process 
for  finding  the  G.  c.  M.,  we  may  avoid  the  introduction  of  fractional 
coeflScients.  The  following  example  will  guide  the  student.  Re- 
quired the  G.  c.  M.  of 

Sx'-lOx'  +  ldx  +  S  and  x' -2x*-6o(?  +  W +  I3x+ G. 
x^ -  •2x'  -  6a;^  +  4a;-  +  I3x  +  QJ  3x'  -  lOa;^  -)-  15a;  +  8  (3 

3x'  -  6x'  -  18a;3  +  12a!''  +  39a;  +  18 


Qx*+    8a;^-12a;=-24a;-10 


Before  proceeding  to  the  next  division  we  may  strike  out  the 
factor  2  from  every  term  of  the  new  divisor,  and  multiply  every 
term  of  the  new  dividend  by  3.  Then  continue  the  operation 
thus : 
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3ic4  4  4a;'  -Gx'-I2x-  5 J  3x'  -    Gx'-l 8x^  +  1 2x'  +  39a;  +  1 8  {x 
ox^  +    ix*  —    Cix^  —  1 2x^  —  5x 


-  1  Oa;*  -  1  ■2x^  +  24a;^  +  44a;  +  1 8 
Remove   tlie  factor  2  from  every  term  of  tlie  last  expression, 
and  then  multiply  every  term  by  3.      Tlius  we  have 

-  15a;*  -  18a;'  +  36a;'  +  66a;  +  27. 
Proceed  with  the  division 
Sa;"  +  4a;'  -  6a;'  -  12a;  -  5^  -  15a;*  -  18a;'  +  36a;'  +  66x  +27    (-6 
-  1 5x'  -  20a;'  +  30a;-  +  60a;  +  25 


2a;'*  +    6a;^  +    6a;  +    2 
Remove  the  factor  2  and  then  continue  the  operation  thus 
a;'+3a;-  +  3a;  +  i;  3a;''+4a;'-    6a;'- 12a; -5  (3,'«-5 
3a;*  +  9x^  +    9a;'  +    3a; 


-  5x'  -  15a;'  -  15a;  -  5 

-  5a;^  —  1 5a;'  —  1 5x  -  5 


Thus  x^  +  3a;'  +  3a;  +  1  is  the  g.  c.  m.  required. 

116.  Suppose  the  original  expressions  A  and  £  to  contain  a 
common  factor  F,  which  is  obvious  on  ijispection ;  let  J.  =  aF,  and 
B  =  bF.  Then  F  will  be  a  factor  of  the  G.  c.  M.  ;  as  is  shewn  in 
Ai-t.  111.  We  may  then  find  the  g.  c.  m.  of  a  and  b,  and  multiply 
it  by  F,  and  the  product  wall  be  the  G.  c.  M.  of  A  and  £. 

117.  Similarly,  if  at  any  stage  of  the  operation  we  perceive 
tliat  a  certain  factor  is  common  to  the  dividend  and  divisor,  we 
may  strike  it  out,  and  continue  the  operation  with  the  remaining 
factors.  The  factor  omitted  must  then  be  multiplied  by  the  last 
divisor  which  is  obtained  by  continuing  the  operation,  and  the 
product  will  be  the  reqiiii'ed  G.  o.  M. 

118.  Suppose,  for  example,  that  we  requii-e  the  G.  c.  M.  of 
(a;  -  1 )'  (a;  -  2)  (a;  -  3)  and  {x  -  1 )'  (x  -  4)  (x  -  5).  Here  the  factor 
(a;-  1)'  is  common  to  both  the  proposed  expressions,  and  is  there- 
fore a  factor  of  the  G.  c.  M.  Moreover  in  this  example  (x- 1)'  forms 
the  entire  o.  c.  M. ;  for  no  common  measure  can  be  foimd,  except 
unity,    of   (,x- -  2)  (x -  3)  and    (a;- 1)  (a;- 4)  (a;  -  5)   wliich  nro   the 
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remaining  factors  of  the  proposed  expressions.  The  last  statement 
can  be  verified  by  trial,  but  when  the  student  is  acquainted  with 
the  subject  of  the  resolution  of  algebraical  expressions  into  factors 
it  will  be  obvious  on  inspection.  The  resolution  of  algebraical 
ex})ressions  into  factors  is  discussed  in  the  Theory  of  Equations. 

119.  Next  suppose  we  require  the  G.  c.  M.  oi  three  algeljraical 
expressions  J,  B^  C.  Find  the  g.  c.  m.  of  two  of  them,  say  A  and 
B  \  let  i)  denote  this  G.  c.  M.  \  then  the  g.  c.  m.  of  IJ  and  C  is  the 
requii'ed  g.  c.  m.  of  A,  B  and  C. 

For  by  Art.  Ill  every  measure  of  D  and  (7  is  a  measure  of 
^1,  B  and  C ;  and  also  every  measure  of  A,  B  and  C  is  a  measure 
of  D  and  C.  Thus  the  g.  c.  m.  of  B  and  G  is  the  g.  c.  m.  of  A,  B 
and  C. 

120.  In  a  similar  manner  we  may  find  the  g.  c.  M.  of /our 
algebraical  expressions.  Or  we  may  find  the  g.  c.  m.  of  two  of 
the  given  expressions  and  also  the  G.  c.  M.  of  the  other  two  ;  then 
the  G.  c.  M.  of  the  two  expressions  thus  found  will  be  the  G.  c.  M. 
of  the  four  given  expressions. 

121.  Tlie  definition  and  operations  of  the  preceding  Articles 
of  this  Chapter  relate  to  2^olyno7nial  expressions.  The  meaning  of 
the  term  greatest  common  measure  iii  the  case  of  simple  expressions 
will  be  seen  from  the  following  example  : 

Required  the  G.  c.  M.  of  4:32aHrxi/,   270a'b^x'z  and  dOa^ba?. 

We  find  by  Arithmetic  the  G.  c.  M.  of  the  numerical  coeffi- 
cients 432,  270,  and  90  ;  it  is  18.  After  this  number  we  wi'ite  , 
every  letter  which  is  common  to  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  least  exponent  which  it  has  in 
the  simple  expressions.  Thus  we  obtain  ISa'bx,  which  will  divide 
all  the  given  simple  expressions,  and  is  called  their  greatest  com- 
mon measure. 
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EXAMPLES   OF  THE    GREATEST    COMMON   MEASURE. 

riiid  the  G.  c.  M.  ill  the  following  examples  : 

1.  x^—Sx+2  and  x'  —  x~2. 

2.  x^  +  3x^  +  4:x  +  12  and  x^  +  ix^  +  4a;  +  3. 

3.  x^  +  x"  +  X-3  and  x^  +  3x^  +  5x  +  3. 

4.  x^  +  I  and  x^  +  nix}  +  mx  +  1 . 

5.  6a3^  -  lax?  —  20a^x  and  Sx^  +  ax  —  ia^. 

6.  x^  -  y^  and  x^  —  y^. 

7.  3a;'-13a;=  +  23a;-21  and  6x' +  x' -  Ux  +  21. 

8.  X*  —  3x^  +  2x"  +  x—1   and  x^  —  x" -  2x  +  2. 

9.  X*  -  7x^  +  8x1"  +  28a;  -  48  and  x^  -  8a;'  +  1 9a;  -  14. 

10.  x^  -x^  +  2x^  +  x  +  3  and  a;*  +  2a;3  -  a;  -  2. 

11.  4a;''  +  9a;^  +  2a;'  -  2a;  -  4  and  3a;'  +  5a;'  -  a;  +  2. 

12.  2a;*  -  1 2a;'  +  1 9x"-  -  6a;  +  9  and  4a;'  -  1 8.x-  +  1  9.t  -  3. 

1 3.  6a;*  +  x^  -  x  and  4a;^  -  6a;^  —  4x  +  3. 

14.  12a;'  —  loyx  +  3y^  and  6x^  —  6yx^  +  2y-x  —  2y^. 

15.  2a;^-lla;'-9  and  4a;' +  11a;*  +  81. 

16.  2a*  +  Sa^x  —  9a-x'  and  6a''a;  —  ITa-'a;*  +  14ft-a;'  —  3aa;*. 

17.  2x'+(2a-9)x'-{9a  +  6)x  +  27  and  2a;- -  1 .3a;  +  1 8. 

18.  aV  —  a%x^y  +  aJrxy^  —  Wy^  and  2a?hx?y  —  ah'xy"  —  Wy^. 

19.  a;*  +  ay?  -  axy  -  y^  and  x'^  4-  2xhj  -  a^x^  +  x-y"^  -  2axy^  —  ly*. 

20.  x'  +  3x*  -  8a;2  -  9a;  -  3  and  x'  -  2a;*  -  Qx^  +  4a;'  +  1  ?>x  +  6. 

21.  (jx'  -  W  -  11a;'-  3a;'-  3a;  -  1   and  4a;*  +  2a;'-  18a;'+  3a;  -  5. 

22.  X*  -  ax'  -  a-x"  -  a^x  -  2a*  and  3a;^  -  lax"  +  Sa'x  -  2a'. 

23.  a;3-9a;2+26a;-24,  a;^.  iOx'+ 31a;- 30  and 

a;3_lia;2+38a;-40. 

24.  a;"  -  lOar'  +  9,  x*  +  lOa;^  +  20a;«  -  10a;  -  21   and 

X*  +  4x^  -  22x'  -  4a;  +  21. 
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VII.     LEAST   COMMON   MULTIPLE. 

122.  In  Arithmetic  the  least  common  multiple  of  two  or  more 
whole  numbers  is  the  least  nnmher  which  contains  each  of  them 
exactly.  The  term  is  also  used  in  Algebra,  and  its  meaning  in  this 
subject  will  be  understood  from  the  following  definition  of  the  Uast 
cojnmon  tnultiple  of  two  or  more  algebraical  expressions  :  Let  two 
or  more  algebraical  expi-essions  be  arranged  according  to  descend- 
ing powers  of  some  common  letter ;  then  the  expression  of  lowest 
dimensions  in  that  letter  which  is  divisible  by  each  of  these 
expressions  is  their  least  common  multiple. 

123.  The  letters  l.  C.  m.  will  often  be  used  for  shortness 
instead  of  the  term  least  common  multiple;  the  term  itself  is  not 
very  appi'opriate  for  tlie  reason  already  given  in  Art.  106. 

Any  expression  which  is  divisible  by  another  may  be  said  to 
be  a  multiple  of  it. 

124.  We  shall  now  shew  how  to  find  the  l.  c.  m.  of  two 
algebraical  expressions.  Let  A  and  B  denote  the  two  ex^jres- 
sions,  and  D  their  greatest  conmion  measure.  Suppose  A  =  aD 
and  £  =  bD.  Then  from  the  nature  of  the  greatest  common 
m.easure,  a  and  h  have  no  common  factor,  and  therefoi-e  their 
least  common  multiple  is  ab.  Hence  the  expression  of  lowest 
dimensions  which  is  divisible  by  aD  and  bD  is  abD. 

AB 
And  abD  =  Ab  ^  Ba  ^ -j-  . 

Hence  we  have  the  following  rule  for  finding  the  L.  c.  M.  of 
two  algebraical  expressions  :  find  their  g.  c.  m.  ;  divide  either  ex- 
pression by  this  G.  c.  m.,  and  multi])ly  the  quotient  by  the  other 
expression.  Or  thus  :  divide  the  product  of  the  expressions  by 
their  G.  c.  M. 
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125.  If  M  be  the  least  commou  multiple  of  A  and  B,  it  is 
obvious  that  every  multiple  of  M  is  a  common  multiple  of  A 
and  B. 

12G.  Every  common  viultiide  of  two  algebraical  expressions  is 
a  multiple  of  tlteir  least  common  iihnltiple. 

Let  A  and  B  denote  the  two  expressions,  M  theii'  L.  c.  M.  ; 
and  let  N  denote  any  other  common  multiple.  Suppose,  if 
possible,  that  when  N  is  divided  by  M  there  is  a  remainder  R ; 
let  q  denote  the  quotient.  Thus  li  =  N  —  qM.  Now  A  and  B 
measure  M  and  iV,  and  therefore  (Art.  109)  they  measure  R. 
But  R  is  of  lower  dimensions  than  M  ;  tlius  there  is  a  common 
multiple  of  A  and  B  of  lower  dimensions  than  their  L.  C.  M.  This 
is  absui'd  ;  hence  there  can  be  no  I'cmainder  R ;  that  is,  JV  is  a 
multijile  of  M. 

127.  Next  suppose  we  i-equire  the  L-  c.  m.  of  t/wee  algebraical 
expressions  A,  B,  "C.  Find  the  L.  c.  M.  of  two  of  them,  say  A  and 
B  ;  let  M  denote  this  l.  c.  m.  ;  then  the  L.  c.  M.  of  M  and  C  is  the 
I'equired  L.  c.  M.  of  A,  B  and  G. 

For  every  common  multiple  of  M  and  C  is  a  common  multiple 
of  ^,  B  and  C  (Art.  125).  And  every  common  multiple  of  ^  and 
^  is  a  mviltiple  of  M  (Art.  12G)  ;  thus  every  common  multiple 
of  -^i,  B  and  G  is  a  common  multiple  of  A£  and  G.  Tlierefore  the 
L.  c.  M.  of  M  and  G  is  tlie  L.  c.  M.  of  A,  B  and  G. 

128.  By  resolving  algebraical  expressions  into  their  compo- 
nent factors,  we  may  sometimes  facilitate  the  process  of  deter- 
mining their  G.  C.  M.   or  l.  c.  m.      For  example,  required  the  L.  c.  M. 

of  x^  —  a'  and  x^  —  al      Since 

x^  —  a^  —  (x  —  a)  (x  +  a)  and  x^  —  a^  =  (x  —  a)  (x^  +  ax  +  a^), 

we  infer  that  x  —  a  in  the  G.  c.  M.  of  the  two  expressions ;  conse- 
quently their  l.  c.  m.  is  {x  +  a)  {x^  —  a^),  that  is, 

X*  +  ax^  -  a^x  —  a'-. 
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129.  The  preceding  articles  of  this  Chapter  relate  to  polyno- 
mial ex})rcssions.  The  meaning  of  the  tenn  least  common  mul- 
tiple in  the  case  of  simple  expressions  will  be  seen  from  the 
following  example  : 

Required  the  L.C.M.  of  iZ-la" b^ xy ,  .210a^b''x'z  and  QOa^fta^. 

We  find  by  Arithmetic  the  L.  c.  M.  of  the  numerical  co- 
efficients 432,  270  and  90;  it  is  2160.  After  this  number  we 
write  every  letter  which  occurs  in  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  greatest  exponent  which  it  has 
in  the  simple  expressions.  Thus  we  obtain  2\Q()a*h^3(?yz,  which  is 
divisible  by  all  the  given  simple  expressions,  and  is  called  their 
least  common  multiple, 

130.  The  theories  of  the  greatest  common  measure  and  of  the 
least  common  multiple  are  not  necessary  for  the  subsequent  Chap- 
ters of  the  present  work,  and  any  difficulties  which  the  student 
may  find  in  them  may  be  postponed  until  he  has  read  the  Theory 
of  Equations.  The  examples  liowever  attached,  to  the  preceding 
Chapter  and  to  the  present  Chapter  should  be  carefully  worked, 
on  account  of  the  exercise  which  they  afford  in  all  the  funda- 
mental processes  of  Algebra. 
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Find  the  L.  c.  M.  in  the  following  examples  : 

1.  6a?'  -x-l   and  2«'  +  3:c  -  2. 

2.  rB^  -  1   and  x^  +  x  -  2. 

3.  .-c"*  -  9a;"-  +  23a;  -  15   and  x"  -  S.r  +  7. 

4.  3a;^  -  5a;  +  2  and  4a;^  -  ix"  -  x+\. 

5.  {x  +  l){x'  -I)  and  ,^=-1. 

6.  a;^  +  2x-y  -  xy"  -  2y^  and  x^  -  2x^y  -  xy"  +  2y\ 

7.  2a;  — 1,   4a;^-l   and  4a;" +1. 

8.  a;"  —  X,  a?  —  1    and  a;^  +  1 . 

9.  x'  -  4«^   {x  +  2af  and  (a;  -  2af. 
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10.  x'-Gx'+llx-G,  x'~9x'+26x-24:  and  .x"-8x'+ 19a;- 12. 

11.  x'-9x'+26x-2i,  x^-lGx'+  31a;-30  and  x'-llx'+SSx-iO. 

12.  a;*-10a;-+9,a;*+10x-^+20aj=-10a;-21  anda;*+4a;'-22a;--4x+21. 

13.  X-  -  4«^  x^+  2ax-+4:a^x  +  8a^  and  x^-  2ax^+  ia^x  -  8a\ 

14.  x^—  (a  +  b)x  +  ab,  x'—  (b  +  c)  x  +  be  and  x^  -  (c  +  a)  x  +  ca. 

15.  2a;3+(2«-36)a;"-(26-  +  3rt6)a;+36^  and  2a;=-(36-2c)a;-36c. 

1 6.  6  (a'  -  W)  (a  -  bf,   9  {a'  -  6^)  {a  -  bf  and  1 2  (a*  -  6^)*. 
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131.  We  propose  to  recall  to  the  student's  attention  some 
propositions  respecting  fractions  which  he  has  already  found  in 
Ai'ithmetic,  and  then  to  shew  that  these  propositions  hold  uni- 
versally in  Algebra.  In  the  following  Articles  the  letters  repre- 
sent whole  numbers,  unless  it  is  stated  otherwise. 

132.  By  the  expression  j  we  indicate  that  a  unit  has  been 

divided  into  b  equal  parts,  and  that  a  of  such  parts  are  taken.    Here 

-  is  called  a  fraction  ;  a  is  the  numerator  and  b  the  denominator, 
b  -^ 

so  that  the  denominator  indicates  into  how  many  equal  parts  the 
unit  is  to  be  divided,  and  the  numerator  indicates  how  many  of 
those  parts  are  to  be  taken. 

Every  integer  may  be  considei-ed  as  a  fraction  -with  unity  for 
its  denominator  ;  that  is,  ^;  =  r  . 

133.  Rule  for  multiplying  a  fi-action  by  an  integer.  Either 
multiply  the  numerator  by  that  integer,  or  divide  the  denominator 
by  that  integer. 
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Tjot  denote    any    fraction,    and  c  any    integer  ;    then   will 

=-  X  c  =  -r-  ■      i^'or  in  each  of  the  fractions   y-  and  -y-   the  unit  is 
0  0  bo 

divided  into  h  eqiial  parts,  and  c  times  as  many  parts  are  taken 

ac       .     a  ac  .         .         a 

m  —  as  111  ,  :  nonce  -7-  is  c  times  y-  . 
boo  0 

This  demonstrates  the  first  form  of  the  Rule. 

Again ;   let  r—    denote  any  fraction,  and  c  any  integer ;  then 

will  rj-  X  c  —  y .      For  in  each  of  the  fractions  ^  ami    -  the  same 
be  b  be  b 

number  of  }iarts  is  taken,  but  each  part  in  t  is  c  times  as  large  as 

each  part  in  —  ,  because  in  ~-  the  unit  is  divided  into  c  times  as 
be  be 

.     (t      ,  'f'  .         ,.  ci 

many  parts  as  111  -7  ;  hence  ^  is  c  times  7-  . 

This  demonstrates  the  second  form  of  the  Rule. 

134.  Rule  for  divitling  a  fraction  l)y  an  integer.  Either  mul- 
tiply the  denondnator  by  that  i7iteger,  or  divide  the  numerator  by 
that  integer. 

a 
Let   J    denote    any   fraction,    and    c   any    integer ;    then    will 

7--=-c=  7—.      For  y    is  c  times  —  ,    bv  Art.    133:  and    therefore 
b  be  b  be 

a  .    1  a 

r-    IS    -  th     01    y   . 

be      c  b 

This  demonstrates  the  fu'st  form  of  the  Rule. 

Again ;  let  —  denote  any  fraction,  and  c  any  integer ;  then 

will  -; — ^c=y  .      For   —  is  c  times   -7,   by  Art.  133:  and  there- 
b  b  b  b'     -^ 

«  .      1  ac 

lore  y  IS    —  th  01  y- . 
be  b 

This  demonstrates  the  second  form  of  the  Rule. 


J 
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135.  If  any  quantity  be  both  multiplied  and  divided  by  the 
same  number  its  value  is  not  altered.  Hence  if  the  numerator 
and  denominator  of  a  fi-action  be  muUijdied  by  the  same  number 
the  value  of  the  fraction  is  not  altered.  For  the  fraction  is 
multiplied  by  any  number  by  mviltiplying  its  numerator  by  that 
number,  and  is  divided  by  the  same  number  by  multiplying  its 
denominator     by     that     number.       (Arts.    133    and    134.)     Thus 

r  =  ^-  •     And  so   also    if  the  numerator  and    denominator  of  a 

0         OG 

fraction  be  divided  by  the  same  num])er  the  value  of  the  fraction 
is  not  altered. 

136.  Hence,  an  algebraical  fraction  may  be  reduced  to  an- 
other of  equal  value  by  dividing  both  numerator  and  denominator 
by  any  common  measure ;  when  both  numerator  and  denominator 
are  divided  by  theii*  G.  c.  M.  the  fraction  is  said  to  be  reduced  to  iis 

6a;*  —  7x  —  20 

lowest  terms.     For  examiale,   consider  the  fraction  -^-^ — — . 

^  ix^-  21 X  +  5 

Here  the  g.  c.  m.  of  the  numerator  and  denominator  will  be  found 

to  be  2x  —  5;  hence,  dividing  both  numerator  and  denominator  by 

this  we  obtain 

6a;^-7a;-20  _       3a;  +  4 

4ic^  -  27a;  +  5  ~  2a3^  +  5a;  -  1  " 

137.  Since  ^  =  — v    (Ai-t.   94)    it   is   obvious    that   we   may 

change  the  signs  of  the  numerator  and  denominator  of  a  fraction 
without  altering  the  value  of  the  fraction. 

138.  To  reduce  fractions  to  a  common  denominator  :  multi- 
ply the  numerator  of  each  fraction  by  all  the  denominators  except 
its  oionfor  the  numerator  corresponding  to  that  fraction,  and  mid- 
tiply  all  the  denominators  together  for  the  common  denominator. 

Thus,  suppose  ,  ,    -  ,  and  -  to  be  the  proposed  fractions  ;  then, 
o      d  J 

V.     A   ^    iQ-    ^      ^^if     ^      <^¥         ,e      etc/  adf     cbf 

by  Art.  13d,      =  -^-    ,     - --^  — r-.,  and  -.=  ,  ,  .;  thus         ,    — -.,  imd 
^  h      hdj'    d      hdf  J      hdf  bdj     bdf 
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—  are  fractions  of  the  same  value  respectively  as  the  proposed 
hdf 

fractions,  and  having  the  common  denominator  hdf. 

139.  If  the  denominators  have  any  factors  in  common,  we 
may  proceed  thus  :  find  the  L.  c.  m.  of  the  denominators  and  use 
this  as  the  common  denominator  ;  then  for  the  new  momerator  cor- 
responding to  each  of  the  fro-posed  fractions,  multiply  the  numerator 
of  that  fraction  by  the  quotient  which  is  obtained  by  dividing  the 
L.  c.  M.  by  the  denominator  of  that  fraction. 

Thus   suppose,  for  example,    that  the  proposed    fractions  are 

—  ,   —  ,  and      -  .    Here  the  L.  c.  m.  of  the  denominators  is  m^yz; 
mx      my  mz 

,    a         aiiz         b         bxz  ,    c         cxy 

and =  --^^~  ,    —  =  ,  and  —  =       ^ 


mx     vixyz     tny      mxyz  mz     mxyz 

140.  To  add  or  subtract  fractions,  reduce  them  to  a  common 
denominator,  then  add  or  subtract  the  numerators  and  retain  the 
common  denominator. 

For  example,  -  +  -  =  ;  this  follows  immediately  from  the 

meaning  of  a  fraction. 

a      c      ad     cb      ad  +  cb 

b'^d^  bd^b^r  ~bdr'' 

1  1  a  —  b        a  +  b  2a 

b      a      b      ac      b      ac  +  b 

a+-  =  -  +  -=—  +  -^ : 

c      L      c       c       c  c 

„     a  +  b      a-b      2{a'-h')      (a  +  bY      {a-hf 
a  —  b      a  +  b         a'  —  b'         a'  —  ¥       a'  —  6^ 

_  2a'~2b'  +  n'  +  2ab  +  b'  +  a' -  2ab  +  b'  _    idr 
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a      c      a  —  c 

a      c      ad      he      ad  —  be 

b      d      bd      bd  bd 

a      c^d      a{c  —  d)      b(c  +  d)      ac  —  ad —  (bc  +  bd) 

b  ~  G-d  "  b{c-d)  ~  b{c-d)  "  b{c-d) 

ac  —  ad  —  be  —  bd 
"         b{e-  d)         ' 

a  +  b      a-b      {a  +  b)"      (a-  bf      (a  +  bf  -  {a  -  by 
a  —  b      a  +  b       a"-b^        a^  —  b^  or  —  b^ 

_  a"  +  2ab  +  b^  -  (a^  -  2ab  +  b"") 
'^^^^^ 
a^  +  2ab  +  b'  —  a"  +  2ab  —  h^        iab 


141.  The  iiile  for  the  multiplication  of  two  fractions  is,  tmd- 
tiply  the  numerators  for  a  neio  oiumerator,  and  the  denominators 
for  a  new  denominator. 

The  follo^^dng  is  usually  given  for  a  proof.     Let  y  and  -  be 

a 
two  fractions  which  are  to  be  multiplied  together ;  put  t  =  ^'>  and 

-,—  y;  therefore 
d     -^  ' 

a  =  bx,  and  c  =  di/, 
therefore  ac  =  bdxy ; 

divide  by  bd  ;  thus  j—  =  xy. 

This  process  is  satisfactory  when  x  and  y  are  really  integers, 
though  under  a  fractional  form,  becaiise  then  the  word  multiplica- 
tion has  its  common  meaning.  It  is  also  satisfactory  when  one  of 
the  two,  X  and  y,  is  an  integei-,  because  we  can  speak  of  multiplying 
a  fraction  by  an  integer,  as  in  Art.  133.  But  when  botli  x  and  y 
are  fractions  we  cannot  speak  of  multiplying  them  togetlier  witli- 
out  defining  what  we  mean  by  the  term  multiplication,  for,  ac- 
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cording  to  the  ordinary  meaning  of  tliis  tenn,  tlie  multiplier  must 
be  a  whole  number. 

In  fact  the  so-called  rule  for  the  niidtipHcation  of  fractions  is 
really  a  definition  of  what  we  find  it  convenient  to  understand  by 
the  multiplication  of  fractions.  And  this  definition  is  so  chosen 
that  when  one  of  tiie  fractions  we  wish  to  multiply  together  is  an 
integer  in  a  fractional  form,  or  when  both  are  such,  the  residt  of 
the  definition  coincides  with  the  consequences  drawn  from  the  or- 
dinary use  of  the  word  viultiplication. 

142.  The  following  verbal  definitions  may  shew  more  clearly 
the  connection  between  the  meaning  of  the  word  multiplication 
when  applied  to  integers,  and  its  meaning  when  applied  to  frac- 
tions. When  we  multiply  one  integer  a  by  another  h,  we  may 
describe  the  operation  thiis  :  what  we  did  with  unity  to  obtain  b 
we  must  now  do  with  a  to  obtain  b  times  a.  To  obtain  h  from 
unity  the  unit  is  repeated  b  times  ;  therefore  to  obtain  b  times  a 
the  number  a   is  repeated   b   times.      Now   let  it  be  required  to 

multii)ly  the   fraction  -  Ity      ;    adopting   the   same   definition   as 

above,  we  may  say  that,   ivhat  we  did  with  unity  to  obtain  ^  toe 

a  c  a  c 

must  now  do  with  ,    to  obtain  -,  times  - .     To  obtain    ,  from  unity 
b  d  b  d  -^ 

the  unit  is  divided  into  d  equal  parts,  and  c  of  such  parts  are  taken ; 

therefore,  to  obtain  -.  times   7-,  the  fraction  y-  is  divided  into  d 
d  b  b 

equal  parts,  and  c  s\ich  parts  are  taken.     Now,  by  Art.  1 34,  if  y  '^^ 

divided  into  d  equal  |)arts,  each  of  them  is  j— ,  and  if  c  such  parts 

be  taken  the  result  is  -— -, . 
bd 

The  definition  then  of  multiplication  may  be  given  thus  :  to 
obtain  the  product  of  the  multiplier  and  multiplicand  we  treat  the 
multiplicand  in  the  same  way  as  unity  was  treated  to  obtain  the 
multiplier. 
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143.  To  multiply  three  or  more  fractions  together,  multiply 
all  the  numerators  for  the  iiew  numerator,  and  all  the  denominators 
for  the  new  denominator. 

144.  Suppo.se    we    have    to    divide   j  by-.      Here,  by  the 

natm-e  of  division,  we  have  to  find  a  quantity  such  that  if  it  be 

multiplied  by  -  the  product  shall  be  y .      This  is  the  meaning  of 

division  applied  to  integers,  and  we  shall  give  the  same  meaning 
to  division  a2)i)lied  to  fractions,  an  operation  which  hitherto  has 
not  been  defined. 

Let  rr~-  ,  =  x;    then    ,  =xx  - .,  =  -,  :     therefore   -^  =  xc,  and 
b      d  0  d       d  b 

7—  =  £C.  Thus  we  obtain  the  rule  for  dividing  one  fraction  by 
be  o  J 

another  ;  invert  the  divisor,  and  proceed  as  in  multiplication. 

145.  Hitherto  we  have  supposed,  in  the  present  Chapter,  that 
the  letters  represented  whole  7iumbers  ;  and  have  thus  only  recalled 
nxles  and  proofs  which  are  familiar  to  the  student  in  Arithmetic. 
But  in  virtue  of  our  extended  definitions  it  may  be  proved  that  all 
the  rules  and  formula  given  are  true  when  the  letters  denote  any 
ntunliers  lohole    or  fractional.      Take,   for   example,    the   foi'mida 

-,  -  T- 1  and  suppose  we  wish  to  shew  that  this  is  tnie  when 
b      be 

«i      ,      ;)  ■,        r 

a  =  —  ,   b  =  - ,  and  c  =  -  , 
n  q  s 

„       a      m      p      m      q      rtiq  _ 


b      n 


n      p      np 


mr  pr 

also  rtc  =  —  ,  and  be-       ; 
ns  qs 

ac      mr      pr      mr      qs      inrqs      mq 
be      ns  '   qs      ns      pi-      nsjyr      np 

Til  us  the  formula  is  shewn  to  be  true. 
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Moreover  these  formulae  and  rules  hold  when  the  letters  de- 
note negative  quantities  by  virtue  of  the  remarks  already  made 
in  Chapter  v. 

146.  By  means  of  the  foregoing  rules  and  formulae  we  can 
simplify  algebraical  fractions,  in  which  the  numerator  and  de- 
nominator are  themselves  fractional  expressions.      For  example, 

a         h         a{a  +  b)  +  h^ 

b      a  +  b  b{a  +  b)  a"  +  ab  +  b^        a{a-b)     _a  (a^  -  P) 


a 


J     a'-b{a~b)        b{a  +  b)        a'-ab  +  b'      b(a?  +  h')' 


a  —  b      a         a{a-  b) 

147.  The  beginner  requires  to  be  warned  that  in  reducing 
fi-actional  expressions  he  should  keep  the  simplest  forms  which 
are  admissible,  in  order  to  avoid  unnecessary  labour.  For  exam- 
ple, suppose  we  have  to  reduce  the  following  expression  to  a  single 
fraction, 


^  + 


(a  -b)(a  —  c)  {x  —  a)      {b  —  a)  {b  —  c){x~  b)      (c  ~a){c  ~  b)  {x-c)' 

We  might  take  the  product  of  ail  the  denominators  for  a  com- 
mon denominator  and  transform  the  three  fractions  accordingly ; 
but  a  little  consideration  will  shew  that  there  is  a  much  simpler 
common  denominator  which  we  may  put  in  the  following  sym- 
metrical foi'm, 

(a  —  b)(b  —  c)  (c  —  a)  (x  —  a)  (x  —  b)  {x  —  c). 
We  may  write  the  proposed  expression  thus, 


{a  -b){c-  a)  {x  -a)      {a-  b)  (b  -  c)  {x  -  b)      (c  -  a)  {b  -c){x  —  c)' 
then  by  reducing  to  the  common  denominator  we  find 

a{b  —  c){x  —  b)(x-c)  +  b(c~  a) (x-a) (x—c)  +  c{a-b) (x  -  a)  (x—b) 
(a  —  b)(b-  c)  (c  —  a){x  —  a)  (x  —  b)  (x  —  c) 
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On  working  out  the  numerator  we  find  that  it  reduces  to 
X  {a  (c'  -b')  +  b{a'-  c')  +  c{b'-  a% 
and  we  shall  also  find  that 

-  {a  (c^  -b^  +  b  (a'  -  c'')  +  c  {b^  -  a')}  =  {a-b){b-  c)  (c  -  a). 
Thus  the  proposed  expression  becomes 

X 

{x  —  a)  [x—  b)  (x  —  c)' 
As  another  example  it  may  be  shewn  that 

a'  b'  (P 

+ 


{a  —  b)  {a  ~c)(x-  a)      (b  —  a){b  —  c)  {x  -b)      (c  -  a)  (c  —  b){x-  c) 

x'- 


[x  —  a){x—  b)  {x  —  c)' 

EXAMPLES    OP   FRACTIONS. 
Simplify  the  following  fractions  : 

a;'  +  2a;  -  3  ^      x^-3x-4. 


x' 

+  6a;-7' 

x' 

-6a;"+  11a; - 

-6 

a;-- 3a; +  2 

x' 

+  10a;'+  35a;' 

+  5 

Ox 

+  24 

1. 

a;  —  3a;  +  2 
^      a;'+10a;'+35a;'4-50a;  +  24 

7. 

ZX'  —  X'  —  x  +  z 

9      30^^+ 12a;  4- 9  ^^ 

a;*  +  5a;^  +  6   ■ 

x"  -  4a;^  +  4a;-  -  9  ' 

13  a;  -X  -x+  1  ^^ 

X*  -  2a3^  -  a;'  -  2x  +  1  ■ 

bx  +  2  , . 

15.      -^r-, TTT. n irrr  IG. 


a;"  —  4a;  —  5  ' 

a^  +  3tt'6+3a&'+6" 
a^  +  2a6  +  b^ 

3a;^-16a;'+23a;-6 

a;' +  9a;' +  26a; +  24  '  "      2a;'- lla;'+ 17a;- 6  ' 

6a;' -5a;- +  4  2a;^  +  ga;"  +  7a;  -  3 

a;'  -  a;^  -  a;  +  2  ■  '      3a;'  +  5a;-  -  15a;  +  4  ' 

a;^- 6a;'- 37a; +  210 
a;'+4a;'-47a;-210' 

a;'  +  2a;*  +  2x 


x^  +  4a; 

a'_a*b-ab'-^b' 
a*  —  a^b  -  a'b'  +  ab 

(x  +  i/Y  -x'  -■}/ 


2b+{U'-i)x-2bx''  '     {x  +  yf-x'-y' 

T.  A,  5 


66  EXAMPLES.      VIIT. 

Pei-fonn  tlie  additions  find  subtractions  indicated  in  the  fol- 
lowing ex.amples  fi'om  17  to  37  : 

17.      7+ J. 

a  ■¥  0      a-b 

18.  ^-^  + 


19. 


2a  -2b      26  -  2a  ' 
2  3  2x-3 


X     2x-\      ^x^  -\' 

\m     nj  ^  \   m  n   / 

21.        1  1  3 


22. 
23. 


a;-l      cc  +  2      (x+2f' 

5  1  24 


2(a;+l)      10  (a; -1)      5  (2x  +  3) 

b  —a      a-  2b      3x  (a  —  b) 
x-b       x+b  x^  -b^ 


^.       3  + 2a;      2-3x      16x-a;^ 

24. H 

2  -  X        2  +  x        x^  -  4: 

3  7  4-20aj 

25. 


1  -  2a;      1  +  2aj      4x^-1 
26.      X+       ^ 


a  +  b      a'  -b'      a'+¥' 

OK  1  1  1 

27.     -. ,  + 


28. 


x'  -f      (a;  +  yY      (x  -  yf 

(a'  +  by       a      b  _^ 
ab  [a  —  b)'      b      a 


-_         a  3a  2ax 

29.        + ; 5  . 

a  —  X      a  +  x      a'  —  x 

3a -46      2a-b~c      15a- 4c     a -46 
7  3         "^       12  2l~* 

a  +  b  b+  c  c  +  a 


31. 


(6  —  c){c-  a)      (c  -  a)  (a  -  b)      (a  -b){b  —  c) 
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a*  _  &c  6*  —  ca  c^  -  ab 

(«  +  6)  {a  +  c)      (6  +  c)  (6  +  a)  (c  +  a)  {c  +  b)  ■ 

a'  -be  '    b'  +  ca  c^  +  ab 

^        {a-b){a-c)      {b+c){b-a)  {c-a){c+b)' 


34. 
35. 


be  ca  ab 


(c  -  a)  {a  -  b)      {a  -b){b-  c)      {b  -  c)  [c  -  a) 
1  1  1 


a  {a  -  b)  {a  -  c)      b{b-c){b-a)      c{c~  a)  (c  -  b) 


a-b      b-c      c-a      {a -b){b-  c)  (c  -  a) 
'     a  +  b      b  +  c      c  +a      (a  +  b)  {b  +  c)  {c  +  a)' 

2  2        __2_      (a  -  by  +{b-  cf  +  {c  -  af 

3^-     '^^Zl^b^c'^J^a'^       ^a-b}{b-c)(c-a)      ' 

(a-bY  ,  b 

38.  Multiply  4 by  — j-  . 

^-^     b  +  a       ''    x{a-b) 

39.  JMUply  ^  by  j^^. 

2>ax      d'  —  x^      be  +  bx        ^  c  —  x 

40.  Multiply  together  --,-  ,    -; ^  ,    ^-; and . 

i-  •>       <=>  45y      G  —X       a  +  ax  a-x 

41.  Prove  that 
b      c\^      [G      aV      (a      bV  fb      g\  (a      c\  (a      b 


(b      cV 


+  '.«-^cjn^-^«)=^'non;ic^«;u-^a 


42.  Multiply  together  L^ ,    L_|^  and  14-^ 

43.  Multiply     „"(^-"^   .by    „"("^"^. 

^  •'    a-  +  'lax  +03'     "^  a-  -  lax  +  ar 

44.  Simplify  —„ — ^^-7 — ^2  '^  ^-T    t 

^     ''  a^-  2ab  +  b       a-  +  ab 

45.  Simplify     ^ J 8 1  -K—  • 

^    -^    \x-y     x  +  y     x'-y*J    2,y 

46.  Simplify  ^.r^^  .  ^^-^  .  [^.^^^^^^^)  ' 


5—2 
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47.  Multiply  -„  -  -  +  1  by  -,  +  -  +  1. 

1       1 

48.  Multiply  ic*  -  cc  +  1  ))y  -^  +  -  +  1. 

„.      , .  ^     a;'  4-  K  (a  +  6)  +  o6      a;'  —  a* 
50.     Divide   , r,  by  ^ i. 


51.     Divide  -7-^ j-r4 


by 


6a6 


52.     Divide  ^^^  by     ^ 


X  +y     "^  y  +  X 

^.   .^    2x  +  y     2y  —  x         x^ 

53.     Divide +  -^^^ 2 5  bv    , 

x  +  y        x  —  y       X  —y     "^  X  —y 

64.   Simplify  (^.1)^(1 4.^). 

55.     Simplify  (^j  +  ^5)  ^  (~  -  ~)  . 
66.     Simplify  f^iil^  +  ?:)  ^  (^-±^^  -  -^)  . 

57.  Divide  as* .  by  a;  +  -  . 

as*     -^  a; 

58.  Divide  a;-  +  — „  +  2  by  a;  +  -  . 

x^  X 

59.  Divide  a;'  +  1  +  -  by  -  -  1  +  ». 

a;-         a; 

60.  Divide  a'  -  6'  -  c'  +  2&c  by  ^  "^  ,  "^ . 

61.  Divide  5 ^ by      ^ 


x^-y^  '  x'  +  xy-vy 


62.     Divide  a'-b'-c'-  2bc  by 


EXAMPLES.      VIII.  69 

a  +  b  +  c 


a  +  b  -0 


12a^  2a;' 

63.  Divide  x^-3ax-2a-+  5-  by  3a; -6a ^. 

x+  da  x  +  oa 

^ .   . ,      x"       ,      6a^  ,       X       3a 

64.  Divide  7,-^  -  4  +  -^  by . 

2a  x~  2a      x 

a+b      a—b 


60.     iSmipiiiy  ,■ 

^     •'a  +  b      a~h 

c  —  d     G  +  d 


a+x      a—x 

H 

66.     Siinpliiy  -^— — ^^ 
^  a+x      a—x 


a—x      a+x 


a-l      6-1      c-1 

+    — T—    + 


3a6c  a  6  c 

^^-     ^^"^P^y  6c  +  c«-a6 r-T7T • 

a      6      c 

0      r,.      ,..     /«  +  &     a'  +  b\      fa-b      a'-b'\ 
68.     Simplify  (^—^+^,3p)-^(^^j-„.:^j 

c-b     c'-b\       le  +  b      e  +  b 


69.     Simplify  (^^  -  ^r^sj  -  i^^TTft  +  c^  _  6' 


x^-y\  .  Z^  +  y     3-^  -  y 


70.  SimpHfy  (^,  "  x^  +  y  V      \«^  -  y     «^  +  y. 

/a +  6      a-6\      /a' +  6'     a^ -b\ 

71.  Simplify  (^^-^  +  ^-j j  -^  ^^rr^.  -  ^^rTft^j  • 


m  +n 

n  m  -n 

72.     Simplify— —^x  -3—3 

w     in 
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X  +  a     X  —  a 


»o       oc      ^■r        ^  ^         x  —  a      x  +  a 

1 6.      bimphiy ^— — ^— — 

x—a      x+a      x+a     x—a 

+  — — 

x—a     x+a 

1      _1_ 

75.      Simplify 


a      b  +  c 

1 

1 

X  + 


X  +  1 

1   +  5 

O  —X 


76.     Simplify 


a 


b+ 

7      ^ 

cl+^ 


IX.     EQUATIONS   OF   THE   FIRST   DEGREE. 

148.  Any  collection  of  algebraical  symbols  is  called  an  eoc- 
pression.  When  two  expressions  are  connected  by  the  sign  of 
equality  the  whole  is  called  an  equation.  The  exiDressions  thus 
connected  are  called  sides  of  the  equation,  or  inembers  of  the  equa- 
tion. The  expression  to  the  left  of  the  sign  of  equality  is  called 
the^?'6i!  side,  and  the  expression  to  the  I'ight  the  second  side. 

149.  An  identical  equation  is  one  in  whicli  the  two  sides  are 
equal  whatever  numbers  the  letters  stand  for ;  for  example, 

{x  +  h){x-b)'=^x^-h' 

is  an  identical  equation.     An  identical  equation  is  called  briefly 
an  identity. 

Up  to  the  present  point  the  student  has  been  almost  entirely 
occupied  with  identities.  Thus  the  results  given  in  Arts.  55  and 
68  are  identically  true  ;  and  so  also  are  those  which  ^vill  be  ob- 
tained by  solving  the  examples  to  Chajitei's  iii  and  iv. 
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150.  An  equation  of  coiulition  is  one  which  is  not  tiiie  for 
every  value  of  the  letters,  but  only  for  a  cexi;ain  number  of  values ; 
for  example, 

a;  4-  1  =  7 

cannot  be  tnie  unless  x=Q.     An  equation  of  condition  is  called 
briefly  an  equation. 

151.  A  letter  to  ■which  a  particular  value  or  values  must  be 
given  in  order  that  the  statement  contained  in  an  equation  may 
be  true  is  called  an  unknoum  quantity.  Such  particular  value  of 
the  unknown  quantity  is  said  to  satisfy  the  equation,  and  is  called 
a  root  of  the  equation.  To  solve  an  equation  is  to  find  the  parti- 
cular value  or  values. 

152.  An  equation  involving  one  unknown  quantity  is  said  to 
be  of  as  many  dimensions  as  is  denoted  by  the  index  of  the 
highest  power  of  the  \uiknown  quantity.  Thus,  if  x  denote  the 
unkno^vn  quantity,  the  equation  is  said  to  be  of  one  dimension 
when  X  occurs  only  in  the  first  power ;  such  an  equation  is  also 
called  a  simple  equation,  or  an  equation  of  the  first  degree.  If  a;* 
occiu's,  and  no  power  of  x  liigher  than  x^  occiu's,  the  equation  is  said 
to  he  of  two  dimensions ;  such  an  equation  is  also  called  a  quad- 
ratic equation,  or  an  equation  of  the  second  degree.  If  x^  occurs, 
and  no  power  of  x  higher  than  x^  occurs,  the  equation  is  said  to  be 
of  three  dimensions  ;  such  an  equation  is  also  called  a  cidiic  equa- 
tion, or  an  equation  of  the  third  degree.     And  so  on. 

It  miist  be  observed  that  these  definitions  suppose  both  mem- 
bers of  the  equation  to  be  integral  expressions  so  far  as  relates 
to  X,  and  not  to  contain  x  under  the  radical  sign. 

153.  We  shall  now  indicate  some  operations  which  may  be 
perfoi-med  on  jui  equation  without  destrojdng  the  equality  which 
it  expresses.  It  will  be  seen  afteirwards  that  these  operations  are 
iisefid  when  we  have  to  solve  equations. 
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154.  If  every  term  on  each  side  of  an  eqriation  he  mnltiplied 
or  divided  by  the  same  quantity  the  results  are  equal.  This  follows 
from  Arts.  100,  101. 

155.  The  principal  use  of  the  preceding  Article  is  to  clear  an 
equation  effractions ;  this  is  effected  by  multiplying  every  term 
by  the  product  of  all  the  denominators  of  the  fractions,  or,  if  we 
please,  by  the  least  common  multiple  of  those  denominatoi'S. 
Suppose,  for  example, 

/v*  /yi  /y» 

Mviltiply  every  term  by  2  x  3  x  4  ;  thus, 

3x4xa;  +  2x4xa;  +  2x3xa;=13x2x3x4; 

that  is,  1 2x  +  8x-  +  6x  =  3 1 2. 

Divide  every  term  by  2  ;  thus, 

Q)X  +  AiX  +  Zx-  156. 

Instead  of  multiplying  every  term  by  2  x  3  x  4  we  may  multi- 
ply by  12,  which  is  the  L.  c.  M.  of  2,  3  and  4.     Thus  we  obtain 

at  once 

6a;+4aj  +  3a;-156. 

156.  Any  quantity  may  he  transposed  from  one  side  of  an 
equation  to  the  other  side  hy  changing  its  sign. 

Thus  suppose  X-  a-h  -y. 

Add  a  to  each  side  (Art.  98) ;  then 

x-a  +  a  =  h-y-\-a, 

that  is,  x  =  b  +  a-y. 

Now  subtract  h  from  each  side ;  thus, 

x-h  =  h  +  a-y  -  b-a  —  y. 

Here  we  see  that  —  a  has  been  removed  from  one  side  of  the 
equation,  and  appears  as  +  a  on  the  other  side ;  and  +  b  has  been 
removed  from  one  side  and  appears  as  —  6  on  the  other  side. 
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157.  Tf  the  sign  of  every  term  in  an  equation  he  changed  the 
equality  still  holds. 

This  follows  from  tlie  preceding  Article  by  transposing  every 
term.     Thus  suppose 

x  —  a  =  b  —  y. 

By  transposition,  y  —h=a  —  x, 

that  is,  a-x-y-h) 

this  result  is  what  we  shall  obtain  if  we  change  the  sign  of  every 
teiTti  in  the  original  equation. 

158.  We  can  now  give  a  rule  for  the  solution  of  any  simple 
equation  with  one  \inknoA\ii  quantity. 

Let  the  equation  first  he  cleared  of  fractions  ;  tlien  transpose  all 
the  terms  lohich  involve  the  unhiovjn  quantity  to  one  side  of  the 
equation,  and  the  hnoion  quantities  to  the  other ;  divide  hoth  sides 
hy  the  coefitcient  or  the  sum  of  the  coefficients  of  the  unknown 
quantity,  and  the  value  required  is  ohtained. 

The  tnith  of  the  rule  will  be  obvious  from  the  principles 
of  the  preceding  Ai'ticles,  and  we  shall  now  apply  it  to  some 
examples  •  in  these  examples  the  unknounn  quantity  ^vill  be  de- 
noted by  X,  and  when  other  letters  occur,  they  are  supposed  to 
represent  known  quantities. 


159.     Solve 

3:k 

-4=24-tc. 

By  transposition, 

2)X 

+  a;  =  24  +  4; 

thus, 

4a;  =  28; 

by  division. 

28     ^ 

We  may  verify  the  result  by  putting  7  for  x  in  the  original 
equation.  The  first  side  becomes  3x7  —  4,  that  is,  2 1  -  4,  that  is, 
17  ;  the  second  side  becomes  24  -  7,  that  is,  17. 
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^      ^  ,  5a;     4a;     -„      5       03 

160.  Solve  T'T"  8^32" 

Midtiply  by  9G,  which  is  the  L.  c.  M.  of  the  denominators ; 

thus,       5x48xa;-4x32xa;-]3x96  =  5xl2  +  3a;; 

that  is,  240a;  -  1 28a;  -  1 248  =  60  +  3a;  j 

by  transposition,  240x  -  128a;  -  3a;  =  1248  +  60  ; 

thus,  109a;  =1308; 

1308     .^ 
by  division,  x=  y^  =  iZ. 

We  may  verify  the  result  by  putting  12  for  x  in  the  original 
equation ;  it  will  be  found  that  each  side  of  the  equation  then 
becomes  1. 

161.  Sometimes  it  is  convenient  to  clear  of  fractions  par- 
tially, and  then  to  effect  some  reductions  before  getting  rid  of  the 
remaining  fractional  coefficients.     For  example,  solve 

x  +  7      2a;- 16      2a; +5      ^,      3x  +  7 

-n 3— ■'^-  =  ^*-'-l2-- 

Here  we  may  conveniently  multiply  by  12  ;  thus, 
1^^^^^  -  4  (2x  -  16)  +  3  (2a;  +  5)  =  1 6  X  4  +  3a;  +  7  ; 
that  is,         12 (a;  +  i) _  ^^  +  64  +  6a;  +  15  =  64  +  3a;  +  7. 

By  transposition  and  reduction, 

12(a;  +  7)      „      . 
— L_^ — '  +  8  =  5x. 

•Multiply  by  11;  thus, 

12a; +  84 +  88  =  55a;; 

by  transposition,  172  =  43a3 ; 

,      ..  •  .  172     , 

by  division,  x  =  -j^  =  4. 

We  may  verify  this  result  as  before. 
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The    student  shoiild  notice    one  point  in  this  example  very 

2ic  —  1 6  1 

carefully.     The  fraction  ■ —  is  equivalent  to  -  {2x  -16).     TMs 

o  o 

fraction  is  preceded  by  the  sign  — ;  and  wlien  we  multiply  by  12 
and  remove  the  brackets  -we  obtain  —8x  +  64.  Thus  when  we 
clear  of  fractions  we  must  regulate  the  signs  of  the  terms  which 
stood  in  any  numerator  in  the  same  way  as  if  they  had  been  be- 
tween brackets. 

162.     Solve        ^  ^ 


2a;  +  1      5x-8' 
Multiply  by  {2x  +  1)  {5x  -  8)  ;  thus, 

5(5a;-8)  =  2(2.r+l); 
that  is,  25a;  -  40  =  4a;  +  2  j 

by  transposition,  21a;  =  42; 

by  division,  a;  =  ^r^  =  2. 

■^  '  21 

We  may  verify  this  result  as  before. 

2a; -3      4a; -5 

163.     Solve     5 -  =  - ^. 

ox  —  4      K)X—  i 

Multiply  by  (3a;-  4)  (6a;  -  7)  ;  thus, 

(2x-3)  (6a; -7)  =  (4a; -5)  (3a; -4); 

that  is,  12a;'  -  32a;  +  21  =  12.t=  -  31a;  +  20. 

Take  away  12a;'  from  both  sides;  tlms, 

21--32a;=20-31x; 

by  transposition,  21  —  20  =  32a;  —  31a; ; 

thus,  a;  -  1. 

We  may  verify  this  result  as  before. 


Toi      CI          a;            10a;      7 
164.     Solve      2-8  =  -3^-3. 

Multiply  by  6  ;  tluis, 

3a; -48 -20a; - 

-14; 
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by  transposition,  17a;  =  -  34  ; 

by  division,  x  =  —  —  =  --2. 

We  may  verify  tliis  resiilt ;  each  side  of  the  equation  will  be 
found  to  become  —  9. 

165.  Solve  ax  +  b  =  ex  +  d. 

By  transposition,  ax  —  ex  -  d  —  b  ; 

that  is,  {a~  c)x^d-b  ; 

by  division,  x  = . 

Verification ;  put  this  value   for  x  in  the  original  equation  ; 

,,       xi     c     ,    -1    1  «(^-^)     1   XI    .  •     a{d-b)  ,  b{a-c) 

then  the  first  side  becomes  — ^ +  b,  that  is,  — ^^ H ^ , 

a—c  a- c  a—c 

that  is,  .     And  the  second  side  becomes +  d,  that 

a—c  a—c 

.     c  (d  —  b)      d  (a  —  c)      , ,       .     da  —  cb 

IS,  -^ ^  +  — ^ '  ,  that  IS,  . 

a—c  a—c  a—c 

166.  An  equation  of  the  first  degree  cannot  have  more  than 
one  root. 

For  any  equation  of  the  first  degi'ee  will  take  the  fonn  ace  =  6 
if  the  unknown  quantity  is  brought  to  one  side  of  the  equation, 
and  the  known  quantities  to  the  other,  and  to  make  this  true 

x  must  be  equal  to  -  ,  and  to  nothing  else. 
a 

Tlie  result  is  sometimes  obtained  thus.  Suppose,  if  possible, 
that  this  equation  has  two  difierent  roots  a  and  /3 ;  then  by 
supposition, 

aa  =  b,         a{3  =  b  \ 

therefore,  by  subtraction, 

a(a-;8)  =  0; 

but  this  is  impossible,  since  by  supposition  a  -  ^  is  not  zero,  and 
a  is  not  zero.  Thus  an  equation  of  the  fii'st  degi-ee  cannot  have 
more  than  one  root. 
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a;  +  l      3a; -4      1_  6x  +  7 

gee -11      a;-l_lla;-l 
^-  4  10    '      12      • 

a;      1  /?      ^+ 1      ^  +  2      .»     a;+3 


cc^cB     ^_i  g     :l^+1^=16 


^-     2'*'3     4~2  .  ^ 

7.     ,  +  lkl5=26-.  g      i9,,l(7.-2)  =  4x^^ 

a;-3      cc-4     x-5      a;+  1 
10.     ^7_2^^3^_1,. 


a; 


„-3      2a;-5_41      3x-8  _  5a;  +  6 
11-     -I 6  60"^      5  15 

12      ^^±l_^^::I  =  5a;-10. 
1^.         3  2 

1  ,„     a;+  6      a; 

13.     ^(8-a;)  +  a;-li  = 


14. 
15. 


6v-     •-  -^         2        3- 

x+3     a;-2      3a;-5  ,  1 


~2~         3  12         4 

3x-l      IS-K      7a;      ll(a;  +  3) 


5x-3_9^^5^      19 
1«-      -^  3  2        6^         ^ 

_      5a:- 1      9a; -5      9a;  -  7 

17.  ~7    +-rr-     T— 
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18.  ?i^5-!i^  +  10-^  =  0. 

7  3  5 

,^      X      5a;  +  8      2a;  -  9  „^      „        19-2a;      2a;-ll 

19.  J -—=—-—.  20.     2x —  = — . 

4  b  3  2  3 

_,       7a; +  9      /       2a; -1\     ^        „^      7  +  9a;      /,      2-a;\      _ 
-_aj4-15  — a;.a;4-2 

7a;-8      15a;  +  8     „        31-a; 

2^-  -Tr--*--i:3-=^^ — 2-- 

_^      3a;-ll      28-9a;     ,       ... 
25.     — ^ g —  =  4a;-14f. 

2a;  -  1      3aj  -  2  _  .5a;  -  4      7a;  +  6 
^^-     "^  4~~"~6  12^- 

2a; -9       a;       a;-3      ., 

2^-    ^7-  +  T8--i-  =  8i-"- 

2a;- 6      a;— 4      3a;     ^  orv  o        1 /<        \      1 

29.     — ^-13=0.  30.     a;  =  3a;-2(4-a;)  +  3. 

„,       3a; -7      25 -4a;      5a;- 14 

2a; +  5      40  -  a;      10a; -427 
^^'     'T3""'~8~-"        19        • 

33.     ^_._^5  =  .-(?|.l). 

flj-l      a;-2      a;+3      a;+4 
3^-     ^^-3-=-4^^-6"-"^- 

a;-l      a;-2_a;-5      a:-6 
a;— 2      a;— 3     x—  Q     x  —  7 

36.  (a;-5)(a;-2)-(a;-5)(2a;-5)  +  (a;+7)(a;-2)  =  0. 

37.  3  -  a;  -  2  (a;  -  1)  (a-  +  2;  =  (a;  -  3)  (5  -  2a;). 
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38.  x-3-{S-x){x+l)=  {x  -  3)  (1  +  a;)  +  3  -  x. 

39.  =^-1  (3.  -  4)  +  .(3^^/:^^  =  ,.  _  i  . 

40.  ('a;  +  ^Vcc-^V(a;  +  5)(«-3)+|  =  0. 

41.  (.^-|)(a.  +  |)-(a.-5)(a,  +  3)-^  =  0. 
9a;  +  5      8a;- 7  _  36a; +15      IQi 

6a; +  7      2a;  -  2  _  2a; +1  6a;  +  ]       2a;  -  4  _  2a;  -  1 

n^  ~  7^^  ~  ~T~  ■  n^  "  7a;- 16  ~  ~5~  ' 

.^4  7  37 

45.     -  + 


a;  +  2      a;+3      x^  +  5a;+6' 
46.     (a;+l)''  =  {6-(l-.T)}a;-2. 
1111 


47 


a;-2      a;-4      x  —  Q      x 


2  16 

48.      ^r^^  + 


2a;  -  5     a;  -  3     3a;  -  1  " 

,^      25 -la;     16a; +  41       23       ^ 

49.     f-+^ ^^ T  +  S- 

a;+l  3a; +  2       a;+l 

51.  (a  +  a;)  (6  +  «)  =  (c+x)  {d  +  x). 

fci      XX  d  _,  „  ,     a;      1 

52.  -+^ =Y — •  53.     aa;  +  o  =  -  +  T. 

a      0 -a      0  +  a  a      o 

x-a     x-h     x-c     x-(a  +  b  +  c) 

54.  — =—  + ■  +  = ^ — r ■ 

oca  aoc 

55.  (a  +  a;)  (b  +  x)  -a{b  +  c)=   f~  +  a;*. 

a  +  b         a  b  ^„      ax^-¥bx  +  c      ax+b 

56.     = +  — -r.  57.     — ^ -= — '- 

x-c      x-a      x-b  px^  +  qx  +  r     px  +  q 

^„      Zabc         a%'         (2a  +  b)¥x     ^         bx 

58. +  . ^  +  ^~^-. — ^g   =  3ca;  +  —  . 

a+b      (a  +  b)         a{a  +  b)  a 
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59.     '!!li!^^''±±R=,^^n.       60.     f^Z^^^' ^^_Z^\ 
x  +  b  x  +  a  \x  +  b/       x  +  a  +  '2b 

61.  (x  -  af  +  (x  -  by  +  {x-  cY  =  S{x-a){x-b){x-  c). 

62.  -150;+ 1-575 -•875a;= -06250;. 

63.  l-2x-''^^'':'^^^-4x  +  8-0. 

•5 

•72r-  -0,5 

64.  i-Sx-       \      ^l-6a;  +  8-9. 


X.     PROBLEMS   WHICH   LEAD    TO    SIMPLE   EQUA- 
TIONS  WITH    ONE    UNKNOWN    QUANTITY. 

167.  We  shall  now  apply  the  methods  already  given  to  the 
solution  of  some  j^roblems,  and  thus  exhibit  to  the  student  speci- 
mens of  the  use  of  Algebra.  In  a  problem  certain  quantities  are 
given,  and  certain  others,  which  have  some  assigned  relations  to 
them,  are  to  be  found.  The  relations  are  usually  expressed  in 
ordinary  language  in  the  enunciation  of  the  problem,  and  the 
method  of  solving  the  problem  may  be  thus  described  in  general 
terms :  denote  the  unknown  quantities  by  letters^  and  express  in 
algebraical  language  the  relations  which  hold  between  the  U7i- 
Tcnown  quantities  and  the  given  quatitities;  we  shall  thus  obtain 
equations  from  which  the  values  of  the  unknown  quantities  may  be 
derived. 

We  shall  now  give  some  examples.  In  the  present  Chapter  we 
confine  ourselves  to  problems  which  may  be  solved  by  using  only 
0  7ie  unknown  quantity. 

168.  The  sum  of  two  numbers  is  89  and  theii'  difference 
is  31  :  find  the  numbers. 

Let  X  denote  the  less  number,  then  the  greater  nujnber  is 
31  +  ic ;  thus  since  their  sum  is  89,  we  have 

31+a;  +  a;=89, 
that  is,  31+ 2a;  =  89; 
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by  transposition,  2a;=89-31  =  58j 

58 
hj  division,  a^'  =  -r-  =  29. 

Thus  the  less  niunber  is  29,  and  the  gi-eater  number  is  29  +  31, 
that  is,  GO. 

169.  A  bankrupt  owes  B  twice  as  much  as  he  owes  A,  and 
C  as  much  as  he  owes  A  and  £  together  :  out  of  ,£300  which  is  to 
be  divided  among  them,  what  should  each  receive  ? 

Let  X  denote  the  number  of  pounds  which  A  should  receive  • 
then  2x  is  the  number  of  pounds  B  should  receive  ;  and  x  +  2x,  that 
is  3x,  is  the  number  of  poimds  C  should  receive.  The  whole  sum 
they  receive  is  £300  ;  thus, 

x  +  2x  +  3x  =  300 ; 

that  is,  6x  =  300  ; 

300      _ 
and  OS  =  —^  =  oO  ; 

therefore  A  shoidd  receive  £50,  ^  £100,  and  C  £150. 

170.  Divide  a  liue  21  inches  long  into  two  parts,  such  that 
one  may  be  tkree-fourths  of  the  other. 

3x 
Let  a;  denote  the  number  of  inches  in  one  part,  then  -j-  denotes 

the  number  of  inches  in  the  other  part  ;  thus, 

clear  of  fractions ;  thus, 

ix  4-  Zx  =  84  ; 

that  is,  7a:  =  84  ; 

84 
therefore,  cc  =  -=-  =  12. 

Thus  one  pai-t  is  12  inches  long  and  the  other  part  9  inches. 

171.  If  yl  can  perform  a  piece  of  work  in  8  days,  and  H  in 
10  days,  in  what  time  will  they  perfomi  it  together  ? 

T.  A.  '  3 


«  +  -  =  21; 
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Let  X  denote  the  mimber  of  clays  required.     In  one  day  A  can 

1  .  X 

perform  ^  th  of  the  work,  therefore  in  x  days  he  can  perform  3-  ths 
o  o 

of  the  work.     In  one  day  B  can  perform  --r  th  of  the  work,  there- 

X 

fore  in  x  days  he  can  perform  -  r  ths  of  the  work.     Hence  since 
A  and  B  together  pei-form  the  whole  work  in  x  days,  we  have 

clear  of  fractions  by  multiplying  by  40  ;  thus, 

5x  +  4:X  =  40, 

that  is,  9a;  =  40  ; 

40 
therefore,  cc  =  —  =  4|. 

172.  A  workman  was  employed  for  GO  days,  on  condition 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  for 
every  day  he  was  absent  he  should  forfeit  5  pence ;  at  tlie  end  of 
the  time  he  had  20  shillings  to  receive  :  required  the  number  of 
days  he  worked. 

Let  X  denote  the  numl^er  of  days  he  worked,  then  he  was 
absent  60  -  a;  days;  then  15.:c  denotes  his  pay  in  pence,  and 
5  (60  -  x)  denotes  the  sum  he  forfeited.     Thus, 

15a; -5  (60 -a)  =  240; 

that  is,  1 5x  -  300  +  5.x  =  240 ; 

therefore,  20*  =  240  +  300  =  540  ; 

540 
therefore,  x=  -^^  =  27. 

Thus  he  worked  27  days  and  was  absent  60  -  27  days,  that  is, 
33  days. 

173.  How  much  rye  at  four  shillings  and  sixpence  a  bushel 
must  be  mixed  with  fifty  bushels  of  wheat  at  six  shillings  a  bushel, 
^liat  the  mixture  may  be  worth  five  shillings  a  bushel  ? 
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Let  X  denote  the  number  of  bushels  required  ;  then  9a;  is  the 
value  of  the  rye  in  sixpences,  and  600  is  the  value  of  the  wheat. 
The  value  of  the  mixture  is  10  (50  +  x).     Thus, 

10  (50  +  a)  =  9a; +600; 
that  is,  10a; +  500  =  9a; +600; 

and  a;  =  100. 

174.  A  smuggler  had  a  quantity  of  brandy  which  he  expected 

would  produce  £9.  18s.  ;  after  he  had  sold  10  gallons  a  revenue 

officer  seized  one-thii-d  of  the  remainder,  in  consequence  of  which 

the  smuggler  makes  only  £8.  25.  :  requii'ed  the  number  of  gallons 

he  had  and  the  price  per  gallon. 

198 
Let  X  denote  the  number  of  gallons ;  then  is  the  value 

a;-  10 
of    a  gallon   in  shillings.     The  quantity  seized  is   — ^ —  gallons, 

^,1  .    .    a;-  10      198    ,  .„. 
and  the  value  oi  this  is  - — - —    x shillings ;  thus, 

O  X 

6  X 

Multiply  by  3a; ;  thus, 

198  (a; -10)  =  3a;  x  36  =  108a;; 
therefore,  198a;  -  108a;  =  1980  ; 

that  is,  90a;  =1080, 

1980      n« 
and  -=^-22. 

Thus    22    is    the    number    of  gallons,    and   the  price  of  each 

198 
gallon  is    -— r-  shillings,  that  is,  9  shillings. 

175.  The  student  may  now  exercise  himself  in  the  solution 
of  the  following  jiroblems.  We  may  remark  that  in  these  cases 
the  only  difficulty  consists  in  translating  ordinary  verbal  state- 
ments into  Algebraical  language,  and  the  student  should  not  be 
discouraged  if  at  first  he  is  sometimes  a  little  j)erplexed,  since 
nothing  but  practice  can  give  him  readiness  and  certainty  in 
this  process. 

6—2 


84  EXAMPLES.      X. 

EXAMPLES    OF    PROBLEMS. 

1.  The  property  of  two  persons  amounts  to  £3870,  and  one  of 
them  is  twice  as  rich  as  the  other  ;  find  the  proi^erty  of  each. 

2.  Divide  £420  among  two  persons  so  that  for  every  shilling 
one  receives  the  other  may  receive  half-a-crown. 

3.  How  much  money  is  there  in  a  purse  when  the  fourth 
part  and  the  fifth  part  together  amoimt  to  £2.  5s.  ? 

4.  After  paying  the  seventh  jiai't  of  a  hill  and  the  fifth  part, 
£92  is  still  due  ;  what  was  the  amount  of  the  bill  1 

5.  Divide  46  into  two  parts,  such  that  if  one  jiart  be  divided 
by  7  and  the  other  by  3,  the  sum  of  the  quotients  shall  be  10. 

6.  A  company  of  266  persons  consists  of  men,  Avomen  and 
children  ;  there  are  four  times  as  many  men  as  children,  and  twice 
as  many  women  as  children.     How  many  of  each  ai'e  there  1 

7.  A  person  expends  one-third  of  his  income  in  board  and 
lodging,  one-eighth  in  clothing,  and  one-tenth  in  charity,  and 
saves  £318.     "What  is  his  income'? 

8.  Three  towns.  A,  B,  C,  raise  a  sum  of  £594  j  for  every  pound 
which  £  contributes,  A  contributes  twelve  shillings,  and  G  seven- 
teen shillings  and  sixpence.     What  does  each  contribute  1 

9.  Divide  £1520  among  A,  B,  and  C,  so  that  B  shall  have 
£100  more  than  A,  and  C  £270  more  than  B. 

10.  A  certain  sum  is  to  be  divided  among  A,  B,  and  C. 
A  is  to  have  £30  less  than  the  half,  B  is  to  have  £10  less  than 
the  third  part,  and  C  is  to  have  £8  more  than  the  fourth  part. 
What  does  each  receive  ? 

11.  The  sum  of  two  numbers  is  5760,  and  their  difierence  is 
equal  to  one-third  of  the  greater  :  find  the  numbers. 

12.  Two  casks  contain  equal  quantities  of  beer ;  from  the 
first  34  quarts  are  drawn,  and  from  the  second  80 ;  the  quantity 
I'emaining  in  one  cask  is  now  twice  that  in  the  other.  How 
much  did  each  cask  originally  contain  1 
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13.  A  person  bought  a  print  at  a  certain  price,  and  paid  the 
same  price  for  a  frame ;  if  the  frame  had  cost  £1  less  and  the 
print  155.  moi*e,  the  price  of  the  frame  would  have  been  only- 
half  that  of  the  print.     Find  the  cost  of  the  print. 

14.  Two  shephei'ds  owning  a  flock  of  sheep  agree  to  divide 
its  value ;  A  takes  72  sheep,  and  £  takes  92  sheep  and  pays  A 
£35.     Required  the  value  of  a  sheep. 

15.  A  house  and  garden  cost  £850,  and  five  times  the  price 
of  the  house  was  equal  to  twelve  times  the  price  of  the  garden  : 
find  the  price  of  each. 

16.  One-tenth  of  a  rod  is  coloured  red,  one-twentieth  oi'ange, 
one-thii'tieth  yellow,  one-foi-tieth  green,  one-fiftieth  blue,  one- 
sixtieth  indigo,  and  the  remainder,  which  is  302  inches  long,  violet. 
Find  the  length  of  the  rod. 

17.  Two-thirds  of  a  cex'tain  number  of  persons  received 
eighteenpence  each,  and  one-thii'd  received  half-a-crown  each.  The 
whole  sum  spent  was  £2.  15s.     How  many  persons  were  there  1 

18.  Find  that  number  the  third  part  of  which  added  to  its 
seventh  part  makes  20. 

19.  The  difierence  of  the  squares  of  two  consecutive  numbers 
is  15.     Find  the  numbers. 

20.  Of  a  certain  dynasty  one-third  of  the  kings  were  of  the 
same  name,  one-foui-th  of  another,  one-eighth  of  another,  one- 
twelfth  of  a  fourth,  and  there  were  five  besides.  How  many  kings 
were  there  of  each  name  1 

21.  A  crew  which  can  pull  at  the  rate  of  nine  miles  an 
hour,  finds  that  it  takes  twice  as  long  to  come  up  a  river  as  to  go 
down  ;  at  what  number  of  miles  an  hour  does  the  river  flow  ? 

22.  A  and  £  play  at  a  game,  agreeing  that  the  loser  shall 
always  pay  to  the  winner  one  shilling  more  than  half  the  money 
the  loser  has  ;  they  commence  with  equal  quantities  of  money,  but 
after  B  has  lost  the  first  game  and  won  the  second,  he  has  twice 
as  much  as  A  :  how  much  had  each  at  the  commencement  1 
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23.  A  person  who  possesses  £12000  employs  a  portion  of  the 
money  in  building  a  house.  One-tliird  of  the  money  which  re- 
mains he  invests  at  4  per  cent.,  and  the  other  two-thirds  at  5  per 
cent.,  and  from  these  investments  he  obtains  an  income  of  £392. 
What  was  the  cost  of  the  house  ] 

24.  A  farmer  has  oxen  worth  £12.  10s.  each,  and  sheep 
worth  £2.  5s.  each;  the  number  of  oxen  and  sheep  being  35,  and 
their  value  £191.  IO5.      Find  the  number  he  had  of  each. 

25.  A  and  B  find  a  purse  with  shillings  in  it.  A  takes  out 
two  shillings  and  one-sixth  of  what  remains ;  then  JS  takes  out 
three  shillings  and  one-sixth  of  what  remains ;  and  then  they  find 
that  they  have  taken  out  equal  shares.  How  many  shillings 
were  in  the  purse,  and  how  many  did  each  take  ] 

26.  A  hare  is  eighty  of  her  own  leaps  before  a  greyhound ; 
she  takes  three  leaps  for  every  two  that  he  takes,  but  he  covers 
as  much  ground  in  one  leap  as  she  does  in  two.  How  many  leaps 
will  the  hare  have  taken  before  she  is  caught  1 

27.  The  length  of  a  field  is  twice  its  breadth ;  another  field 
whicli  is  50  yards  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former ;  find  the  size  of  each. 

28.  A  vessel  can  be  emptied  by  three  taps  ;  by  the  first  alone 
it  could  be  emptied  in  80  minutes,  by  the  second  alone  in  200 
minutes,  and  by  the  third  alone  in  5  hours.  In  what  time  will 
the  vessel  be  emptied  if  all  the  taps  are  opened  ? 

29.  If  an  income  tax  of  7d.  in  the  pound  on  all  incomes 
below  £100  a  year,  and  of  Is.  in  the  pound  on  all  incomes  above 
£100  a  year  realise  £18750  on  £500000,  how  much  is  raised 
on  incomes  below  £100  a  year  1 

30.  A  person  buys  some  tea  at  3  shillings  a  pound,  and  some 
at  5  shillings  a  pound  ;  he  wishes  to  mix  them  so  that  by  selling 
the  mixture  at  3s.  8d.  a  pound  he  may  gain  10  per  cent,  on  each 
pound  sold  :  find  how  many  pounds  of  the  inferior  tea  he  must 
mix  with  each  pound  of  the  superior. 
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31.  A  fruiterer  sold  for  19s.  6cl.  a  certain  mimber  of  oranges 
and  apples,  of  which  the  latter  exceeded  the  former  by  180.  He 
seUs  the  apples  at  the  rate  of  5  for  3d.,  and  15  oranges  bring 
him  in  l^d.  more  than  35  apples.  How  many  are  there  of  each 
sort  1 

32.  A  cask  A  contains  12  gallons  of  wine  and  18  gallons  of 
water ;  and  another  cask  B  contains  9  gallons  of  wine  and  3  gal- 
lons of  water ;  how  many  gallons  must  be  drawn  from  each  cask 
so  as  to  produce  by  theii'  mixture  7  gallons  of  wine  and  7  gallons 
of  water  1 

33.  A  can  dig  a  trench  in  one-half  the  time  that  B  can ;  B 
can  dig  it  in  two-thirds  of  the  time  that  C  can  ;  all  together  they 
can  dig  it  in  6  days  ;  find  the  time  it  would  take  each  of  them 
alone. 

34.  A  person  after  payiag  sevenpence  in  the  pound  for  In- 
come Tax  has  £408.  4s.  8hd.  left.     What  had  he  at  first  1 

35.  At  what  time  between  one  o'clock  and  two  o'clock  is  the 
long  hand  of  a  clock  exactly  one  minute  in  advance  of  the  short 
hand  ? 

36.  A  person  has  just  a  hours  at  his  disposal ;  how  far  may 
he  ride  in  a  coach  which  travels  6  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour  1 

37.  A  certain  article  of  consumption  is  subject  to  a  duty 
of  6  shillings  per  cwt. ;  in  consequence  of  a  reduction  in  the 
duty  the  consumption  increases  one-half,  but  the  revenue  falls 
one-third.     Find  the  duty  per  cwt.  after  the  reduction. 

38.  A  ship  sails  with  a  supply  of  biscuit  for  60  days,  at  a 
daily  allowance  of  a  pound  a  head;  after  being  at  sea  20  days  she 
encounters  a  storm  in  which  5  men  are  washed  overboard,  and 
damage  sustained  that  will  cause  a  delay  of  24  days,  and  it  is 
found  that  each  man's  daily  allowance  must  be  reduced  to  five- 
sevenths  of  a  pound.      Find  the  original  number  of  the  crew. 
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XI.     SIMULTANEOUS  EQUATIONS    OF  THE  FIRST 
DEGREE  WITH   TWO   UNKNOWN   QUANTITIES. 

176.  Suppose  we  have  an  equation  containing  two  unknowii 
quantities  x  and  y,  for  example  5x-2y  =  4.  For  every  value 
M^hich  we  please  to  ascribe  to  one  of  the  unknown  quantities  we 
can  determine  the  corresponding  value  of  the  other,  and  thus 
find  as  many  pairs  of  values  as  we  please  which  satisfy  the  given 

equation.     Thus,   for   example,  if  y  =  1  we  find  x  =  -^;   if  3/  =  2 

we  find  X  =  -  ;  and  so  on. 
5 

Also,  suppose  that  there  is  another  equation  of  the  same  kind, 
as  for  example,  Ax+Sy  ^17.  We  can  also  find  as  many  paii'S  of 
values  as  we  please  which  satisfy  this  equation. 

But  suppose  we  ask  for  values  of  x  and  y  which  satisfy  both 
equations ;  we  shall  find  then  that  there  is  only  one  value  of  x 
and  one  value  of  y.     For  multiply  the  first  equation  by  3  ;  thus, 

I5x-Qy  =  12; 
multiply  the  second  equation  by  2  ;  thus, 

8x+6y  =  34. 
Therefore,  by  addition, 

15a; -62/  + 8a; +  61/ =  12 +34; 
that  is,  23a;  =  46, 

and,  a;  =  2. 

Thus  if  both  equations  are  to  be  satisfied  x  must  equal  2  ;  put 
this  vahxe  of  x  in  either  of  the  two  given  equations  ;  for  example, 
in  the  second  equation  ;  thus  we  obtain 

8  +  3y  =  17; 

therefore,  Sy  =  17  -  8, 

and,  2/  =  2. 
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177.  TNvo  or  more  equations  which  are  to  be  satisfied  by  the 
smne  values  of  the  unknown  quantities  are  called  simultaneous 
equations.  We  are  now  about  to  treat  of  simultaneous  equations 
involving  two  unknown  quantities  where  each  unknown  quantity 
occiu-s  only  in.  the  first  degree,  and  the  product  of  the  unknown 
qiiantities  does  not  occur. 

178.  There  are  three  methods  which  are  usually  given  for 
solving  these  equations.  The  object  of  all  these  methods  is  the 
same,  namely,  to  obtain  from  the  two  given  equations  which 
contain  two  unknown  quantities  a  single  equation  containing  only 
one  of  the  unknown  quantities.  By  this  process  we  are  said  to 
eliminate  the  unknoM^l  quantity  which  does  not  appear  in  the 
single  equation. 

179.  First  method.  The  first  method  is  that  which  we 
adopted  in  the  example  of  Art.  176;  it  maybe  thus  described: 
multiply  the  equations  hy  such  numbers  as  will  make  the  coefficient 
of  one  of  the  unknown  quantities  the  same  in  the  two  resulting 
equations ;  then  by  addition  or  subtraction  we  can  form  an  equa- 
tion containing  only  the  other  unknown  quantity. 

Example.  ix  +  Sy  =  22  ;    5x-7y  =  6. 

If  we  wish  to  eliminate  y  we  multiply  the  frst  equation  by  7, 
which  is  the  coefficient  of  y  in  the  second,  and  the  second  equation 
by  3,  which  is  the  coefficient  of  y  in  the  first  equation.  Thus  we 
obtain 

28a; +21?/ -154;    I5x-21y=^18. 

Then  Ijy  addition, 

28x  +  15a;-154  +  18; 

that  is,  43a;  =172, 

172 
and,  a;  -  —  -  4. 
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Then  put  this  vahie  of  x  iii  either  of  the  given  equations,  in 
the  first  for  example  ;  thus, 

16  +  3?/  =  22  ; 
therefore,  Sy  =  6, 

and,  2/  =  2. 

If  we  wish  to  solve  this  example  by  eliminating  x  we  multiply 
the  first  of  the  given  equations  by  5,  and  the  second  by  4  ;  thiis, 
20a; +  152/ =110;    20a;-28y  =  24. 
Tlien  Ijy  subtraction, 

20a;  +  15y  -  (20a;  -  283/)  =  1 10  -  24  ; 
thus,  43^/  =  8G, 

and,  y  =  2. 

180,  Second  method.  Express  one  of  the  unknown  quantities 
in  terms  oftlie  other  from  either  equation,  and  substitute  this  value 
in  the  other  eqication. 

Thus,  taking  the  same  example,  we  have  from  the  first 
equ.ation 

4a;  =  22-3y; 

....                                     22 -3y  ■ 

divide  by  4,  x  = j ; 

substitute  this  value  of  a;  in  the  second  equation  and  we  obtain 

multiply  by  4,  5  (22  -  3y)  -  28y  -  24 ; 

that  is,  110-15y-28y  =  24; 

by  transposition,  43?/  =  86, 

and,  2/  =  2. 

Then  substitute  this  value  of  y  in  either  of  the  given  equations 
and  we  shall  obtain  x  =  i. 

Or  thus;  from  the  first  equation  we  have 

3y  =  22-4:x; 

22 -4a; 
divide  by  3,  y= o —  > 
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substitute  tliis  -value  of  y  in  tlie  second  equation  and  "we  jbtain 

multiply  by  3,  1 5x  -  7  (22  -  4x)  =  1 8 ; 

that  is,  15x-154:  +  28a;=18; 

that  is,  43x=172, 

and,  flj  =  4. 

Then  substitute  this  value  of  x  in  either  of  the  given  equa- 
tions and  we  shall  obtain  y  =^. 

181.  Third  method.  Express  the  same  unknown  quantity  in 
terms  of  the  other  from  each  equation  and  equate  the  expressions 
thus  obtained. 


22 -3y         ,   ,          ,               1           ..              6  +  7y 
x  — -7 —  ,  and  from  the  second  equation  x  =  — = 


Thus,    taking    the    same    example,    from    the    first   equation 
the  second  equat 
x-u  22  -  3y      6  +  1y 

thus,  __^^__^; 

clear  of  fractions,        5(22  -  Zy)  =  4(G  +  7y) ; 
that  is,  110-15y  =  24  +  28y; 

by  transposition,  43y  =  86, 

and,  3/  =  2. 

Hence,  as  before,  we  deduce  a;  =  4. 

Or   thus;    from   the   first   equation   we    obtain   y- 

and  from  the  second  equation  y^ — _      ;    thus, 

22  -  4a;  _  5rc  -  6 

3       ~~1~' 

Hence  as  before  we  shall  obtain  x—  ^  and  then  deduce  j/  =  2. 


22 -4a; 
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EXAMPLES    OF    SIMULTANEOUS    SIMPLE    EQUATIONS    WITH    TWO 
UNKNOWN    QUANTITIES. 

1.  a;  +  2/=15,  x-y  =  1. 

2.  3a;-2?/  =  l,  ?,y-ix=\. 

3.  3a;-5y=13,  2x+1y  =  ^\. 

4.  2a; +  3?/ =43,  10a; -y  =  7. 

5.  5a;-72/-33,  11a;  +  12y  =  100. 

6.  By -7a;  =  4,  2?/  + 5a;  =  22. 

7.  212/ +  20a;  =165,  77y- 30a;=  295. 

8.  5a;+72/  =  43,  lla;  +  9?/=69. 

9.  8a;-21y=33,  6a;+35y=177. 

10.  11a; -10?/ =  14,  5a;+72/  =  41. 

11.  16a; +172/ =  500,  17a;-3y  =  110. 

^*'  2+3"^'  3'"4--^- 

^-  a;  +  .v      a;-2/     ^  x  +  y      x-y 

15.  ^ 3-  =  8,  __  +  __ll. 

16.  H^^=^^  8.-5,  =  l. 

18.  4a; +82/ =  2-4,  10-2a;- 62/  =  3-48. 

19.  ^=4y,  ^(2a;  +  72/)-l=|(2a;-62/+l). 

20.  a;4-^(3a;-y-l)  =  ^+|(2/-l),  i  (4a;+ 32/)  =  ^  +  2. 
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Zx-^y  2x  +  y  x-2y     x     y 

"       3      12      15      10" 


22. 

Zx 

To' 

y       i       X        y 
'15  ~9 '^r2  ~1"8' 

23. 

4a;- 

-3t/-7      ?>x     2y     5 
5              10      15      6' 

y  -I      X      3y  _y-x      x      11 
~3^  ^  2  ~  20  ~  TT  ^  6  "^  lO  • 

2x      by      3a;      y 

7  23  '  a;  +  y      5 

4  T 


25. 


3x  — 


22/  II2/-IO  _  4a;  -  3y  +  5      45  -  a; 

_  +  i+        _  _  +—5—, 


45- 


3 

4a; -2      55a;  +  7l7/+l 


3  18 


n..      o  .         00       •36a;--05       „       26 +  -0052/ 
26.     2-4.t;+-322/ = -Sa;  + ^^^ — ^ 

•04y+-l      •07a; --1 


•3 

•6 

27. 

13a;  +  ll2/  = 

4a,              1 2x  -  62/  =  a. 

28. 

ni      n     . 

-  +     ==  1, 
X      y 

-  +  — =  1. 
cc      y 

29. 

ah       ' 

X        y       2 
3a  "^  66  ~  3  • 

30. 

ax  +  by  =  c, 

mx  -  ny  =  c?. 

31. 

b  +  c  '  a  +  c 

^                  aa;  -  Z>2/      1 
(a  -  i)c        ■ 

32. 

0^    ,    y 

.=2a,             "1-^1. 
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XII.      SIMULTANEOUS     EQUATIONS     OF     THE     FIRST     DEGREE 
WITH   MORE   THAN    TWO   UNKNOWN    QUANTITIES. 

182.  If  there  be  three  simple  equations  and  three  unknown 
quantities,  deduce  from  two  of  the  equations  an  equation  con- 
taining only  two  of  the  unknown  quantities  l)y  the  rules  of  the 
preceding  Chapter ;  then  deduce  from  the  third  equation  and 
either  of  the  former  two,  another  equation  containing  the  same 
two  unknown  quantities;  and  from  the  two  equations  thus  ob- 
tained the  unknown  quantities  which  they  involve  may  be  fovind. 
The  third  quantity  may  be  found  by  substituting  the  above 
values  in  any  of  the  proposed  equations. 

Example,  siij^pose, 

2a;  +  32/  +  42  =  16    -.(1), 

3.r  +  22/-5s  =  8     (2), 

5x  -  6y  +  3z  =  6     (3). 

For  convenience  of  reference  the  equations  are  numbered  (1), 
(2),  and  (3),  and  this  numbering  is  continued  as  we  pi'oceed  with 
the  solution. 

Multiply  (1)  by  3,  and  (2)  by  2;  thus, 

by  subtraction, 

57/+22z  =  S2 (4). 

Multiply  (1)  by  5,  and  (3)  by  (2);  thus, 
10a3+152/  +  20«  =  80, 
lOx-Uy+Qz    =12; 
by  subtraction, 

27y  +  Uz=^68 (5). 

Multiply  (4)  by  27,  and  (5)  by  5  ;  thus, 
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135y  + 5942;  =864, 
135y+    70^  =  340; 
by  subtraction,  524^;  =  524, 

therefore,  z  =  1. 

Substitute  the  vahie  of  c  in  (4)  ;  thus, 
52/ +  22  =  32; 
therefore,  y  =  ^- 

Substitute  the  values  of  y  and  z  in  (I) ;  thus, 

therefore,  x  =  3. 

Sometimes  it  is  convenient  to  use  the  following  nile  :  from 
t"W0  of  the  equations  express  the  values  of  two  of  the  unknown 
quantities  in  terms  of  the  third,  and  substitute  these  values  in 
the  third  equation ;  hence  the  third  unknown  quantity  can  be 
found,  and  then  the  other  two. 

Example,  suppose 

3x  +  4j/-16i  =  0 (1), 

5x-Sy  +  10z  =  0 (2), 

2x+6^+    7^  =  52  (3). 

Multiply  (1)  by  2,  and  add  to  (2) ;  tlius 

llx  -  22z  =  0  ;  therefore  x  =  2z. 

Multiply  (1)  by  5,  and  (2)  by  3,  and  subtract  ;  thus 

5z 
44y  —  1 1 0^  =  0  ;  therefore  y=  —  . 

Jt 

Substitute  in  (3)  ;  tluis 

iz  +  15z  +  7z  =  52;  that  is  26z  =  52  ; 

5z 
therefore  z  =  2  ;   and  x-2z-  ^,  y  =  ~  =  5. 

The  same  methods  may  be  applied  when  the  nimiT)cr  of  simple 
equations  and  of  unknown  quantities  exceeds  three. 
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EXAMPLES    OF    SIMULTANEOUS    EQUATIONS    OF    THE    FIRST    DEGREE 
WITH    MORE    THAN    TWO    UNKNOAVN    QUANTITIES. 

1.  'ix  +  2y-iz=  15,  bx-2,y  +  2z  =  28,  ?,y  +  iz-x=  24. 

2.  x-^y  —  z=\,     ^x  +  ?>y-Qz=\,     3z—4:x-y  =  l. 

3.  2x-7y  +  4:z  =  0,     3x-3y  +  z  =  0,     9x  +  5y  +  Zz  =  28. 

4.  Ax-3y  +  2z=9,     2x  +  5y-3z=4:,     5x  +  6y^2z  =  l8. 

5.  2x-4:y+0z^28,     7x  +  3y-5z  =  3,     9x  +  lOy  -  Uz  ^  i. 

6.  x-2y  +  3z  =  6,     2*  +  3y  -  4s  =  20,     3x-2y  +  5z=2Q. 

7.  ix  -  3y  +  2z  =  4:0,     5x+9y-7z  =  4:7,     9x  +  8y-3z  =  97. 

8.  3x  +  2y  +  z=23,     5x  +  2y  +  4:Z  =  4:6,     lOx +  5y +  iz^75. 

9.  5x-6y  +  4z^l5,     7x  + 4:y -3z--=19,     2x  +  y+6z=iQ. 

10.  -+     =1,   -  +  -  =  2,  -+  -  =^. 
X     y  X      z  y     z      Z 

11.  UIJ-,     ?-2.2,     U^-' 

X     y     z        z      y  X     z      o 

3      4       138        1        1       2      61       4        1       4      ICl 
^^-     x~5y'^z~'J'     3^'^  2^^  z~   6  '    5^~  2y'^  z'   10 

3y-l  _  6z     X     9 


14. 


5x 


^  =  'J  +  a 


4        3  "^      6' 


10a;  +  4y  — 5s      4:X  +  6y-3z 
5  =  9  ' 

10a;  +  4y  —  5z  =  4:X  +  Qy  —  3z  —  8, 

lOx +  4:y-5z     4:x+  Qy-3z     x  +  y+z 
10  "^  3  4 
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9' 

15. 

7x-3y  =  l, 
Uz-7u=l, 

4:z-7y  =  1, 
19a:-3M  =  l. 

16. 

3u-2y  =  2, 
5a;-7«  =  ll, 
2x  +3y  =  39, 

4y  + 3^=41. 

17. 

2a; -.3y +  2^  =  13, 
4y+  22  =  14, 
4w  -  2a;  =  30, 
5y  +  3u  =  32. 

18. 

7m-  13^=87, 

lOy-   3a;  =11, 

3m  +  14a;  =  57, 

2a; -lis  =50. 

19. 

7x-2z  +  3u=l7, 

20. 

3x-  iy  +  3z  +  3v  - 

-6m  = 

=  11, 

Ay-2z+    w=ll, 

3x—oy  +  2z- 

-4m  = 

:11, 

5y-3x-2u  =  8, 

I0y-3z  +  3u- 

■2v  = 

^2, 

iy-3u  +  2v  =  9, 

5z  +  4m  +  2v- 

■2x  = 

3, 

3z+8u  =  33. 

6u-3v  +  ix- 

-22/  = 

:6. 

21. 

X      y     ^        X      z      ^ 
a      0             a      c 

V 

c 

22. 

ay  +  bx  =  c,      cx  +  az  - 

■  b,      bz  +  cy  =  a. 

23. 

a      b      ^        b      c      ^ 
-  +  -  =  1,      -+-  =  1, 
X     y             y     z 

c 

-  + 
z 

^  =  1. 

X 

24. 

a:  +  V  +  2;  =  0, 

(6  +  c)  a;  +  (c  +  «)  ?/  +  (a  +  5) «  =  0, 
6ca;  +  cay  +  aJs  =  1. 

25.  ax  +  by  +  cz  =  A, 
a^x  +  b'y  +  c^z=  A^, 
a^x  +  b^y  +  c^z  =  A^. 

26.  xyz  -  a  (yz  —  zx  —  xy)  =  b  (zx  ~  xy  —  yz)  =  c  (xy  -yz  —  zx). 

27.  x  +  y  +  z  =  a  +  b  +  c, 

bx  +  cy  +  az=  CX  +  ay  +  bz  —  a''  +  b'  +  c'. 

28.  X  —  ay  +  a^z  =  a', 

X  -  by  +  b'z  =  b', 
X  —  cy  +  c'z  —  c\ 

T.  A.  7 
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XIII.   PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUATIONS  WITH 
MORE  THAN  ONE  UNKNOWN  QUANTITY. 

183.  We  sliall  now  give  some  examples  of  problems  which 
lead  to  simple  equations  with  more  than  one  unknown  quantity. 

A  and  B  engage  in  play ;  in  the  first  game  A  wins  as  much 
as  he  had  and  four  shillings  more,  and  finds  he  has  twice  as  much 
as  ^ ;  in  the  second  game  B  wins  half  as  much  as  he  had  at  first 
and  one  shilling  more,  aiid  then  it  appears  he  has  three  times 
as  much  as  A  :  what  sum  had  each  at  first  ] 

Let  X  be  the  number  of  shillings  which  A  had,  and  y  the 
number  of  shillings  which  B  had ;  then  after  the  first  game  A 
has  2x  +  i  shillings  and  B  has  y  -  aj  —  4  shillings.  Thus  by  the 
question, 

2x  +  4:=2{7/-x-4:)=27/-2x-8; 

therefore,  2y-ix=\2 ; 

therefore,  y-2x^Q. 

Also  after  the  second  game  A  has  2cc  +  4  —  ~  —  1  shillings,  and 
B  has  2/  —  a;  —  4  +  ^  +  1  shillings.     Thus  by  the  question, 

y_a;_44.|+l  =  3(2a;  +  4-|-l)=6x+12-^-3; 

therefore,       2y -2x-8  +  y +  2  =  l2x  +  2i-Zy -Q  ; 
therefore,  6y  —  14a;  =  24, 

and,  3y-7a;=12. 

And  from  the  former  equation, 

3y  —  Gx-  =  1 8  ; 
"hence  by  subtraction,  cc  =  6  ; 

therefore,  y  =  \d>. 
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184.  A  sum  of  money  was  divided  equally  among  a  certain 
number  of  persons ;  had  there  been  three  more,  each  would  have 
received  one  shilling  less,  and  had  there  been  two  fewer,  each 
wovild  have  received  one  shilling  more  than  he  did  :  requii-ed  the 
number  of  persons,  and  what  each  received. 

Let  X  denote  the  number  of  persons,  y  the  number  of  shillings 
which  each  I'eceived.  Thrai  xi/  shillings  is  the  sum  divided ;  thus 
by  the  question, 

{x  +  S){'i/-l)  =  xy, 

and  also,  (a;  -  2)  (y  +  1)  =  xy. 

The  first  equation  gives 

xi/  +  Si/  —  x  —  3  =  xy; 
thus,  Sy  —  a;  =  3. 

The  second  equation  gives 

xy—2y  +  x  —  2  =  xi/', 
thus,  x  —  2y  =  2. 

By  addition,  Zy  —  x  +  x  —  2y  =  5  ; 

that  is,  y  =  5. 

Hence,  x=^2y+2  =  \'2. 

185.  What  fraction  is  that  which  becomes  equal  to  ^  when 
its  numerator  is  increased  by  6,  and  equal  to  \  when  its  denom- 
inator is  diminished  by  2  ] 

Let  X  denote  the  numerator  and  y  the  denominator  of  the 
fi'action  ;  then  by  the  question, 

x  +  %  _3 

ir"4' 

,  x         1 

y-2      2 

Clear  the  first  eqiiation  of  fractions  by  multiplying  by  4y; 
thus, 

4(x  +  G)  =  %; 

therefore,  Zy  -  \x  —  24. 

7—2 
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Clear   tlie    second    eqiiiition    of  fractions    by   multiplying   hy 
2(2/-2);  tlms, 

therefore,  y  —  2tc  =  2, 

and,  3i/—  6x  =  6. 

By  subtraction^ 

Sy-ix-  (3y  -  6x)  =  24  -  6  ; 

that  is,  2a;  =18, 

and,  x  =  9. 

Hence,  2/=2  +  2a;  =  20. 

.       .      9 
Thus  the  requii-ed  fraction  is  -r-r . 


EXAMPLES    OF    PROBLEMS. 

1.  A  certain  fraction  becomes  1  when  3  is  added  to  its  nu- 
merator, and  ^  when  2  is  added  to  its  denominator.  Wliat  fraction 
is  it? 

2.  A  and  B  together  possess  £570.  If  ^'s  money  were  three 
times  what  it  really  is,  and  5's  five  times  what  it  really  is,  the 
sum  would  be  £2350.     What  is  the  money  of  each  1 

3.  If  the  numerator  of  a  certain  fraction  is  increased  by  one 
the  vahie  of  the  fraction  becomes  ^  ;  if  the  denominator  is  in- 
creased by  one  the  value  of  the  fraction  becomes  \.  What  is  the 
fraction  ] 

4.  Find  two  nujubers  such  that  if  the  first  be  added  to  four 
times  the  second,  the  sum  is  29  ;  and  if  the  second  be  added  to 
six  times  the  first  the  sum  is  36. 

5.  If  -4's  money  were  increased  by  365.  he  would  have  three 
times  as  much  as  B ;  but  if  ^S's  money  were  diminished  by  5s.  he 
would  have  half  as  much  as  A.     Find  the  sum  possessed  by  each. 

6.  A  and  B  lay  a  wager  of  10s.;  if  A  loses  he  will  have 
twenty-five  shillings  less  than  twice  as  much  as  B  will  then  have ; 
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but  if  B  loses  lie  will  have  five-seventeenths  of  what  A  will  then 
have  :  find  how  much  money  each  of  them  has. 

7.  Find  two  numbers,  such  that  twice  the  fii'st  plus  the 
second  is  equal  to  17,  and  twice  the  second  plus  the  first  is 
equal  to  19. 

8.  Find  two  numbers,  such  that  one-half  the  first  and  three- 
fourths  of  the  second  together  may  be  equal  to  the  excess  of  three 
times  the  first  over  the  second,  and  this  excess  equal  to  11. 

9.  For  five  guineas  can  be  obtained  either  32  pounds  of  tea 
and  15  pounds  of  coffee,  or  36  pounds  of  tea  and  9  pounds  of 
coffee  :  find  the  price  of  a  pound  of  each. 

10.  Determine  three  nimibers  such  that  their  sum  is  9  ;  the 
sum  of  the  first,  t^vice  the  second,  and  three  times  the  third,  22; 
and  the  sum  of  the  first,  four  times  the  second,  and  nine  times  the 
third,  58. 

11.  A  pound  of  tea  and  three  pounds  of  sugar  cost  six  shil- 
lings, but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent, 
they  would  cost  7  shillings.     Find  the  price  of  tea  and  sugar. 

12.  A  person  has  £2550  to  invest.  The  three  per  cent,  con- 
sols are  at  81,  and  certain  guaranteed  railway  shares  which  pay 
a  half-yearly  dividend  of  10s.  on  each  original  share  of  £25  are  at 
£24.  Find  how  many  shares  he  must  buy  that  he  may  obtain 
the  same  income  from  the  railway  shares  as  from  the  rest  of  his 
money  invested  in  the  consols. 

13.  A  person  possesses  a  certain  capital  which  is  invested  at 
a  certain  rate  per  cent.  A  second  person  has  £1000  more  capital 
than  the  first  person  and  invests  it  at  one  per  cent,  more ;  thus 
his  income  exceeds  that  of  the  first  person  by  £80.  A  third 
person  has  £1500  more  capital  than  the  first  and  invests  it  at  two 
per  cent,  more ;  thus  his  income  exceeds  that  of  the  first  person 
by  £150.  Find  the  capital  of  each  person  and  the  rate  at  which 
it  is  invested. 

14.  A  sum  of  money  is  divided  equally  among  a  certain  num- 
ber of  persons ;    if  there  had  been  four  more  each   would  have 
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received  a  shilling  less  than  he  did  ;  if  there  had  been  five  fewer 
each  -woidd  have  received  two  shillings  more  than  he  did  :  find  the 
number  of  persons  and  what  each  received. 

15.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  con- 
tauiing  192  gallons  of  water;  after  three  hours  one  of  the  plugs 
becomes  stopped,  and  the  cistern  is  emptied  by  the  other  in 
eleven  more  hours  ;  had  six  hours  occurred  before  the  stoppage,  it 
woidd  have  required  only  six  hours  more  to  empty  the  cistern. 
How  many  gallons  will  each  plug  hole  dischai-ge  in  an  hour,  sup- 
posing the  discharge  uniform  ] 

16.  A  person  after  paying  a  jioor-rate  and  also  the  income- 
tax  of  Id.  in  the  pound,  has  £486  remaining ;  the  poor-rate 
amounts  to  £22.  10s.  more  than  the  income-tax  :  find  the  original 
income  and  the  number  of  pence  per  pound  in  the  poor-rate. 

17.  A  certain  number  of  persons  were  divided  into  three 
classes,  such  that  the  majority  of  the  first  and  second  together 
over  the  third  was  10  less  than  four  times  the  majority  of  the 
second  and  third  together  over  the  first ;  but  if  the  fij-st  had  30 
more,  and  the  second  and  third  together  29  less,  the  first  would 
have  outnumbered  the  last  two  by  one.  Find  the  number  in  each 
class  when  the  whole  nimaber  was  34  more  than  eight  times  the 
majority  of  the  third  over  the  second. 

18.  A  farmer  would  spend  all  his  money  by  buying  4  oxen 
and  32  lambs ;  instead  of  doing  this  he  boiight  the  same  number 
of  oxen  and  half  as  many  lambs,  and  had  a  surplus  of  £9  after 
I^ajTug  for  them  and  for  their  conveyance  by  railway  at  an  average 
cost  of  six  shillings  per  head.  Each  ox  cost  as  many  pounds  as 
its  carriage  by  railway  was  shillings,  and  the  lambs  altogether  cost 
three  times  as  many  pounds  as  the  carriage  of  each  was  shillings. 
How  much  money  had  the  firmer  to  begin  with  ? 

19.  A  and  B  play  at  bowls,  and  A  bets  B  three  shillings  to 
two  upon  every  game  ;  after  a  certain  number  of  games  it  appears 
that  A  has  won  thi'ee  shillings ;  but  if  A  had  bet  five  shillings  to 
two  and  lost  one  game  more  out  of  the  same  number,  he  would 
have  lost  thirty  shillings.     How  many  games  did  each  yvux  1 


I 
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20.  Five  persons,  A,  B,  C,  D,  E  play  at  cards ;  after  li  lias 
■won  half  of  ^'s  money,  B  one-thii'd  of  C"s,  C  one-fourth  of  D's, 
D  one-sixth  of  ^'s,  they  have  each  £1.  10s.  Find  how  much 
each  had  to  begin  with. 

21.  If  there  were  no  accidents  it  would  take  half  as  long  to 
travel  the  distance  from  ^  to  ^  by  raili'oad  as  by  coach ;  but 
three  hours  being  allowed  for  accidental  stoppages  by  the  former, 
the  coach  will  travel  the  distance  all  but  fifteen  miles  in  the 
same  time ;  if  the  distance  were  two-thirds  as  great  as  it  is,  and 
the  same  time  allowed  for  railway  stoppages,  the  coach  would 
take  exactly  the  same  time  :  required  the  distance. 

22.  A  and  B  are  set  to  a  piece  of  work  which  they  can 
finish  in  thirty  days  working  together,  and  for  which  they  are 
to  receive  £7.  10s.  Wlien  the  work  is  half  finished  A  intermits 
woi'king  eight  days  and  B  four  days,  in  consequence  of  which  the 
work  occupies  five  and  a  half  days  more  than  it  would  other-\vise 
have  done.     How  much  ought  A  and  B  respectively  to  receive  % 

23.  A  and  B  run  a  mile.  Fii-st  A  gives  B  a  start  of  44 
yards  and  beats  him  by  51  seconds;  at  the  second  heat  A  gives 
B  a  start  of  1  minute  15  seconds,  and  is  beaten  by  88  yards. 
Find  the  times  in  which  A  and  B  can  run  a  mile  separately. 

24.  A  and  B  start  together  from  the  foot  of  a  mountain  to 
go  to  the  summit.  A  would  reach  the  summit  half  an  hour 
before  B,  biit  missing  his  way  goes  a  mile  and  back  again  need- 
lessly, during  which  he  walks  at  t^\^.ce  liis  former  pace,  and  reaches 
the  top  six  minutes  before  B.  C  starts  twenty  minutes  after 
A  and  B  and  walking  at  the  rate  of  two  and  one-seventh  miles  per 
hour,  arrives  at  the  summit  ten  minutes  after  B.  Find  the  rates 
of  walking  of  A  and  -5,  and  the  distance  from  the  foot  to  the 
summit  of  the  moimtain. 

25.  A  railway  train  after  travelling  for  one  hour  meets  with 
an  accident  which  delays  it  one  hour,  after  which  it  proceeds  at 
three-fifths  of  its  former  rate,  and  a)Tives  at  the  terminus  three 
hours  behind  time ;  had  the  accident  occurred  50  miles  further  on, 
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the  train  would  have  arrived  1  hour  20  minutes  sooner.  Required 
the  length  of  the  line,  and  the  original  rate  of  the  train. 

26.  -4,  i?,  and  C  sit  do'v\Ti  to  play,  evexy  one  with  a  certain 
number  of  shillings.  A  loses  to  £  and  to  C  as  many  shillings  as 
each  of  them  has.  Next  B  loses  to  A  and  to  0  as  many  as  each  of 
them  now  has.  Lastly  C  loses  to  A  and  to  B  as  many  as  each 
of  them  now  has.  After  all  every  one  of  them  has  sixteen  shillings. 
How  much  had  each  originally  % 

27.  Two  persons  A  and  B  could  finish  a  work  in  m  days ; 
they  worked  together  n  days  when  A  was  called  off  and  B  finished 
it  in  p  days.     In  what  time  could  each  do  it  ] 

28.  A  railway  train  i-unning  from  London  to  Camljridge 
meets  on  the  way  with  an  accident,  which  causes  it  to  diminish 

its  speed  to  -  th  of  what  it  was  before,   and  it  is   in  consequence 

a  hours  late.  If  the  accident  had  happened  h  miles  nearer  Cam- 
bridge, the  train  would  have  been  c  hours  late.  Find  the  rate  of 
the  train  before  the  accident  occurred. 

29.  The  fore- wheel  of  a  carriage  makes  six  revohitions  more 
than  the  hind- wheel  in  going  1 20  yards ;  if  the  circumference  of 
the  fore- wheel  be  increased  by  one-fourth  of  its  present  size,  and 
the  circimiference  of  the  hind-wheel  by  one-fifth  of  its  present 
size,  the  six  will  be  changed  to  four.  Requii-ed  the  circumference 
of  each  wheel. 

30.  There  is  a  number  consisting  of  two  digits ;  the  number 
is  equal  to  three  times  the  sum  of  its  digits,  and  if  4.5  be  added  to 
the  number  the  digits  interchange  their  places :  find  the  number. 

3L  There  is  a  number  consisting  of  two  digits ;  the  number 
is  equal  to  seven  times  the  sum  of  its  digits,  and  if  27  be  sub- 
tracted from  the  number  the  digits  interchange  their  places  :  find 
the  number, 

32.  A  person  proposes  to  travel  from  A  to  B,  either  dii-ect 
by  coach,  or  by  rail  to  C,  and  thence  by  another  traia  to  B.  The 
trains  travel  three  times  as  fast  as  the  coach,  and  shoidd  there  be 
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no  delay,  the  person  starting  at  the  same  hour  could  get  to  B 
20  minutes  earlier  by  coach  than  by  train.  But  should  the  train 
be  late  at  C,  he  would  have  to  wait  there  for  a  train  as  long  as 
it  would  take  to  travel  from  G  to  B,  and  liis  journey  would  in 
that  case  take  twice  as  long  as  by  coach.  Should  the  coach  how- 
ever be  delayed  an  hour  on  the  way,  and  the  train  be  in  time  at 
C,  he  would  get  by  rail  to  B  and  half  way  back  to  C,  while  he 
would  be  going  by  coach  to  B.  The  length  of  the  whole  circuit 
ABC  A  is  76|-  miles.     Required  the  rate  at  which  the  coach  travels. 

33.  A  ofiers  to  run  three  times  round  a  coui'se  while  B  runs 
twice  round,  but  A  only  gets  150  yards  of  his  third  round 
finished  when  B  wins.  A  then  offers  to  iiin  four  times  round 
for  ^'s  thrice,  and  now  quickens  his  pace  so  that  he  iiins  4  yards 
in  the  time  he  formerly  ran  3  yards.  B  also  quickens  his  so  that 
he  runs  9  yards  in  the  time  he  formerly  ran  8  yards,  but  in  the 
second  round  falls  off  to  liis  origiual  pace  in  the  fii-st  race,  and  iir 
the  thii'd  round  only  goes  9  yards  for  10  he  went  in  the  first  race, 
and  accordingly  this  time  A  wins  by  180  yards.  Determine  the 
length  of  the  course. 

34.  A  man  starts  p  hours  before  a  coach,  and  both  travel  uni- 
formly j  the  latter  passes  the  former  after  a  certain  niimber  of 
hours.  From  this  point  the  coach  increases  its  speed  to  six-fifths 
of  its  former  rate,  while  the  man  increases  his  to  five-fourths  of  his 
fonner  rate,  and  they  continue  at  these  increased  rates  for  q  houi'S 
longer  than  it  took  the  coach  to  overtake  the  man.  They  are  then 
92  miles  apart ;  but  had  they  continvied  for  the  same  length 
of  time  at  their  original  rates  they  would  have  been  only  80 
miles  apart.  Shew  that  the  original  rate  of  the  coach  is  twice 
that  of  the  man.  Also  if /) -f- g  =  1 6,  shew  that  the  original  rate 
of  the  coach  was  10  miles  per  hour,  and  that  of  the  man  5  miles 
per  hour. 
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XIV.     DISCUSSION    OF    SOME   PROBLEMS   WHICH 
LEAD   TO   SIMPLE   EQUATIONS. 

186, '  We  pi'opose  now  to  solve  some  problems  which  lead  to 
Simple  Equations,  and  to  examine  certain  peculiarities  which 
present  themselves  in  the  solutions.  We  begin  with  the  following 
problem  :  What  number  must  be  added  to  a  number  a  in  order 
that  the  sum  may  be  6 1     Let  x  denote  this  number  j  then, 

a  -^x  =  b  ; 
therefore,  x  =  h-  a. 

This  formida  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  and  h.  Thus,  for  example,  if  a  =12  and 
h  =  25,  we  have  a;  =  25-12  =  13.  But  suppose  that  a  =  30  and 
6  =  24  ;  then  a;  =  21  -  30  =  -  6,  and  we  naturally  ask  what  is 
the  meaning  of  this  negative  result  1  If  we  recur  to  the  enun- 
ciation of  the  problem  we  see  that  it  now  reads  thus :  What 
number  must  be  added  to  30  in  order  that  the  sum  may  be  24  ? 
It  is  obvious  then,  that  if  the  word  added  and  the  woi'd  sum  are 
to  retain  their  arithmetical  meanings,  the  proposed  problem  is 
impossible.  But  we  see  at  the  same  time  that  the  following 
problem  can  be  solved  :  What  number  must  be  taken  from  30 
in  order  that  the  difference  may  be  24  ?  and  6  is  the  answer  to 
this  question.  And  the  second  enunciation  differs  from  the  first 
in  these  respects  ;  the  words  added  to  are  replaced  by  taken  from, 
and  the  word  sum  by  difference. 

187.  Thus  we  may  say  that,  in  this  example,  the  negative 
result  indicates  that  the  problem  in  a  strictly  Arithmetical  sense 
is  impossible ;  but  that  a  new  problem  can  be  foiTned  by  appro- 
priate changes  in  the  original  enunciation  to  which  the  absolute 
value  of  the  negative  result  will  be  the  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  add 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic. 
Let  X  denote  a  quantity  which  is  to  be  added  algebraically  to  a ; 
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then  the  Algebraical  sum  is  a  +x,  whether  x  itself  be  positive  or 
negative.  Thus  the  equation  a  +  x  =  b  will  be  possible  algebraically 
whether  a  be  greater  or  less  than  b. 

We  jjroceed  to  another  problem. 

189.  A's  age  is  a  years,  and  jB's  age  is  h  years  ;  when  will  A 
be  twice  as  old  as  B 1  Supposed  the  required  epoch  to  be  x  years 
from  the  present  time  j  then  by  the  question, 

a  +  x  =  2{b  +x) ; 
hence,  x-  a-2b. 

Thus,  for  example,  if  a  =  40  and  b  —  15,  then  x=\0.  But 
suppose  a  =35  and  6  =  20,  then  x~  —  5;  here,  as  in  the  pre- 
ceding problem,  we  are  led  to  inquire  into  the  meaning  of  the 
negative  result.  Now  with  the  assigned  values  of  a  and  b  the 
equation  wliich  we  have  to  solve  becomes 
S5  +  x  =  4:0  +  2x, 
and  it  is  obvious  that  if  a  strictly  arithmetical  meaning  is  to  be 
given  to  the  symbols  x  and  + ,  this  equation  is  impossible,  for  40  is 
gi'eater  than  35,  and  2x  is  greater  than  x,  so  that  the  two  members 
cannot  be  equal.  But  let  us  change  the  enunciation  to  the  fol- 
lowing :  A's  age  is  35  years,  and  ^'s  age  is  20  years,  when  was  A 
twice  as  old  as  B  1  Let  the  requii'ed  epoch  be  x  years  from  the 
present  time,  then  by  the  question, 

35-a;  =  2(20-a)  =  40-2ic; 
thus,  x  =  5. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Ai'ithmetical  sense  is  impossible,  but  that  a 
new  problem  can  be  formed  by  appropriate  changes  in  tlie  original 
enunciation,  to  which  the  absolute  value  of  the  negative  result 
will  be  the  correct  answer. 

We  may  observe  that  the  eqiiatlon  corresponding  to  the  new 
enunciation  may  be  obtained  from  the  original  equation  by  chang- 
ing X  into  —  X. 

190.  Su])pose  that  the  problem  had  been  oi'iginally  enun- 
ciated thus:  As  age  is  a  years,  and  B's  age  is  b  yeai-s;  find  the 
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epoch  at  which  ^'s  age  is  twice  that  of  B.  These  words  do  not 
intimate  whether  the  required  epoch  is  before  or  after  the  present 
date.  If  we  suppose  it  after  we  obtain,  as  in  Art.  189,  for  the 
requii'ed  number  of  years  x-a~2b.  If  we  suj^pose  the  required 
ejioch  to  be  x  years  before  the  present  date  we  obtain  x  —  2h  -  a. 
If  26  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
an  aiithmetical  vahie  for  x;  the  second  supposition  is  incorrect, 
and  leads  to  a  negative  value  for  x.  If  25  is  greater  than  a,  the 
second  supposition  is  correct,  and  leads  to  an  arithmetical  value 
for  x;  the  first  supposition  is  incorrect  and  leads  to  a  negative 
value  for  x.  Here  we  may  say  then  that  a  negative  result  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
tions which  the  problem  allowed.  But  it  is  important  to  notice, 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is 
not  necessary  to  go  through  the  whole  investigation  again,  for  we 
can  make  use  of  the  result  obtamed  on  the  wrong  supposition. 
We  have  only  to  take  the  absolute  value  of  the  negative  result 
and  place  the  epoch  before  the  present  date  if  we  had  supposed 
it  after,  and  after  the  present  date  if  we  had  supposed  it  before. 

191.  One  other  case  may  be  noticed.  Suppose  the  enuncia- 
tion to  be  like  that  in  the  latter  part  of  Art.  189;  J's  age  is  a 
years,  and  -6's  age  is  6  years,  when  was  A  twice  as  old  as  5? 
Let  x  denote  the  required  number  of  years ;  then 

a  —  x~-  2(b  —  x), 
hence,  x^  2b  ~  a. 

Now  let  us  verfy  this  solution.  Put  this  value  for  x;  then 
a  —  x  becomes  a  —  (26  —  a),  that  is,  2a  — 2b',  and  2  (6  -  a;)  becomes 
2{b-2b  +  a),  that  is,  2a -2b.  If  6  is  less  than  a,  these  results 
are  positive,  and  there  is  no  Arithmetical  difiiculty.  But  if  6  is 
greater  than  a,  although  the  two  members  are  algebraically  equal, 
yet  since  they  are  both  negative  qiiantities,  we  cannot  say  that  we 
have  arithmetically  verified  the  solution.  And  when  we  recur 
to  the  problem  we  see  that  it  is  impossible  if  a  is  less  than  b; 
because  if  at  a  given  date  ^'s  age  is  less  than  5's,  then  J.'s  age 
never  was  twice  ^'s  and  never  will  be.     Or  without  proceeding  to 
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verify  the  result,  we  may  observe  that  if  6  is  greater  than  a,  then 
X  is  also  greater  than  a,  which  is  inadmissible.  Thus  it  appears 
that  a  problem  may  be  really  absurd,  and  yet  the  result  may  not 
immediately  present  any  difficulty,  though  when  we  proceed  to 
examine  or  verify  this  result  we  may  discover  an  intimation  of  the 
absui'dity 

192.  The  equation  a  +  x  =  2{b+x)  may  be  considered  as  the 
symbolical  expression  of  the  following  verbal  eniinciation :  Sup- 
pose a  and  b  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  sum  may  be  twice  the  second  1  Here  the 
words  qtiantity,  sum,  and  added  may  all  be  understood  in  Alge- 
braical senses,  so  that  x,  a,  and  h  may  be  positive  or  negative. 
This  Algebraical  statement  includes  among  its  admissible  senses 
the  Arithmetical  qviestion  about  the  ages  of  A  and  B.  It  appears 
then  that  when  we  translate  a  problem  into  an  equation,  the  same 
equation  may  he  the  symbolical  expression  of  a  more  comprehen- 
sive problem  than  that  from  which  it  was  obtained. 

"We  will  now  examine  another  pi-oblem. 

193.  A  and  B  travel  in  the  same  dii-ection  at  the  rate  of  a 
and  h  miles  respectively  per  hoiu*.  A  an-ives  at  a  certain  place  P 
at  a  certain  time,  and  at  the  end  of  n  hoiu^  from  tliat  time  B 
arrives  at  a  certain  place  Q.     Find  when  A  and  B  meet. 

p  Q  R 

Let  c  denote  the  distance  PQ ;  suppose  A  and  B  to  travel  in 
the  dii-ection  from  P  towards  Q,  and  to  meet  at  R  at  the  end  of  x 
hours  from  the  time  when  A  was  at  P ;  then  since  A  travels  at  the 
rate  of  a  miles  per  hoxar,  the  distance  PR  is  ax  miles.  Also  B 
goes  over  the  distance  QR  in  x-n  hours,  so  that  QR  is  h{x  —  n) 
miles.  And  PR  is  equal  to  the  sum  of  P^  and  QR ;  thus, 
ax  =  c  +  h{x  —  n)  -c  -^hx—hn; 

therefore,  x  = v- . 

a  —  0 

We  shall  now  examine  this  result  on  different  suppositions  as 

to  the  values  of  the  given  quantities. 
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I.  Suppose  a  greater  tlian  h,  and  c  greater  than  hn;  then  the 
value  of  X  is  positive,  and  the  travellers  will  meet,  as  we  have 
supposed,  after  A  arrives  at  P.  For  when  A  is  at  P,  the  space 
which  B  has  to  travel  before  he  reaches  Q  is  hn  miles,  and  since  hn 
is  less  than  c,  it  follows  that  when  J.  is  at  P  he  is  behind  B ; 
and  A  travels  more  rapidly  than  B,  since  a  is  greater  than  h. 
Hence  A  must  at  the  end  of  some  time  overtake  B. 

The  distance  PR  ^ax  =  -^^^^~- .     Thus, 

a{c-hn)  a{c  —  bn)  —  c(a  —  b)      cb  —  abn      b(c—an) 

OR  — ; c  = -J = J—  = , —  . 

a—o  a—o  a—o  a—o 

Now  if  c  be  greater  than  an,  this  expression  is  a  positive  quantity, 
so  that  R  falls,  as  we  have  supposed,  beyond  Q ;  we  see  that  this 
miist  be  the  case,  for  since  c  is  greater  than  an,  it  Avill  take  A 
more  than  n  hours  to  go  ffom  P  to  Q,  so  that  he  cannot  ovei'take 
B  until  after  passing  Q.  If,  however,  c  be  less  than  a7i,  the  ex- 
pression for  QR  is  a  negative  quantity,  and  this  leads  us  to  sup- 
pose that  some  modification  is  required  in  our  view  of  the  problem. 
In  fact  A  now  takes  less  than  n  hours  to  go  from  P  to  Q,  so  that 
he  will  overtake  B  before  arriving  at  Q.  Hence  the  figure  should 
now  stand  thus : 

P  R  Q 

And  now,  since  PR  =  PQ  —  RQ,  the  eqiiation  for  determining 
X  would  naturally  be  written 

ax=  c  —  b(n  —  x)  =  c  —  b7i  +  bx. 
This,  however,  we  see  is  really  the  same  equation  as  before. 

Again,  if  c  be  eqtial  to  an  the  value  of  RQ  is  zero.  Thus 
R  now  coincides  with  Q;  and 

c  —  bn      an  —  bn 

X  = = J-  =  n. 

a—o        a—o 

Hence  A  and  B  meet  at  Q  at  the  end  of  n  hours  after  A  was 
at  P. 

II.  Next  suppose  that  a  is  greater  than  h,  and  c  less  than 
hn.     The  value  of  re   is   now   negative,    and  we  may  conjecture 
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from  -what  we  have  hitherto  obsel'^^ed  respecting  negative  quanti- 
ties that  A  and  B  instead  of  meeting hours  after  A  was 

Ctf  —  0 

at  P,  will  now  really  have  met ^  hours  be/ore  A  was  at  F. 

'  ■'  a  —  0 

And  in  fact,  since  c  is  less  than  bn  it  follows  that  B  was  behind  A 

when  A  was  at  P,  so  that  A  must  have  passed  B  before  arriving 

at  P.     Hence  the  correct  solution  of  the  problem  would  now  be 

as  follows : 

R  P Q___ 

Suppose  that  A  and  B  meet  x  hours  before  A  arrives  at  P ;  let 
P  be  the  point  where  they  meet.  Then  PP  =  ax,  and  PQ  =  b(x  +  n). 
Also  RP=BQ-PQ;  thus, 

ax  =  b  {x  +  n)  —  c ; 

therefore,  x  = ^  , 

'  a-b 

III.  Next  suppose  that  a  is  less  than  h,  and  c  greater  than 
hn.  In  this  case  also  the  expression  originally  obtained  for  x  is 
negative,  and  we  shall  accordingly  find  that  A  and  B  met  before 
A  was  at  P.  For  B  now  travels  more  rapidly  than  A,  and  is 
before  A  when  ^  is  at  P  ;  so  that  B  must  have  passed  A  before  A 
was  at  P,     The  result  now  is,  as  in  the  second  case,  that  A  and  B 

met  -^ ho\irs  before  A  was  at  P. 

b-a  '' 

IV.  Last  suppose  that  a  is  less  than  5,  and  c  less  than  bn. 
Here  the  expression  originally  obtained  for  £c  is  a  positive  quantity, 

for  it  may  be  written  thus,  -z .     Now  B  travels  more  rapidly 

0  —  a 

than  A  and  is  behind  A  when  J.  is  at  P ;  thus  B  must  at  some 

time  overtake  A .     If  we  suppose  A  and  B  to  meet  after  A  is  at  Q, 

the  figure  will  stand  thus  : 

P  Q  R 

Here  we  should  natm-ally  write  the  equation  thus, 
ax=^c  +  b  (;<;  -ii)  =  c  +  bx—  hi. 
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If  we  suppose  A  and  B  to  meet  before  A  is  at  Q,  the  figixre 
will  stand  thus  : 

P  R  Q 

Here  we  should  naturally  write  the  equation  thus, 
ax  =  c  —  b  (n  —  x)  =c  —  hi  +  bx. 

In  the  two  cases  we  have,  however,  really  the  same  equation, 

.  bn  -  c 

and  we  obtain  x  =  , . 

b  —  a 

194.  The  preceding  problem  may  be  variously  modified;  for 
instance,  instead  of  su})posing  that  A  and  B  travel  in  the  same 
direction,  we  may  suppose  that  A  travels  as  before,  but  that  B 
travels  in  the  opposite  direction.  In  this  case,  if  we  suppose,  as 
before,  that  A  and  B  meet  x  hours  after  A  arrived  at  F,  we  shall 

find  that  x  = r  •     Thus  the  time  of  meeting  will  necessarily 

a  +  b  o  J 

be  after  A  leaves  F,  and  the  travellers  meet  at  some  point  to  the 

right  of  F.     The  student  should  notice  that  the  value  of  x  in  the 

present  case  coincides  with  the  result  obtained  by  writing  —  b  for 

b  in  the  original  value  of  a;  in  Aii;.  193. 

195.  Or  instead  of  supposing  that  the  arrival  of  ^  at  ^ 
occurs  n  hours  after  the  arrival  of  A  at  F,  we  may  suppose  it  to 
occur  n  hours  before ;  and  we  suppose  A  and  B  to  travel  in  the 
same    direction.      In   this   case  if  x  have  the    same    meaning  as 

before,  we  shall  find  that  x— 7-.     This  is  a  positive  qiiantity 

if  a  is  greater  than  b,  and  the  travellers  then  really  meet  after  the 
arrival  of  A  at  F.  If,  however,  a  is  less  than  b,  the  value  of  x  is 
a  negative  quantity ;  this  suggests  that  the  travellers  now  meet 

-: hours  before  the  arrival  of  A  at  F,  and  on  examination  this 

o  —  a 

will  be  foiuid  correct.     The  student  shoiild  notice  that  the  value  of 

X  in  the  present  case  coincides  with  the  result  obtained  by  wi'iting 

—  n  for  71  in  the  original  value  of  x  in  Art.  193. 
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196.  Again,  let  us  suppose  that  A  and  B  travel  in  opposite 

directions,  and  tliat  the  arrival  of  ^  at  P  occurs  n  hoiu'S  before 

that  of  ^  at  ^  j    and  suppose  the  positions  of  F  and  Q  in  the 

former  figures  to  be  interchanged,  so  that  now  A  reaches  Q  before 

he  reaches  F,  and  B  reaches  F  before  he  reaches   Q.     If  x  have 

i»i  —  c 

the  same  meaning  as  before,  we  shall  now  find  that  x  = 7-  . 

o  '  a  +  0 

If  then  bn  is  greater  than  c,  the  value  of  a;  is  a  2)0sitive  quantity, 

and  the  travellers  meet,  as  we  have  supposed,  after  the  arrival  of 

A  at  F.     If  however  bn  is  less  than  c,  the  value  of  x  is  a  mgative 

c  —  bn 
quantity,   and  it  will  be    found  that  the   travellers  meet   — — r- 

houi's  be/ore  the  arrival  of  A  at  F.  The  student  should  notice 
that  the  value  of  a;  in  the  present  case  coincides  with  the  result 
obtained  by  wiiting  —  c  for  c  in  the  value  of  x  in  Ai-t.  194; 
it  also  coincides  with  the  result  obtained  by  wiiting  -  b  for  b,  and 
—  c  for  c  in  the  original  value  of  x  in  Ai*t.  193. 

197.  From  a  consideration  of  the  problems  discussed  in  the 
present  Chapter,  and  of  similar  problems,  the  student  will  acquire 
confidence  and  accuracy  in  dealing  with  negative  quantities.  We 
■will  lay  do^vDL  some  general  principles  which  have  been  illustrated 
in  the  preceding  Articles,  and  the  ti-uth  of  which  the  student  will 
find  confii-med  as  he  advances  in  the  subject. 

(1)  A  negative  result  may  arise  from  the  fact  that  the 
enunciation  of  a  problem  involves  a  condition  which  cannot  be 
satisfied ;  in  this  case  we  may  attribute  to  the  unknown  quantity 
a  quality  directly  opposite  to  that  which  had  been  attributed  to  it, 
and  may  thus  form  a  possible  problem  analogous  to  that  which 
involved  the  impossibility. 

(2)  A  negative  result  may  arise  from  the  fact  that  a  wrong 
supposition  respecting  the  quality  of  some  quantity  was  made 
when  the  problem  was  translated  from  words  into  Algebraical 
Symbols ;  in  this  case  we  may  correct  our  supposition  by  attri- 
buting the  opposite  quality  to  such  quantity,  and  thus  obtain 
a  positive  result. 

(3)  Wlien  we  wish  to  alter  the  suppositions  we  have  made 

T.  A.  8 
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respecting  the  quality  of  the  known  or  unknown  quantities  of  a 
problem,  and  to  attribute  an  opposite  quality  to  them,  it  is  not 
necessary  to  form  a  new  equation  ;  it  is  suflficient  to  change  in  the 
old  equation  the  sign  of  the  symbol  representing  each  quantity 
which  is  to  have  its  quality  changed. 

198.  We  do  not  assert  that  the  above  general  principles  have 
been  demotistrated ;  they  have  been  suggested  by  observation  of 
particular  examples,  and  are  left  to  the  student  to  be  verified  in 
the  same  manner.  Thus  when  a  negative  result  occm-s  in  the 
solution  of  a  problem  the  student  should  endeavour  to  interjjret 
that  result,  and  these  general  principles  will  serve  to  guide  him. 
When  a  problem  leads  to  a  negative  result,  and  he  wishes  to  form 
an  analogous  problem  that  shall  lead  to  the  corresponding  positive 
result,  he  may  proceed  thus :  change  x  into  —x  in.  the  equation 
that  has  been  obtained,  and  then,  if  possible,  modify  the  verbal 
statement  of  the  problem,  so  as  to  make  it  coincident  ^vdth  the 
new  equation.  We  say,  if  j^ossihle,  because  in  some  cases  no  such 
verbal  modification  seems  attainable,  and  the  problem  may  then 
be  regarded  as  altogether  impossible. 

199.  We  will  now  leave  the  consideration  of  negative  quan- 
tities, and  examine  two  other  singularities  that  may  occiu*  in 
results. 

In  Art.  193  we  found  this  result,  x  = r-     Suppose  that 

a-  0 

a  =  b,  then  the  denominator  in  the  value  of  x  is  zero ;  thus,  denot- 
ing the  numerator  by  3",  we  have  x=  — ,  and  we  may  ask  what  is 

the  meaning  of  this  residt  ?  Since  A  and  B  now  travel  with 
equal  speed,  they  must  always  preseiwe  the  same  distance ;  so  that 
they  never  meet.  But  instead  of  supposing  that  a  is  exactly 
equal  to  b,  let  us  suppose  that  a  is  veiy  nearly  equal  to  b ;  then 

T  may  be  a  very  large  quantity,   since  if  a-b  is  very  small 

compared  with  N,  it  vdW  be  contained  a  large  number  of  times  in 

iV  j   and  the   smaller   a-b  is,  the  larger  will  y  be.     This  is 
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abbreviated  into    the  plirase    "  ^    is   infinite,"  and  it   is   "wi-itten 

iV 
thus,  —  =  00  .     But  the  student  must  remember  that  the  phrase 

is  onli/  an  abbreviation,  and  no  absolute  meaning  can  be  attached 
to  it. 

200.  The  student  should  examine  every  problem,  the  result 

N 
of  which  appears  under  the  form  — ,  and  endeavour  to  interpret 

that  result.  He  may  expect  to  find  in  such  a  case  that  the  pro- 
blem is  impossible,  but  that  by  suitable  modifications  a  new- 
problem  can  be  formed  which  has  a  very  great  number  for  its 
result,  and  that  this  result  becomes  greater  the  more  closely  the 
new  problem  approaches  to  the  old  problem. 

201.  Again,  let  us  suppose  that  in  Art.  193  we  have  a  =  b, 

and   also   c^bn;    then  the  value  of  x  takes  the  form  ^ .     On 

examining  the  problem  we  see  that,  in  consequence  of  the  sup- 
positions just  made,  A  and  B  are  together  at  P,  and  are  travelling 
with  equal  speed,  so  that  they  are  always  together.  The  question, 
when  are  A  and  B  together,  is  in  this  case  said  to  be  indeterminate, 
since  it  does  not  admit  of  a  single  answer,  or  of  a  finite  niunber  of 
answers. 

202.  The    student   should    also    examine    every   problem   in 

which  the  result  appears  under  the  form  q,  and   endeavoiu-  to 

interpret  that  result.  In  some  cases  he  will  find,  as  in  the  ex- 
ample considered  above,  that  the  problem  is  not  restricted  to  a 
finite  number  of  solutions,  but  admits  of  as  many  as  he  pleases. 
We  do  not  assert  here,  or  in  Art.  200,  that  the  interpretation  of 

.  .      N         0     . 
the  singularities  -^  and  -:-  will  always  coincide  with  those  given 

in  the  simple  cases  we  have  considered;  the  student  must  there- 
fore consider  separately  each  distinct  class  of  examples  that  may 
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MISCELLANEOUS    EXAMPLES.       CHAPTER    XIV. 

1.  Simplify  the  expression 

3a-[b+{2a-{b-c)}]+^  +  ^^\. 

2.  Reduce  to  its  lowest  terms  tlie  expression 

6x'  +  10a;'  +  2^"  -  20a;  -  28 
"3x'Tllar*+22a;  +  21       ' 


3.  Find  tlie  value  of  — = when  x r 

0  a  a  —  o 
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4.  Simplify 


(«  -  h)  (a.  ~c)      {b~  c)  {b  -a)      (c  —  a)  {c  —  b) 

5.  Shew  that  ^"  -  g  ^^  -  'I  ■"  ^^  ^;;  -  '^\f  -f  tl^ 

c    [a  —  b)  {a-  a)  +  a   (b  -  c)ic  —  a)      a  —  c 

when  m—\,  or  2. 

„      -r,    ,  .       .      ,        ^  «'  +  6"  +  c'  -  Zabc 

6.     Kediice  to  its  sunplest  form 


{a-bf  +  {b-cf  +  {c-aY 
7.     li  xy  +  yz  +  zx  =  \,  shew  that 

X  y  z  \xyz 

"9     "*"   ^i  o     "T~ 


l-o;'^      1-2/'      1-^*      (l-a;')(l-/)(l-^^)' 

8.  Solve  the  equation 

(a;  -  lay  +  (a;  -  25)'  =  2  («  -  a  -  6)-l 

9.  Solve  the  simultaneous  equations 

a;  +  ?/  +  2;=a  +  6  +  c, 
5a;  +  cy  +  as  =  ca;  +  «v/  +  5;s  =  aft  +  5c  +  ca. 
10.     Find  the  least  common  multiple  of 

a;'  +  Ca;^  +  1  la;  +6,  a;'  +  7a;-  +  14a;  +  8, 

a;'  +  8a;=  +  19a;  +  12,    and  x^  +  9a;'  +  "i^x  +  24. 
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XV.     ANOMALOUS   FORMS   WHICH   OCCUR   IN   THE 
SOLUTION   OF   SIMPLE   EQUATIONS. 

203.  We  liave  in  the  preceding  Chapter  referred  to  the  forms 

iV       ,  0        . 

—  and  ^  which  may  occur  in  the  solution  of  an  equation  of  the 

fixst  degree.  We  shall  now  examine  the  meaning  of  these  forms 
when  they  occur  in  the  solution  of  simultaneous  equations  of  the 
first  degree.     We  will  first  recall  the  results  already  obtained. 

204.  Every  equation  of  the  first  degi'ee  with  one  unknown 
quantity  may  be  reduced  to  the  form  ax  =  b.     Now  from  this  we 

obtain  x  =  -  .     If  a  =  0  the  value  of  x  takes  the  foi-m  -^  :  in  this 
a  0 

case  no  finite  value  of  x  can  satisfy  the  equation,  for  whatever 

finite  value  be  assigned  to  x,  since  ax  =  0,  we  have  0  =  &,  which  is 

impossible.     If  a  =  0  and  6=0,  the  value  of  x  takes  the  form  ^  ; 

in  this  case  eveiy  finite  value  of  x  may  be  said  to  satisfy  the 
equation,  since  whatever  finite  value  be  given  to  x  we  have  0  =  0. 
If  6  =  0  and  a  is  not  =  0,  theii  of  course  x—0;  this  case  calls 
for  no  remark. 

205.  Suppose  now  we  have  two  equations  with  two  unknown 
quantities  ;  let  them  be 

ax  +  hy  =  c  and  a'x  +  h'y  —  c'. 

We  wiU  first  make  a  remark  on  the  notation  we  have  here 
adopted.  We  use  certain  letters  to  denote  the  kno"\vn  quantities 
in  the  first  equation,  and  then  we  use  corresponding  letters  with 
accents  to  denote  corresponding  quantities  in.  the  second  equation; 
here  a  and  a'  have  no  necessary  connexion  as  to  value,  although 
they  have  this  common  point,  namely,  that  each  is  a  coefficient 
of  X,  one  in  the  first  equation  and  the  other  in  the  second  equa- 
tion.    Experience  will  establish  the  advantage  of  this  notation. 

Instead  of  accents  subscript  numbers  are  sometimes  used; 
thus  a,  and  a^  might  be  used  instead  of  a  and  a'  respectively. 


118  ANOMALOUS  FORMS  WHICH   OCCUR   IN   THE 

By  solving  tlio  given  equations  we  obtain 
h'c  —  he'  a'c  —  ac 

b'a  —  ha' '  ah  —  ah' ' 

I.  Suppose  that  h'a  —  ha  =  0  ;  then  the  vahies  of  x  and  y  take 

A  P 

the  forms  -r  and  -  ;  we  shoukl  therefore  i-ecur  to  the  given  equa- 
tions to  discover  the  meaning  of  these  results.     From  the  relation 

h'a -ha  =  0  we  obtain  ~  — -^  =k  suimose  :  thus  d=Tia  and  h'=kh. 
ah 

By  substituting  these  values  of  a  and  h'  we  find  that  the  second 

of  the  given  equations  may  be  written  thus  : 

kax  +  khy  =  c, 

Now  if  J  be  difierent  from  c,  the  last  equ.ation  is  inconsistent 

with  the  first  of  the  given  equations,  because  ax  +  hy  cannot  be 

equal  to  two   different  quantities.     We   may  therefoi'e   conclude 

A  B 

that   the    appearance  of  the  results  under  the  forms  —   and    — 

indicates  that  the  given  equations  are  inconsistent,  and  therefore 
cannot  he  solved. 

II.  Next  suppose  that  h'a  -  ha  =  0,  so  that  -  =  y  ,  and  also 

that  -  =  — ,  and  therefore  of  course  =  ^ .     In  this  case  the  nu- 
c      a  0 

merators  in  the  values  of  x  and  y  become  zero  as  well  as  the 

denominators,  so  that  the  values  of  x  and  y  take  the  form    -  . 

Now  by  what  we  have  shewn  above,   the  second  of  the   given 
equations  may  be  written 

ax  +  hy  —  -r  . 

c' 

But  now  J  =  c,  so  that  the  second  given  equation  is  only  a 
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repetition  of  the  first ;  we  have  thus  really  only  one  equation 
involving  two  unknown  quantities.  We  cannot  then  determine 
X  and  2/,  because  we  can  find  as  many  values  as  we  please  which 
will  satisfy  one  equation  involving  two  unknown  quantities.  In 
this  case  we  say  that  the  given  equations  are  not  independent,  and 
that  the  values  of  x  and  y  are  indeterminate. 

206.  We  have  hitherto  supposed  that  none  of  the  quantities 

a,  b,  c,  a,  S',  c    can  be  zero ;  and  thi;s  if  the  value  of  one  of  the 

0        A 
unknown  quantities  takes  the  form  -  or  jr  the  value  of  the  other 

takes  the  same  form.  But  if  some  of  the  above  quantities  are 
zero,  the  values  of  the  two  unknown  quantities  do  not  necessarily 
take  the  same  form.     For  example,  suppose  a  and  a'  to  be  zero ; 

then  the  value  of  x  takes  the  form  yr  ,  and  the  value  of  y  takes 

the  form  ^r .     Now  in  this  case  the  given  equations  reduce  to 

by  =  c,    and  b'y  —  c  ; 
these  lead  to 

c  c 

y  =  l^  and    y=^,. 

.    c    .  G 

Thus  we  have   two   cases.     First,  if  -r  is  not  equal  to  y,  the 

two  equations  are  inconsistent.     Secondly,  if  7  is  equal  to  -r,  the 

two  equations  are  equivalent   to   one  only.     In  the  second  case, 

c      </ 
since  the  relation  r  =r,  makes  the  numei-ator  of  x  also  vanish, 
0      0 

the  values  of  both  x  and  y  take  the  form  -  ;  in  this  case  x  is  in- 
determinate  but  y  is  not,  for  it  is  really  equal  to  t  • 

207.  Before  we  consider  the  peculiarities  which  may  occur  in 
the  solution  of  three  simultaneous  simple  equations  involving 
three  imknown  quantities,  we  will  indicate  another  method  of 
solving  such  equations. 
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Let  the  equations  be 

ax  +  hy  +  cz=  d,     a'x  +  h'y  +  c'z  -  d',     a"x  +  h"y  +  c"z  =  d". 

Let  I  and  m  denote  two  quantities,  the  vahies  of  which  are  at 
present  undetermined  ;  multiply  the  second  of  the  given  equations 
by  I,  and  the  third  by  m  ;  then,  by  addition,  we  have 
ax  +  hy  +  CZ  +  1  {a'x  +  I'y  +  c'z)  +  m  {a"x  +  h"y  +  c"z)  =  d  +  ld'  +  md", 
that  is, 
X  {a  +  la'  +  ma")  +  y{b  +  lb'+  mh")  +  z{c-\-lc'+  mc")  =  d+ld'+  md". 
Now  let  such  values  be  given  to  I  and  m  as  will  make  the 
coefficients  of  y  and  z  in  the  lust  equation  to  be  zero ;  that  is,  let 
h  +  W  -^  mh"  =0,         c  +  Ig'+  mc"  =  0. 
Thus  the  equation  reduces  to 

X  (a  +  Id  +  ma")  -d-V  Id'  +  md!' ; 

d  +  Id'  -v  vid" 

therefore,  x=  ^— ; 7>. 

a  +  Ca  +  ma 

We  must  now  find  the  values  of  I  and  m,  and  substitute  them 
in  this  expression  for  x,  and  then  the  value  of  x  will  be  known. 

We  have 

h  +  lh'  +  mh"  =0,  c  +  lc  +  mc"=  0  ; 

from  these  we  shall  obtain 

,      h"c-hc"  hc'-h'c 

I  =  -TTT, 777-/  )  »i  = 


h'c"-h"c'  h'c"-h"c" 

substitute  these  values  in  the  expression  for  x,  and  after  simplifi- 
cation we  obtain 

_  d  {h'c"-  b"c')  +  d'  {h"c  -  he")  +  d"  {he'  -  b'c) 
~  a  {b'c"  -  h"c')  +  a'  {b"c  -  be")  +  a"  {be'  -  b'c) ' 
By  a  similar  method  the  values  of  y  and  z  may  also  be  obtamed. 

208.  The  above  method  of  solution  is  called  the  method  of 
indetermmate  7nuUipliers,  because  we  make  use  of  multipliers 
which  we  do  not  determine  beforehand,  but  to  which  a  convenient 
value  is  assigned  in  the  course  of  the  investigation.  The  multi- 
pliers are  not  finally  indeterminate ;  they  are  merely  at  first  un- 
determined,  and  if  it  were  possible  to  alter  established    language, 
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the  word  undetermined  might  here  with  propriety  be  substituted 
for  indeterminate. 

209.  "We  now  proceed  to  our  observations  on  the  values  of 
X,  y,  and  z  which  are  obtained  from  the  equations 

aa;  +  hy  +  cz  ^  d,     a'x  +  h'y  +  c'z  =  d',     a"x  +  Vy  +  d'z  -  d". 

The  value  of  x  has  been  given  in  Art.  207  j  if  the  student 
investigates  the  value  of  y  he  will  find  that  the  denominator  of  it 
is  the  same  as  that  which  occurs  in  the  value  of  x,  or  can  be  made 
to  be  the  same  by  chaiiging  the  sign  of  every  term  in  the  nume- 
rator and  denominator.  The  same  remark  holds  with  respect  to 
the  denominator  in  the  value  of  z. 

210.  We  may  however  obtain  the  values  of  y  and  z  from  the 
expression  found  for  the  value  of  x.  For  the  original  equations 
might  have  been  wi'itten  thus : 

hy  +  ax  +  cz^  d,     h'y  +  a'x  +  c'z  =  d',     h"y  +  a"x  +  c"z  =  d" ; 

we  may  say  then  that  the  equations  in  this  form  differ  from  those 
in  the  original  form  only  in  the  following  particulars ;  x  and  y  are 
interchanged,  a  and  b  are  interchanged,  a'  and  h'  are  interchanged, 
and  a"  and  h"  are  interchanged.  We  may  therefore  deduce  the 
value  of  y  from  that  of  x  by  the  following  rule  :  for  a,  a',  and  a" 
wi'ite  h,  h',  and  h"  respectively,  and  conversely.     Thus,  from 

_  d  jh'c"  -  h"c')  4-  d'  {h"c  -  he")  +  d"  {he'  -  h'c) 
^~  a  {h'c"  -  h"G')  +  a'  {h"G  -  he")  +  a"  {he'  -  h'c) 
we  may  deduce  that 

_  d  {a'c"  -  a!'c')  +  d'  {a,"c  -  ae")  +  d"  {ac'  -  a'c) 
^  ~  F{a'c"  -  a"e')  +  h'  {a"e  -  ac")  +  h"  {ac'  -  ali) ' 

It  will  bo  found  on  comparison  that  the  denominator  of  the 
value  of  y  is  the  same  as  that  of  the  value  of  x  with  the  sign  of 
every  term  changed. 

Similarly  by  intei'changing  a,  a',  and  a"  with  c,  e',  and  c" 
respectively,  we  may  deduce  the  value  of  z  from  that  of  x ;  or  by 
interchanging  6,  6',  and  h"  with  c,  c',  and  d'  respectively,  we  may 
deduce  the  value  of  z  from  that  of  y. 
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211.  There  is  another  system  of  interclianges  by  which  the 
vahies  of  y  and  z  may  be  deduced  from  that  of  x.  The  given 
equations  are 

ttic  +  6y  +  c-s  =  d,     a'x  +  h'y  +  c'z  =  d\     a"x  +  h"y  +  c"z  =  d"  j 
they  may  also  be  written  thus, 

hy  -V  cz-^  ax  =  d,     h'y  +  c'z  +  a'x  =  d',     b"y  +  c"z  +  a"x  =  d". 

We  may  say  then  that  the  second  form  differs  from  the  first 
only  in  the  following  particulars ;  x  is  changed  into  y,  y  into  z, 
z  into  X,  a  into  6,  h  into  c,  c  into  a,  a'  into  b',  and  so  on.  We 
may  therefore  deduce  the  value  of  y  from  that  of  x  by  this  rule : 
change  a  into  b,  b  into  c,  c  into  a,  and  make  similar  changes  in  the 
letters  with  one  accent,  and  in  those  with  two  accents.  The 
value  of  z  may  be  deduced  from  that  of  y  by  again  using  the 
same  rule, 

212.  These  methods  of  deducing  the  values  of  y  and  z  from 
that  of  X  by  interchanging  the  letters  may  perhaps  appear  difficult 
to  the  student  at  first,  but  they  deserve  careful  consideration, 
especially  that  which  is  given  in  Art.  211. 

We  shall  now  proceed  to  examine  the  peculiaiities  which 
may  occur  in  the  values  of  the  unknown  quantities  deduced  from 
the  equations 

ax  +  hy  +  cz  =  d,     a'x  +  h'y  +  c'z  =  d',     a"x  +  h"y  +  c"z  =  d". 

213.  The  most  impoi"tant  case  is  that  in  which  d,  d',  and  d" 
are  all  zero.     The  given  equations  then  become 

ax  +  by  +  cz  =  0,     a'x  +  h'y  +  c'z  =  0,     a"x  +  b"y  +  c"z  =  0. 

It  is  obvious  that  a;  =  0,  2/  =  0,  z=^  satisfy  these  equations ; 
and  from  the  values  found  in  Art.  210  it  follows  that  these  are 
the  only  values  which  will  satisfy  the  equations  unless  the  deno- 
minator there  given  vanishes,  that  is,  unless 

a  {b'c"  -  b"c')  +  a'  {b"c  -  he")  +  a"  {he  -  b'c)  =  0. 

If  this  relation  holds  among  the  coefficients,  the  values  found 
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for  X,  y,  and  z  take  the  form  -  ,  and  we  mixst  recur  to  the  given 
equations  for  further  information. 

We  observe  that  when  this  relation  holds  the  equations  are 
not  independent ;  from  any  two  of  them  the  third  can  be  deduced. 
For  multiply  the  first  of  the  given  equations  by  b"c'  —  b'c",  the 
second  by  be"  —  b"c,  and  the  third  by  b'c  —  bc\  and  then  add  the 
results.  It  will  be  found  that  by  virtue  of  the  given  isolation  we 
arrive  at  the  identity  0  =  0;  thus,  in  fact,  if  the  first  equation  be 
multiplied  by  b"c  —  b'c',  and  the  second  equation  by  be" -  b"c,  and 
the  two  added,  the  result  is  equivalent  to  the  third  equation,  for  it 
may  be  obtained  by  midtiplying  that  equation  by  be'  —  b'e. 

Suppose  then  that  this  relation  holds ;  we  may  confine  our- 
selves to  the  first  two  of  the  given  equations,  for  values  of  x,  y, 
and  z  which  satisfy  these  will  necessarily  satisfy  the  third  equa- 
tion.    Divide  these  equations  by  x  ;  thus 


by     cz 

-£  +  -  +  a  =  0, 

X         X 

by     cz       , 

X           X 

=  0; 

y      ca  —  c'a 

z      ab'  —  a'b 

X      be'  —  b'e  ' 

X      be'  —  b'c  ' 

hence 

We  may  therefore  ascribe  any  value  loe  j^lease  to  x,  and  deduce 
corresponding  values  of  y  and  z.  Or  we  may  put  our  result  more 
symmetrically  thus ;  let  p  denote  any  quantity  whatever,  then 
the  given  equations  will  be  satisfied  by 

x=^]){bc'  —  b'e),     y  =  2^  (ca  —  c'a),         z  =  p  (ab' —  a'b). 

We  might  in.  the  same  way  have  used  the  second  and  third  of 
the  given  equations,  and  have  omitted  the  fii'st ;  we  should  thxxs 
have  deduced  solutions  of  the  form 

x^q  (b'c" -  b"c'),     y=q  (c'a" -  e"a),     z  =  q  (ab" -  a"b'), 

where  q  is  any  quantity.  These  values  however  are  substantially 
equivalent  to  the  former ;  for  it  will  be  found  that  by  vii'tue  of 
the  supposed  relation  among  the  coefficients, 

p  (be  —  b'c)  _  p  (ca  -  c'a)        p  (ab'  —  a'b) 
q  (b'c"  —  b"c')      q  (c'a"  -  c'a)      q  (a'b" -  a"b')  ' 
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214.  We  shall  now  consider  the  peculiarities  which  may  occur 
when  d,  d',  and  d"  are  not  all  zero. 

"We  shall  first  shew  that  if  the  value  of  any  one  of  the  un- 

N 
known  quantities   takes    the  form   —  ,    the  given    equations  ai-e 

inconsistent.  Suppose,  for  instance,  that  the  value  of  x  takes  this 
form,  that  is,  suppose  that 

a  {b'c"  -  b"c)  +  a  {b"c  -  be")  +  a"  (be  -  b'c) 

is  zero.  Of  course  if  the  given  equations  were  consistent,  any 
equation  legitimately  deduced  from  them  would  also  be  true. 
Now  multiply  the  first  of  the  given  equations  by  b"c' -b'c",  the 
second  by  be"  -  b"c,  and  the  third  by  b'c  -  he'  and  add.  It  will  be 
found  that  the  coefficients  of  y  and  z  in  the  resulting  equation 
vanish  ;  and  the  coefficient  of  x  is  zero  by  supposition.  Thus  the 
first  member  of  the  resulting  equation  vanishes,  but  the  second 
member  does  not ;  hence  the  resulting  equation  is  impossible,  and 
therefore  those  from  which  it  was  obtained  cannot  have  been  con- 
sistent. 

215.  We  cannot  however  affirm  certainly,  that  if  the  value  of 

one  of  the  unknown  quantities  takes  the  form  - ,  the  equations  are 

consistent,  but  not  independent.     For  it  is  possible  that  the  value 

of  one  of  the  imknown  quantities  should  take  this  form,  while 

N 
the  value  of  another  takes  the  form  -^  ;  and,  as  we  have  shewn 

N  . 
in  the  preceding  Article,  the  occurrence  of  the  form  —  is  an  indi- 
cation that  the  given  equations  are  inconsistent.     For  example, 
suppose  the  equations  to  be 

ax  +  by  +  cz  =  d,     a'x  +  by  +  cz~  d',     a'x  +  by  +  cz  =  d" . 
Here  it  will  be  found  that  the  values  of  y  and  z  take  the  form 
—  ,  and  that  of  x  takes  the  form  -  . 
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Moreover,  if  the  values  of  all  tlie  ixnkiio^vn  quantities  take 

the  form  ^ ,  we  cannot  affirm  certainly  that  the  given  equations 

are  consistent,  but  not  independent.     For  example,  suppose  the 
equations  to  be 

ax  +  hy  +  cz  =  d,     ax  +  bi/  +  cz  =d\     ax  +  bi/ +  cz=  d"; 
here  it  will  be  found  that  the  values  of  all  the  unknown  quan- 
tities take  the  form  - ,  but  the  equations  themselves  are  obviously 
inconsistent,  unless  d,  d' ,  and  d"  ai-e  all  equal. 

216.  We  may  shew  that  if  the  numerators  in  the  values  of 
a;,  y,  and  z,  all  vanish,  the  denominator  will  also  vanish,  assuming 
that  d,  d',  and  d"  are  not  all  zero. 

For  supposing  these  nu.merators  to  vanish  we  have 

d  {h'c"  -  h"c')  +  d'  {b"c  -  be")  +  d"  {be'  -  b'c)  =  0, 
d  {c'a"  -  c"a')  +  d'  {c"a  -  ca")  +  d"  {ca'  -  c'd)  =  0, 
d  {a'b"-  a"b')  +  d'  {a!'b  -  ab")  +  d"  {aV  -  a'b)  =  0. 
Let  us  denote  these  relations  for  shortness  thus, 
Ad  +  Bd'+Cd"^0,    A'd  +  B'd'  +  C'd"=0,    A"d  +  B"d'  +  C"d"  =  0. 
By  Ai-t.   213,  since  d,  d'  and  d"  are  not  all   zero  the  following 
relation  must  also  hold, 

A  {B'G"  -  B"C')  +  A'  (B"C  -  BC")  +  A"  {BC  -  B'C)  =  0. 
It  will  be  foimd  that 

B'G"  -  B"C'  =  a  {a  {b'c"  -  b"c)  +  a'  {b"c  -  be")  +  a"  {be'  -  b'c)} ; 
and  B"G  -  BG"  and  BG'  -  B'C  may  be  similarly  expressed,  so  that 
finally  the  relation  becomes 

{a  {b'c"  -  b"e)  +  a  {b"c  -  be")  +  a"  {be  -  b'c)]'  =  0. 
This  establishes  the  required  result. 

217.  If  we  adopt  the  method  of  indeterminate  mtdtipliers 
given  in  Art.  207,  it  may  happen  that  the  two  equations  for  find- 
ing I  and  m  are  inconsistent ;  wc  will  examine  this  case.  Suppose 
then  b"c  —  b'c"  =  0,  so  that  these  two  equations  are  inconsistent 
(Art.  205).     In  this  case  the  value  of  x  may  be  obtained  from  the 
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second  and  third  of  the  given  equations,  without  using  the  first. 
For  multiply  the  second  of  the  given  equations  by  c",  and  the 
third  by  c',  and  subtract ;  thus  the  coeflScients  of  y  and  z  vanish, 
and  we  have  an  equation  for  determining  x.  For  example,  sup- 
pose the  equations  to  be 

4r«+ 22/4- 3:2;  =  19,     a; +  2/+ 4s  =  9,     a; +  2y  +  82;  =  15. 
Here  the  value  of  x  may  be  found  from  the  second  and  third 
equations ;  we  shall  obtain  x  =  3  ;  siibstitute  this  value  of  x  in 
the  three  given  equations  ;  from  the  first  we  have  2i/  +  3z  =  7,  and 
from  the  second  or  third  y  ^  -iz  =  6  ;  hence  y  =  2  and  z  =  1. 

Again,  the  values  of  I  and  m  may  take  the  form   -■ ,  so  that 

the  two  equations  for  finding  them  are  not  independent ;  we  ■svill 

examine  this  case.     Here  we  have  b"c'  —  b'c"  =  0,  be"  —  b"c  =  0,  and 

b'c  —bc'=Q;  these  suppositions  are  equivalent  to  the  two  relations 

b'      c'  b"      c" 

—  =  —   and    ^-  =  —  .      Suppose  then   that    b'  =  pb,   and    therefore 

b       c  b       c 

c  =  jyc,  and  that  b"  =  qb,  and  therefore  c"  —  qc.     Thus  the  given 

equations  are 

ax  +  by  +  cz  =  d,     a'x  +  i^by  +  pcz  =  d',     a"x  +  qby  +  qcz  =  d", 

and  they  may  be  w^ritten  thus, 

,  ,      ft'         ^  d'       a"        ,  d" 

ax  +  by+cz  =  d,     —  x  +  bv  +  cz  =  —  ,     —  x  +  b7/  +  cz=  —  . 

Here  x  may  be  found  from  any  two  of  the  equations  ;  if  we  do 
not  obtain  the  same  value  from  each  paii",  the  given  equations  are 
of  course  inconsistent;  if  we  do  obtain  the  same  value  for  x,  then 
the  given  equations  are  not  independent ;  and  in  feet  we  shall  in 
the  latter  case  have  only  one  equation  for  findiiig  by  +  cz,  so  that 
the  values  of  y  and  z  are  indeterminate.  For  example,  suppose  the 
given  equations  to  be 

x+2y  +  3z=l0,     3x-\riy  +  Qz  =  22,,     x  +  Qy  +  9>z  =  2i. 
From  any  two   of  these   equations  we  can  find  x  =  2> ;    then 
substituting  this  value  of  x  in  any  one  of  the  three  equations  we 
obtain  2y  +  ?>z=  7,  and  thus  y  and  z  are  indeterminate.     If,  how- 
ever, the  right-hand  member   of  one  of  the  given  equations  be 
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altered,  we  shall  not  obtain  the  same  value  of  x  from  each  paii-  of 
the  equations,  and  thus  the  given  equations  "will  be  inconsistent. 

218.  In  the  preceding  Articles  we  have  supposed  the  given 
equations  to  be  solved,  and  from  the  peculiar  fonns  of  the  solu- 
tions have  drawn  inferences  as  to  the  nature  of  the  given  equa- 
tions. "We  will  now  take  one  example  of  investigating  a  relation 
between  the  equations  without  solving  them.  Suppose,  as  before, 
that  the  equations  are 

ax  +  bi/  +  cz  =  d,  a'x  +  h'y  +  c'z  =  d\  a"x  +  h"y  +  c"z  =  fZ"; 
and  let  us  find  the  relations  which  must  exist  among  the  known 
quantities,  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  by  multiplication  by  suitable  quantities  and  addition. 
Suppose  then  that  by  multipljdng  the  first  equation  by  X,  and  the 
second  by  fi,  and  adding,  we  obtain  a  residt  which  is  coincident 
with  the  third  equation.     Thus, 

{ka  +  ixa')  X  +  {\b  +  fj-b') )/ +  (Ac  +  fic')  z  =  Xd  +  fxd' 
is  equivalent  to  a"x  +  b"y  +  c"z  =  d"; 

that  is,  we  suppose  that 

\a  +  fj-a'      a"        \b  +  fxh'      b"         \c  +  /xc'      c" 
Xd  +  ixd'     d" '      Xd  +[x.d'  ~  d" '      Xd+fxd'  ~  d"  ' 
From  the  last  three  equations  we  deduce 

X  _  a"d'-a'd"        X  _  b"d'-b'd"        X  _  c"d'-c'd" 
fx       ad"—a"d  '      fx.       bd"~b"d  '      /u,       cd"—c"d 
Hence  in  order  that  the  thiixl  equation  may  be  deducible  fi'om 
the  other  two  in  the  manner  proposed,  we  must  have  the  follow- 
ing relations  among  the  knoTvn  quantities, 

a"d'-  a'd"  _  V'd'-  I'd"  _  d'd'-  c'd" 
ad"-a"d  ~  bd"-b"d  ~  cd"-c"d  ' 
It  is  easy  to  shew  that  if  these  relations  hold,  the   values  of 

X,  y,  and  z  take  the  form  ^ .     For  by  multiplying  up  we  obtain 

results  which  shew  that  the  numerators  in  the  values  of  x,  y, 
and  z  vanish;  and  then  by  Art.  216  the  denominator  ^vill  also 
Vanish. 
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,       ^    ,         a;' +  3a;' -7a;' -21a; -36        .       .      ,       , 

1.  fveduce  — — -—5 — ——5 — — —  to  its  simplest  form. 

a;*+ 2a;  -  lOa;'- Uic- 12  ^ 

2.  Shew  that 

{a  +  b  +  c)  {a^+  6'+  c'+  abc)  -  (ab  +  be  +  ca)  (a'  +  6*  +  c')  =  a*  +  6*  +  c*. 

^-     ^^   ^  =  23^'    ^  =  2^'.'   '  =  2^j'  ^  =  2^'    ^^^    *^" 
relation  between  t  and  a;. 

4.     I£  2s  =  a  +  b  +  c,  shew  that 

1111  a6c 

+ .,  + 


s—  a     s  —  b     s  —  c      s     s{s~a){s  —  b){s  —  c)' 

5.  Shew  that  the  G.  c.  M.  of  two  quantities  is  the  L.  c.  M.  of 
theii-  common  measures. 

6.  Solve  the  equation 

(a;  -  9)  (a;  -  7)  (a;  -  5)  (a;  -  1)  =  (a;  -  2)  (a;  -  4)  (a;  -  6)  (a;  -  10). 

7.  Solve  the  simultaneous  equations 

x  +  2/  +  !s  =  0,       ax  +  by  +  cz=0, 

hex  +  cay  +  abz  +{a-b)(b-  c)  {c  -  a)  =  0. 

8.  If   -  +  5-  +  -  =  - — ; ,  shew  that 

a      b      c      a+b+c 

1    1    iY"^'_ 1 

a^b^c)       'a'^^'  +  W^'+c'"*'' 

9.  A  person  leaves  £12670  to  be  divided  among  his  five 
childi-en  and  three  brothers,  so  tliat  after  the  legacy  duty  has  been 
paid,  each  child's  share  shall  be  twice  as  great  as  each  brother's. 
The  legacy  duty  on  a  child's  share  being  one  per  cent,  and  on  a 
brother's  share  three  per  cent.,  find  what  amounts  they  respectively 
receive. 

10.  Solve  the  equation 

12  3  6 

— h 4- —  . 

a;  +  6a      x  —  2>a      x  +  2a     x  +  a 
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219.  If  a  quantity  be  continually  multiplied  by  itself,  it  is 
said  to  be  involved  or  raised,  and  the  power  to  wliich  it  is  raised 
is  expressed  by  the  number  of  times  the  quantity  has  been  em- 
jiloyed  in  the  multiplication.      The  operation  is  called  Involution. 

Thus,  as  we  have  stated  (Art.  16),  a  x  «  or  a^  is  called  the 
second  power  of  a;  a  x  a  x  a  or  a^  is  called  the  third  power 
of  a;  and  so  on. 

220.  If  the  quantity  to  be  involved  have  a  negative  sign 
prefixed,  the  sign  of  the  eve7i  powers  will  be  positive,  and  the 
sign  of  the  odd  powers  A\ill  be  negative. 

For,     —  a  X  —a~a',       —  ax  —  ax  —  a  =  a'x  —  a  =  —  a^, 

—  ax  —  ax  —  ax  —  a  —  —  a^x  —  a  =  a*, 
and  so  on. 

221.  A  simple  quantity  is  raised  to  any  power  by  multiply- 
ing the  index  of  every  factor  in  the  quantity  by  the  exponent  of 
that  power,  and  prefixing  the  proper  sign  determined  by  the  pre- 
ceding Article. 

Thus  a"  raised  to  the  ?i"'  power  is  a"'";  for  if  we  form  the 
product  of  n  factors,  each  of  which  is  a",  the  result  by  the  mle  of 
multiplication  is  a"".  Also  (ab)"  =  ah  x  ah  x  ab...  to  n  factors, 
that  is,  a  X  a  X  a...  to  n  factore  x  b  x  b  x  b...  to  n  factors,  that 
is,  a"  X  b".  Similarly,  a'b^c  raised  to  the  fifth  power  is  a'''h^^c^. 
Also  —  a"*  raised  to  the  n^^  power  is  ±  a'"",  where  the  positive  or 
negative  sign  is  to  be  prefixed  according  as  7i  is  an  even  or  odd 
number.  Or  as  —  a""  =  -  1  x  a",  the  «,""  power  of  —  a""  may  be 
written  thus  (— l)"xa"'"  or  (-Ifa'"". 

222.  If  the  quantity  which  is  to  be  involved  be  a  fraction, 
both  its  numerator  and  denominator  must  be  raised  to  the  pro- 
posed power.      (Art.  112.) 

T.  A.  9 
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223.  If  tlie  quantity  which  is  to  be  involved  be  comjjound, 
the  invohition  may  either  be  represented  by  tlie  proper  index,  or 
may  actually  be  performed. 

Let  a  +  b  be  the  quantity  which  is  to  be  raised  to  any 
power, 

a  +  b  a"  +  lab  +b'  a"  +  otcb  +  Zah"  +  b^ 

a+b  a+b  a+b 


'  +  ab  a^  +  'la'b  +  ab^  a""  +  'ZcC'b  +  3a"6'  +  al>'^ 

+  ab  +  b'  +  a'b  +  2ab'  +  b^  +  a%  +  ?>a'b-  +  3a6'  +  i* 


a'  +  2ab  +  b'         a' +  2>a'b  +  ZaK'  +  b^         a*  +  ia'b  +  6a'b^  +  iab""  +  b* 
Thus  the  square  or  second  power  of  a  +  b  is  a'  +  2ab  +  b',  the 
cube  or  third  power  of   a  +  b    is    a^  +  ?>a%  +  3ab^  +  b^,  the  fourth 
power  .of  a+b  is  a*  +  ia^b  +  Ga'b^  +  iab^  +  b\   and  so  on. 

Similarly,  the  second,  third,  and  fourth  powers  oi  a  —  b  will 
be  found  to  be  respectively  a"  —  2ab  +  b',  a^  -  3a'b  +  3ab'  —  b^,  and 
ci*  _  4^((,%  +  Qa^lj"  —  4a J^  +  J*j  that  is,  wherever  an  odd  power  of  b 
occurs,  the  negative  sign  is  prefixed. 

We  shall  hei'eafter  give  a  theorem,  called  the  Binomial  Theo- 
rem, which  will  enable  us  to  obtain  any  power  of  a  binomial  ex- 
pression without  the  labour  of  actual  multiplication. 

224.  It  is  obvious  that  the  n^^  power  of  a"'  is  the  same  as  the 
in^"^  power  of  a",  for  each  is  a'"";  and  thus  we  may  arrive  at  the 
same  result  by  diflerent  processes  of  involution.  We  may,  for 
example,  find  the  sixth  power  of  a  -l-  6  by  repeated  multiplication 
by  a  +  b ;  or  we  may  first  find  the  cube  of  a  +  b,  and  then  the 
square  of  this  residt,  since  the  square  of  {a  +  by  is  [a  +  bf ;  or  we 
may  first  find  the  square  of  a  +  6  and  then  the  cube  of  tliis  result, 
since  the  cube  of  («  +  by  is  («  +  by. 

225.  It  may  be  shewn  by  actual  multiplication  that 
{a+  b  +  cy  =  a-  +  b"  +  c'  +  2ab  +  26c  +  2ac, 

(a  +  b  +  c  +  dy  =^a-  +  b-  +  c-  +  d"  +  2ab  +  2aG  +  2ad  +  2bc  f  2bd  +  2cd. 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples :    the  square  of  any  imdtmomial  consists  of 
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the  square  of  each  term,  together  with  twice  the  product  of  every  pair 
of  terms. 

Another  form  may  also  be  given  to  these  results, 
{a  +  h  +  cy  =  a-  +  2a  {b  +  c)  +  b'  +  2bc  +  c', 
{a  +  b  +  C  +  d)'  =  a"  +  2rt  (6  +  c  +  d)  +  &"  +  26  (c  +  d)  +  c^  +  2cd  +  cZ^ 

Tlie  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples  :  the  square  of  any  midtinomial  consists  oftJie 
square  of  each  term,  together  with  twice  the  product  of  each  term  by 
the  sum  of  all  the  terms  which  follow  it. 

These  rules  may  be  strictly  demonstrated  by  the  process  of 
mathematical  induction,  which  will  be  explained  hereafter. 

226.  The  following  are  additional  examples  in  which  we 
employ  the  first  of  the  two  rules  given  in  the  preceding  Ai-ticle. 

(a-b  +  c)-  =a-  -{-b^  +  c'  -  2ab  -  2bc  +  2ac, 
il-2x+  Zxy  =  1  +  4a;'  +  Ox'  -  4a;  -  12ic'  +  6.r' 
=  1  -  ix  +  \Qx'' -\2x^  +  'dx\ 
(1  +  a;  +  a;-  +  xy  =  \  +  x"  +  x*  +  x''  ^  2x  +  2x"  +  2x^  +  2x"  +  Ix"  +  2x* 
=  1  +  2a;  +  3.«-  +  4a;'  +  Sa;"  +  2a;-^  +  x\ 

227.  The  results  given  in  Art.  .55  for  the  cube  of  a  +  b,  the 
cube  of  a  -  6,  and  the  cul^e  of  «  +  &  +  c  should  be  carefully  noticed. 
The  following  may  also  V)e  verified. 

[a  +  b  +  c  +  df  =  a^  +  P  +  c^  +  cP 

+  3rt'  {b  +  c  +  d)  +  ob"  (a  +c  +  d}  +  3c"  (a  4- b  +  d)  +  mV  (a  +  b  +  c) 

4-  Gbcd  +  Gacd  +  Gabd  +  Gabc. 

EXA.MPLES    OF    INVOLUTION. 

1 .     Find  (1  +  2a;  +  3a;')'.  2.     Find  (1  -  a;  +  x'  -  a;')'. 

3.     Find  {a  +  b- cf.  4.     Find  (1  +  2a;  +  a;')'. 

5.  Find  (1  +  3a;  +  3a;'  +  xy  +  (1  -  3a;  +  3a;'  -  xy. 

6.  Snew  that   ^^^, 4 ^^^, -b  . 
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7.  Shew  that  {ax"" +%xy  +  cy^){aX' +  2bXY  +  cY^) 

=  {axX+  cyY+b  {xY  +  yX)Y  +  (ac  -  b')  {xY-ijXy. 

8.  81iGw  that  {x^  +  2^xy  +  qy")  {X "  +  pX Y  +  qY ^) 

=  {xX+2^yX-¥  qyYf  +2^{xX+2^yX+  qyY)  {xY-yX)+  q{xY-yXf 

and  also 

=  (xX+  px  Y+qyY)-  + 1)  {xX + 2'>x  Y+  qy  Y)  {yX-  x  Y)  +  q  {x  Y-  yX  f. 

9.  Simplify 

(1  -  lOx-  +  5x*}  (5  -  30x'  +  5x')  +  (5x  -  lOx"  +  a;'^)  (20.r  -  20x'') 
{5x  -  1  Oa;'  +  xj  +  ( 1  -  1  Otc'  +  dx")'-' 

1 0.  Shew  that  (a^  +  b-  +  c^+  d")  {p'  +  q'  +  r"  +  s") 

=  («;?  -bq  +  cr  —  dsf  +  {aq  +  bp  ~cs  —  dr)' 
+  {ar  —  bs-  cp  +  dqf  +  {as  +  br  +  cq  -\-  dptf. 

XVII.     EVOLUTION". 

228.  Evolution,  or  the  extraction  of  roots,  is  the  method  of 
determining  a  quantity,  which  when  raised  to  a  proposed  power 
will  produce  a  given  quantity. 

229.  Since  the  n""  power  of  a"  is  a""*,  an  ji""  root  of  «"""  must 
be  a" ;  that  is,  to  extract  any  root  of  a  simple  quantity,  we  divide 
the  index  of  that  quantity  by  the  index  of  the  root  required. 

230.  If  the  root  to  be  extracted  be  expressed  by  an  odd 
number,  the  sign  of  the  root  will  be  the  same  as  the  sign  of  the 
proposed  quantity,  as  appeal's  by  Art.  220.     Thus, 

231.  If  the  root  to  Ije  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative ;  because  either  a  positive  or  negative 
quantity  raised  to  an  even  power  is  positive  by  Art.  220.      Thus, 

J  {a-)  =  ±  a. 

232.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number  and  the  sign  of  the  proposed  quantity  be  negative. 
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the  root  cannot  be  extracted ;  because  no  quantity  raised  to  an 
even  power  can  produce  a  negative  result.  Such  I'oots  are  called 
impossible. 

233.     A  root  of  a  fraction  may  be  found  by  taking  that  root 
of  both  the  numerator  and  denominator.      Thus, 


7&")^^-•^/(-i■')-^ 


231.  We  Avill  now  investigate  the  method  of  extracting  the 
square  root  of  a  compound  quantity. 

Since  the  square  root  of  a^  +  2ah  +  1/  is  a  +  h,  we  may  be  led 
to  a  general  rule  for  the  extraction  of  the  square  root  of  an  alge- 
braical expression  by  observing  in  what  manner  a  and  h  may  be 
derived  from  a^  +  2a6  +  h'. 


a-  +  2ah  +  ¥  {a  +  b 
a' 


2a  +  b)  2ab  +  b^ 
2ab  +  b- 


Arrange  the  terms  according  to  the  dimensions  of  one  letter  «, 
then  the  first  term  is  a",  and  its  square  root  is  a,  which  is  the  first 
term  of  the  reqiiired  root.  Subtract  its  square,  that  is  a^,  from 
the  whole  expression,  and  bring  down  the  remainder  2ab  +  b'. 
Divide  2ab  ^>y  2a  and  the  quotient  is  b,  which  is  the  other  tei-m. 
of  the  required  root.  Multiply  the  sum  of  twice  the  first  term 
and  the  second  term,  that  is  2a  +  b,  by  the  second  term,  that  is  b, 
and  subtract  the  product,  that  is  2ab  +  b^,  from  the  I'emainder. 
This  finishes  the  operation  in  the  present  case.  If  there  were 
more  terms  we  should  proceed  with  a  +  b  as  we  did  formerly 
with  a  ;  its  square,  that  is  a'  +  2ab  +  b',  has  already  been  sub- 
tracted from  the  proposed  exjiression,  so  we  sliould  divide  the 
remainder  by  the  double  of  a  +  b  for  a  new  term  in  the  root,  and 
then  for  a  new  subtrahend  we  should  mxiltiply  this  term  by  the 
sum  of  twice  the  former  terms  and  this  term.  The  process  must 
be  continixed  until  the  required  root  is  found. 
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235.     For  example,  required  the  square  root   of  tlie  expres- 
sion ix'*  -  12a;'''  +  5x'  +  Gx+  I. 

4x* -\2x'  +  5x"  +  (jx+l  (^2^r -3x-l 
ix' 


Ax-  -  3xJ  -  1 2a;^  +  5a;'  +  6x  +  I 
-12«'+9x' 


ix''  -  Gx  -IJ  -  -ix^  +  Gx  +  1 
-  ix^  +  Gx  +1 


Here  the  square  root  of  4a;''  is  2a;",  which  is  tlie  first  term  of 
the  requii'ed  root.  Subtract  its  square,  that  is  4a;'*,  from  the 
whole  expression,  and  the  remainder  is  —  12x^  +  5x^  +  6a;  +  1. 
Divide  —  1 2a;*  by  twice  2a;*,  that  is  by  4a;^,  the  quotient  is  —  3x, 
which  will  be  the  next  term  of  the  required  root ;  then  mul- 
tiply 4a;'  —  dx  Ijy  —  3a;  and  subtract,  so  that  the  remainder  is 
—  4a;'  +  6a;+l.  Divide  by  twice  the  portion  of  the  root  already 
found,  that  is  by  4a;'  -  Gx ;  this  leads  to  —  1  ;  the  product  of 
4a;^  —  Ga;  —  1  and  —  1  is  —  4a;'  +  6a;  +  1 ,  and  when  this  is  subtracted 
there  is  no  remainder,  and  thus  the  reqiiired  root  is  2a;'  —  3a;  —  1 , 

For  another  example,  required  the  square  root  of  the  exjires- 
sion  as"  —  Gax^  +  I5a'x*  —  20a*a;^  -i-  loa^a;'  —  Ga^x  +  a^.  The  operation 
may  \>e  arranged  as  before, 

a;^  —  Gax^+ 1 5a'a;*—  20aV  + 1 5a^x^-  6ft'.«f  a"  i^x^-  Saa;' +  3a'a;  -  a^ 
x' 

2x^  -  3ax-J  -  Gax^  +  Ida'x*  -  20ft V  +  15«'a;'  -  Ga'x  +  a' 
—  6aa;'  +  ^a'x* 


2x^  -  6ax'  4-  Sft'a;;  Ga'a;'  -  20a V  +  15ftV  -  6a^a;  +  a* 
6a'a;*-18«V+9ftV 


2a;'  -  6aa;'  +  6a'a;  -  a^J  -  2aV    +  6a*a;'  -  6a'a;  +  a* 
-  2ftV    -f  6a*a;''  -  Ga^x  +  a" 
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23G.  It  lias  been  already  remarked,  that  all  even  roots  admit 
of  a  double  sign.  (Art.  231.)  Thus  in  the  first  example  of  Art.  235, 
the  expression  2x'  —  3x  —  1  is  found  to  be  a  square  root  of  the 
expression  there  given,  and  —  ix'  +  3a;  +  1  will  also  be  a  square 
root,  as  may  be  verified.  In  fact,  the  process  commenced  by  tlie 
extraction  of  the  square  root  of  4a;*,  and  this  might  be  taken  as 
2x^  or  as  —  2x^ ;  if  we  adopt  the  latter  and  continue  the  opera- 
tion in  the  same  manner  as  before,  we  shall  arrive  at  the  result 
—  2a;' +  3a;  +  1.  Similarly  in  the  second  example  of  Art.  235  we 
see  that  —  x^  +  oax°  —  oa'x  +  a^  will  also  be  a  square  root, 

237.  The  /otirth  root  of  an  expression  may  be  found  by  ex- 
tracting the  square  root  of  the  square  root.  Similarly  the  eighth 
root  may  be  found  by  three  successive  extractions  of  the  square 
root,  and  the  sixteenth  root  by  four  successive  extractions  of  the 
square  root,  and  so  on. 

For  example,  required  the  fourth  root  of  the  expression 
Six*  -  432a;'  +  864a;-"  -  768x  +  256. 
Proceed   as  in   Art.    235,    and  we  shall  find  that  the  square  root 
of  the  proposed  expression  is  9a;^— 24a;  +  16;  and  the  square  root 
of  this  is  3a;  —  4,  which  is  therefore  the  fourth  root  of  the  proposed 
expression. 

238.  The  preceding  investigation  of  the  sqiiare  root  of  an 
Algebraical  expression  will  enable  us  to  prove  the  rule  for  the 
extraction  of  the  square  root  of  a  number,  which  is  given  iir 
Arithmetic. 

The  s(pua-e  root  of  100  is  10,  of  10000  is  100,  of  1000000  is 
1000,  and  so  on  ;  hence  it  will  follow  that  the  square  root  of  a 
number  less  than  100  must  consist  of  only  one  figure,  of  a  number 
between  100  and  10000  of  two  places  of  figures,  of  a  nimiber  be- 
tween 10000  and  1000000  of  thrive  places  of  figures,  and  so  on. 
If  then  a  point  be  placed  over  every  second  figure  in  any  number 
beginning  with  the  units,  the  number  of  points  will  shew  the 
number  of  figures  in  the  square  root.  Thus  the  square  root  of 
4.356  consists  of  two  figures,  the  square  root  of  611524  of  three 
figures,  and  so  on. 


13G  EVOLUTION. 

239.     Suppose  the  square  root  of  435G  required. 

Point    the    number    according   to 
the  rule  :    thus    it   appears   that   the  4  3  5  6  (^  60  +  6 

root  consists  of  two  places  of  figures.  ^ 

Let  a  +  b  denote  the  root,  where  a  is     120  +  0^756 
the  value  of  the  figi;re  in    the    tens'  7  5  6 

place,  and  b  the  figure  in  the  units'  ' 

place.  Then  a  must  be  the  greatest  multiple  of  ten  which  has 
its  square  less  than  4300  ;  this  is  found  to  be  60.  Subtract  a", 
that  is  the  square  of  60,  from  the  given  number,  and  the  remain- 
der is  756.  Divide  this  remainder  by  2a,  that  is  by  120,  and  the 
quotient  is  6,  which  is  the  value  of  b.  Then  (2a  +  b)  b,  that  is 
126  X  6  or  756,  is  the  quantity  to  be  subtracted;  and  as  there  is 
now  no  remainder,  we  conclude  that  60  +  6  or  66  is  the  requii-ed 
square  root. 

It  is  stated  above  that  a  is  the  greatest  mialtiple  of  ten  which 
has  its  square  less  than  4300.  For  a  evidently  cannot  be  a 
greater  multiple  of  ten.  If  possible  suppose  it  to  be  some  miilti- 
ple  of  ten  less  than  this,  say  x ;  then  since  aj  is  in  the  tens'  jilace, 
and  b  in  the  units'  place,  x  +  b  is  less  than  a ;  therefore  the  square 
of  X  +  b  is  less  than  a^,  and  consequently  a;  +  6  is  less  than  the 
true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds  and  b  the  tens ;  then  having  obtained  a  and  b  as 
before,  let  the  hundreds  and  tens  together  be  considered  as  a  new 
value  of  a,  and  find  a  new  value  of  b  for  the  units. 

The  cyjihers  may  be  omitted  for  the  sake  of  brevity,  and  the 
following  rule  may  be  obtained  from  the  process. 

Point  every  second  figiire  beginning  with 
the  units'   place,   and  thus  divide   the   whole  4^00  (^  0  o 

number  into  several  periods.     Find  the  great-  " 

est  number  whose  square  is  contained  in  the  12  6^756 
first  period ;    this  is  the  first    figure   in   the  7  5  6 

root ;  subtract  its  square  from  the  first  period,  ~ 
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and  to  the  remainder  bring  down  the  next  period.  Divide  this 
quantity,  omitting  the  last  figure,  by  twice  the  part  of  the  root 
already  found,  and  annex  the  result  to  the  root  and  also  to  the 
divisor,  then  multiply  the  divisor  as  it  now  stands  by  the  part  of 
tlie  root  last  obtained  for  the  subtrahend.  If  there  be  more 
periods  to  be  brought  down  the  operation  must  be  repeated. 

240.     Extract  the  square  root  of  G11524  ;  also  of  10246401. 

611524(^782       10  2  4  0  4  0  1(3201 
4  9  9 


14  8^1215  G  2; 1 2  4 

118  4  124 


15G2;3124  G401;G401 

3  12  4  G  4  0  1 


In  the  second  example  the  student  should  observe  the  occur- 
rence of  the  cypher  in  the  root. 

241.  The  rule  for  extracting  the  square  root  of  a  decimal 
follows  from  the  preceding  rule.  We  must  observe,  however,  that 
if  any  decimal  be  squared  there  will  be  an  even  number  of  decimal 
places  in  the  result,  and  therefore  there  cannot  be  an  exact  square 
root  of  any  decimal  which  in  its  simplest  state  has  an  odd  number 
of  decimal  places. 

The  square  root  of  21  wG  is  one-tenth  of  the  square  root  of 
100  X  21-76,  that  is  of  2176.  So  also  the  square  root  of  -0361  is 
one-hundi-edth  of  that  of  10000  x  -0361,  that  is  of  361.  Thus  we 
may  deduce  this  laile  for  extracting  the  square  root  of  a  decimal : 
put  a  point  over  every  second  figure  begimiing  at  the  units'  place, 
and  continuing  both  to  the  right  and  left  of  it ;  then  proceed  as 
in  the  extraction  of  the  square  root  of  integers,  and  mark  off  as 
many  decimal  places  iii  tlie  result  as  the  number  of  periods  in  the 
decimal  part  of  the  proposed  number. 
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242.  The  student  will  probably  soon  acquire  tlie  conviction 
that  many  integers  have  strictly  speaking  no  square  root.  Take 
for  example  the  integer  7.  It  is  obvious  that  7  can  have  no 
integer  for  its  square  root ;  for  the  square  of  2  is  less  than  7,  and 
the  square  of  3  is  greater  than  7.  Nor  can  7  have  any  fraction  as 
its  square  root.  For  take  any  fraction  which  is  strictly  a  fraction 
and  not  an  integer  iii  a  fractional  form,  and  multiply  this  fraction 
by  itself ;  then  the  pi'oduct  will  be  a  fraction  :  this  statement  can 
be  verified  to  any  extent  l)y  trial,  and  may  be  demonstrated  by 
the  principles  of  Chapter  Lii.  Thus  7  has  no  square  root,  either 
integral  or  fractional.  In  like  manner  no  integer  can  have  a 
square  root  unless  that  integer  be  one  of  the  set  of  numbers 
1,  4,  9,  16,  ...  which  are  the  squares  of  the  natural  numbei'S 
1,   2,   3,   4,  ...,  and  are  called  square  numbers. 

243.  In  the  extraction  of  the  square  root  of  an  integer,  if 
there  is  still  a  remainder  after  we  have  arrived  at  the  figure  in 
the  units'  place  of  the  root,  it  indicates  that  the  proposed  number 
has  not  an  exact  square  root.  We  may  if  we  please  proceed  with 
the  approximation  to  any  desired  extent  by  supposing  a  decimal 
point  at  the  end  of  the  pi'oposed  number,  and  annexing  any  even 
number  of  cyphers  and  continuing  the  operation.  We  thus  obtain 
a  decimal  part  to  be  added  to  the  integral  part  already  found. 

It  may  be  observed  that  in  such  a  case  by  continuing  the 
process  we  shall  not  arrive  at  figures  in  the  root  which  circulate 
or  recur.  For  a  recurring  decimal  can  be  reduced  to  a  fraction  by 
a  rule  given  in  books  on  Arithmetic,  and  which  will  be  demon- 
strated in  Chapter  xxxi ;  and  therefore,  if  the  square  root  were 
a  recurring  decimal  it  could  be  expressed  as  a  fraction,  and  so 
there  would  be  an  exact  square  root,  which  is  contrary  to  the 
supposition. 

Similarly,  if  a  decimal  number  has  no  exact  square  root,  we 
may  annex  cyjihers  and  proceed  with  the  approximation  to  any 
desired  extent. 
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244.     The  following  is  the   extraction  of  the  square    root   of 
twelve  to  seven  decimal  places. 

1  2-0  6  0  0  .  .  .  (3-4  G  4  1  0  1  6 
9 


6  4;3  0  0 

2  5  6 

0  8  6^4400 

4  1  1  G 

G92  4^28400 

2  7  G  9  G 

G928i;7040  0 

6  9  2  8  1 

G92820i;ill90000 

6  9  2  8  2  0  1 

69282026^426179900 

4  1  5  G  9  2  1  5  6 

10487744 

Thus  we  see  in  what  sense  we  can  be  said  to  approximate  to 
the  square  root  of  12  :  the  square  of  3-4641016  is  less  than  12, 
and  the  squara  of3'4641017  is  greater  than  12  ;  the  former  square 
differs  from  12  by  the  fraction  which  has  10487744  for  numerator 
and  10'*  for  denominator. 

245.  It  can  be  demonstrated  by  the  princii)les  of  Chapter  lti. 
that  no  fraction  can  have  a  square  root  unless  the  numerator  and 
denominator  are  both  square  numbers  when  the  fraction  is  in  its 
lowest  terms.  But  we  may  a])proximate  to  any  desired  extent 
to  the  square  root  of  a  fraction. 
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3 

Suppose    for    example    we    require    tlie    square    root    of   -  , 

"  =  "—  ;  then  approximate  to  the 

squai'e  root  of  3  and  to  the  square  root  of  7,  and  divide  the  former 
result  by  the  latter.      But  tlie  following  methods  ai-e  preferable, 

3  .  . 

Convert  r  into  a  decimal  to  any  required  degree  of  approxi- 
mation ;   and  ajiproximate  to  the  square  root  of  this  decimal. 

r,  ^  .1  /3  /3  X  7       J(3  X  7)      V(21)      ,1 

Or  proceed  thus  :       /  ^  =      /  „ — „  =  ^^ — J-  =  ^^r— ;    t^^en 
^  V  7     V  7  X  7      ^/(7  X  7)         7     ' 

approximate  to  the  square  root  of  21  and  divide  the  result 
I'J  7. 

246.  When  n  +  1  figures  of  a  square  root  have  been  obtained 
hij  the  ordinary  method,  n  more  may  be  obtained  by  division  only, 
supposing  2\\  +  1  to  be  the  lohole  number. 

Let  N  represent  the  number  whose  square  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  wliich  remains 
to  be  found  ;  then 

JN'=a  +  x, 

so  that  K  =  a'  -^  '2ax  +  x", 

therefore,  N  -  a^  =  lax  +  x', 

N  —  a'  x^ 

and  — 7 =  a-  +  -—  . 

za  '2a 

Thus  X—  a^   divided  by  2a  will  give  the  rest  of  the  square 

X'  x" 

root  required,  or  x,  increased  by  ^ ;  and  we  shall  shew  that  ;r- 

^  -^  2a'  2a 

is  a  proper  fraction,  so  that  by  neglecting  the  remainder  arising 
from  the  division  we  obtain  the  part  required.  For  x  by  sup- 
position contains  n  digits,  so  that  x'  cannot  contain  more  than 

2n  digits ;  but  a  contains  2n  +  1   digits,  and  thus  --  is  a  proper 

2a 

fraction. 
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The  above  demonstration  implies  that  J^  is  an  integer  "svdth 
an  exact  square  root :  but  we  may  easily  extend  the  result  to 
other  cases.  For  example,  sujipose  we  requii'C  the  square  root 
of  12  to  4  places  of  decimals.  We  have  in  fact  to  seek  the  square 
root  of  1200000000,  and  to  divide  the  result  by  10000.  ISTow 
the  process  in  Art.  244  shews  that  1200000000  -  1119  =  (34G41)-. 
Here  X  may  stand  for  1200000000-1119;  and  then  a  may 
stand  for  34600  and  x  for  41.  Thus  the  demonstration  assures 
us  that  we  can  obtain  41  by  dividing  2840000  by  69200,  that  is 
by  dividing  28400  by  692  :  and  this  coincides  with  the  iide  given 
in  books  on  Arithmetic. 

In  like  manner  if  we  require  the  square  root  of  12  to  6  places 
of  decimals,  the  last  three  figures,  namely  101,  can  be  obtained  by 
dividing  704000  bv  6928. 


247.     We  will  now  investigate  the  method  of  extracting  the 
cube  root  of  a  compound  quantity. 

The  cube  root  of  a^  +  Za'h  +  2>ah^  +  1/  is  a  +  h,  and  to  obtain 

this  we  mav  i)roceed  thus  :  Arrange  ,     „   „      „   ,,     „  ,        . 

,  •,.  T        T  a  4  3rt  6  +  3a6'  +  6   (a  +  o 

the  terms    accoi'dmg    to    the    dimen-  3 

sions  of  one  letter  a,   then  the  first 


term  is  a^,  and    its    cube   root  is  a,        ^(^^'J  oa'b  +  oab'  +  b 
which    is  the    first    term    of   the  re-  oa'b  +  oal"- +  b^ 

quired  root.      Subtract  its  cube,  that 

is  a^,  f.-om  the  whole  expi-ession,  and  bring  down  the  remainder 
ocrb  +  oab-  +  6\  Divide  the  first  term  of  the  remainder  by  3a*, 
and  the  quotient  is  b,  which  is  the  other  term  of  the  required 
root ;  then  subtract  3a'b  +  3ab"  +  b^  from  the  remainder,  and  the 
whole  cube  of  «  +  6  has  been  subtracted.  This  finishes  tlie  opera- 
tion in  the  present  case.  If  there  were  more  terms  we  should 
]>rocecd  with  a  +  b  as  we  formerly  did  with  a ;  its  cube,  that  is 
a^  -(  da'b  +  Zab*  +  V,  has  already  been  subtracted  from  the  pro- 
)'osed  expression,  so  we  should  divide  the  remainder  by  3  (a  +  bf 
f  jr  a  now  tei-m  in  the  root ;  and  so  on. 
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248.  It  will  be  convenient  in  exti-acting  the  cube  root 
of  more  complex  algebraical  expressions,  and  of  numbers,  to 
arrange  the  process  of  the  preceding  Article  iii  three  columns, 
as  follows  : 

3a +  6 


3a' 

a^  +  occb  +  ZaV  +  J/  (^a  +  h 

(3a  ^h)h 

a' 

Za'+Zah  +  V" 

3a'b+3ab'+b' 

da-b  +  Sa¥  +  6' 

Find  the  first  term  of  the  root,  tha,t  is  a ;  put  a^  under  the 
given  expression  in  the  third  column  and  subtract  it.  Put  3a 
in  the  first  column,  and  3a"  in  the  second  column ;  divide  3a'6 
by  3a^,  and  thus  obtain  the  quotient  b ;  add  b  to  the  quantity 
in  the  first  column ;  multiply  the  expression  now  in  the  first 
column  by  b,  and  place  the  product  in  the  second  colunni  and  add 
it  to  the  quantity  already  there;  thus  we  obtain  3a^+3a6  +  6"; 
multiply  this  by  b  and  we  obtain  3a'6  +  3a6^  +  b^,  which  is  to  be 
placed  in  the  third  column  and  subtracted.  We  have  thus  com- 
pleted the  process  of  subtracting  (a  +  by  from  the  original  ex- 
pression. If  thei'e  were  more  terms  the  process  woiild  have  to 
be  continued. 

249.      In  continuing  the  operation  we  must  add  such  a  quan- 
tity to  the  first  column  as  to  obtain  there  three  times  the  part  of 
the  root  already  found.     This  is  conveniently  effected 
thus  :    we  have  already  in  the  first  column    3a  +  6  :  nil 

[)lace  26  under  the  b  and  add  ;   so  we  obtain  3a  +  36, 

which  is  three  times  a  -I-  6,    that  is,  three  times   the       ^^  +  ^^ 
part  of  the  root  ah-eady  found.     Moreover,  we  must  add  such  a 
quantity  to  the  second  column  as  to  obtain  there  three  times  the 
square   of  the  part  of  the  root  already  found. 
This  is  conveniently  effected   thus:   we   have  ,^^^^"^^^^,1 

already  in  the  second    column   (2a  +  b)b,  and  3a--h3a6  +  6-l 

below  that  3a^  4-  3a6  +  0° ;  place  b^  belov>^  and ^ 

add  tlie  expressions  in  the   three  lines  ;  so  we  3a^  -I-  6a6  -f-  36* 

obtain    3a*  -I-  6a6  +  36",    which    is  three   times 
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(a  +  by,  tliat  is,  three  times    the  squaro  of  the  part  of  the  root 
ah-eady  foviud. 

250.     Example;  extract  the  cube  root  of 

Sa;"  -  2,Q,cx'  +  66cV  -  63cV  +  33cV  -  %'x  +  c\ 

Qx^-Zcx-)  \-2x^ 

—  6cxj  -  OCX  (Gx"  —  3cx)     1 

6x*  -  9cx  +  c'  12x*-l 8cx^  +  9c  V  [ 

+  9cVj 


12x*-36cx^+27c'x' 

+  c'  (6x^  -  Ocx  +  c') 

I2x*  -  36ca;'  +  SSc'V-  Qc'ic  +  c* 

8x-'  -  36cx'  +  GGc-V  -  63cV  +  33c''.k'  -  'dc'x  +  c"  (^  2a;'  -  3cx  +  c' 

-  36cx'  4-  66c-V  -  G3cV  +  33c''x'  -  Oc'^.e  +  c" 

-  3Gca;^  +  o\c'x*  -  27cV 

12cV  -  3GcV  +  33c V  -  Qc'a;  +  c" 
1 2cV  -  3GcV  +  33cV  -  9c'a;  +  c" 

The  cul>e  root  of  8x^  is  2.t;^  which  -n-ill  be  the  first  term  of  the 
root;  put  S.t"  under  the  given  expression  in  the  thii-d  cohimn  and 
subti-act  it.  Put  thi-ee  times  2x^  in  the  fii'st  column,  and  three 
times  the  square  of  2x^  in  the  second  column ;  that  is,  i)ut  6a:*  in 
the  fii-st  column,  and  12u;*  in  the  second  column.  Divide  -  36c.<;^ 
by  12a;*,  and  thus  obtain  the  quotient  —  3ca;,  which  will  be  the 
second  terai  of  the  root;  place  this  term  in  the  first  column, 
and  nndtiply  the  expression  now  in  the  fii-st  column,  that  is, 
(ix'  —  3cx  by  —Sex;  place  the  product  under  the  quantity  in  the 
second  column  and  add  it  to  that  quantity;  thus  we  obtain 
12a;*-  18ca;^+  9c V;  multiply  thi.s  by  -  3ca;,  and  place  the  product 
in  the  third  column  and  subtraxit.  Thus  we  have  a  remainder  in 
the  third  column,  and  the  part  of  the  root  already  found  is 
2x^  —  3cx. 
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We  must  now  adjust  the  first  and  second  columns  in  the 
manner  explained  in  Art.  249.  We  put  twice  —  3cx,  that  is, 
—  6cx,  under  the  qiiantity  in  the  first  column,  and  add  the  two 
lines ;  so  we  obtain  Gx^  —  dcx,  which  is  thi*ee  times  the  part  of 
the  root  already  found.  We  put  the  square  of  —  3cx,  that  is,  Oc^a;', 
\inder  the  quantity  in  the  second  column,  and  add  the  last  three 
lines  in  this  column;  so  we  obtain  12x*— 3Gcx^  +  27c'x',  which 
is  three  times  the  square  of  the  part  of  the  root  already  found. 

Now  divide  the  remainder  in  the  third  column  by  the  ex- 
pression just  obtained,  and  we  arrive  at  c"  for  the  last  term  of 
the  root;  proceed  as  before  and  the  operation  closes. 

251.  The  preceding  investigation  of  the  cube  root  of  an 
Algebraical  expression  will  enable  us  to  deduce  a  rule  for  the 
extraction  of  the  cube  root  of  any  numl)er. 

The  cube  root  of  1000  is  10,  of  1000000  is  100,  and  so  on: 
hence  it  will  follow  that  the  cube  root  of  a  number  less  than 
1000  miist  consist  of  only  one  figure,  of  a  number  between  1000 
and  1000000  of  two  places  of  figures,  and  so  on.  If  then  a  point 
lie  jilaced  over  every  third  figure  in  any  number  beginning  with 
the  units,  the  number  of  points  will  shew  the  number  of  figures 
in  the  cube  root. 

252.  Sujipose  the  cube  root  of  405224  required, 

210  +  4  14700  405224(^70  +  4 

3  4  3  0  0  0 


14  7  00 
8  5  6 

15  5  5  6 

6  2  2  2  4 
6  2  2  2  4 


Point  the  number  according  to  the  rule;  thus  it  appears  that 
tlie  root  consists  of  two  places  of  figures.  Let  a  +  b  denote  the 
i-oot,  where  a  is  the  value  of  the  figure  in  the  tens'  place,  and  b 
the  figure  in  the  units'  place.  Then  a  must  be  the  greatest  multi- 
file of  ten  which  has  its  cube  less  than  405000;  that  is,  a  must  be 
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70.  Place  tlie  cube  of  70,  that  is  343000,  in  the  third  column 
imdei'  the  given  number  and  subtract.  Place  three  times  70,  that 
is  210,  in  the  first  cokimn,  and  tlnee  times  the  squai-e  of  70,  that 
is  14700,  in  the  second  column.  Divide  the  remainder  in  the 
third  cohimn  by  the  number  in  the  second  column,  that  is,  divide 
62224  by  14700;  we  thus  obtain  4,  which  is  the  value  of  h.  Add 
4  to  the  first  colunni ;  multiply  the  sum  thus  formed  by  4,  that  is, 
multiply  214  by  4;  we  thus  obtain  856;  place  this  in  the  second 
column  and  add  it  to  the  number  already  there.  Tlius  we  obtain 
\555Q;  multiply  this  by  4,  place  the  product  in  the  third  column 
and  subtract.  The  remainder  is  zero,  and  therefore  74  is  the  re- 
quii'ed  root.  The  cyphers  may  be  omitted  for  brevity,  and  the 
process  will  stand  thus: 


2  1  4 

sample ; 

1  4  7 
8  5  6 

40  5  224(74 
3  4  3 

15  5  5  6 

extract  the  cube 

1  2                     1 
1  8  9^ 

6  2  2  2  4 
G  2  2  2  4 

253.     E> 
6  3| 

root  of  12812904. 

2  8  12  9  0  4(234 
8 

G  0  4 

13  8  9- 
9. 

4  8  12 
4  16  7 

15  87 
2  7  7  6 

6  4  5  9  0  4 
6  4  5  9  0  4 

16  1476 

After  obtaining  the  first  two  figures  of  the  root  23,  we  adjust 
the  fii-st  and  second  columns  in  the  manner  explained  in  Art.  249. 
We  place  twice  3  under  the  first  column  and  add  the  two  lines 
giving  69,  and  we  place  tlie  square  of  3  iinder  the  second  column 
and  add  the  last  three  lines  giving  1587.  Then  tlie  ojKn-atiou  Ls 
continufMl  as  before.     The  cube  root  is  234. 

T.  A.  10 
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254.  Example;  extract  the  cube  root  of  U4182818617453. 

15 2|  75  14  4  182818617453(52437 

4/  3  0  4i  125 


1564)      7804^       19182 
8^         4'       15  GO  8 


157  23)     8112         3574818 
6/       G25  6^      3269824 


157297    81745G>       304994617 
leJ       247259907 


823728         577347  10453 
4716  9^      5  7734710453 


S 241 9969- 
9) 

S2467  147 
1101079 

8247815779 

The  cube  root  is  52437. 

255.  If  tlie  root  have  any  number  of  decimal  places  the  ciibe 
will  have  thi-ice  as  many;  and  therefore  the  number  of  decimal 
places  in  a  decimal  number,  which  is  a  perfect  cube,  and  in  its 
simplest  state,  will  necessarily  be  a  multiple  of  three,  and  the 
number  of  decimal  places  in  the  root  will  be  a  third  of  that 
number.  Hence  if  the  given  cube  number  be  a  decimal,  we 
place  a  point  over  the  units'  figure,  and  over  every  third  figure  to 
the  right  and  left  of  it ;  then  the  number  of  points  in  the  decimal 
part  of  the  proposed  number  will  indicate  the  number  of  decimal 
places  in  the  cube  root. 

If  a  number  have  no  exact  cube  root  we  may,  as  in  the  ex- 
traction of  the  square  root,  proceed  with  the  approximation  to 
any  desired  extent.     See  Art.  243. 
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256.     Requii-ed  the  cube  root  of  1481  •544. 

3  1)  3  1  4  8  i  -5  4  4   ( 1  1  -4 

2  /  3  1-|  2 

3  34  3  3  11- 

3  6  3 

13  3  0 


4  8  1 
3  3  1 

15  0  5  4  4 
15  0544 

3  7  6  3  0 
The  cube  root  is  1 1  '4. 

257.  Whe7i  n  +  2  figures  of  a  cube  root  have  been  obtained 
hy  the  ordinary  method,  n  viore  may  be  obtained  by  division  Only, 
sujoposing  2n  +  2  to  be  the  whole  number. 

Let   N  represent  the   number  whose  cube   root    is    required, 

a  the  part  of  the  root  ah-eady  obtained,  x  the  pai't  which  remains 

to  be  found  ;  tlien 

IIN'  =a  +  x, 

so  that  jS'=a^  +  2a" x  +  ^ax'  +  x^ ; 

therefoi-e,  X—  a?  —  3a'x  +  Sax"  +  x^, 

lY-a'  x'       x' 

and  3     =  a;  +  _  + 

oa  a       3a" 

Thus  X  -  a^  divided   by    Za'  will  give    the  rest  of  the   cube 

I'oot   required,  or   x,  increased  by  —  +  7^-^  ;    and   we  shall  shew 

a       oa 

that  the  latter  expression  is  sl  proper  fraction,  so  that  by  neglect- 
ing the  remainder  arising  from  the  division,  we  obtain  the  part 
required.     For  by  supposition,  x  is  less  than  10",  and  a  is  not 

less  than  10^"^' ;  thus  —  is  less  than  ,  ^.^^-r,  that  is,  less  than  -r-^  . 
a  10  10 

x^   .  10'"'  1 

And  iT— -  is  less  than  .-r — ,  ^.„ , .; ,  that  is,  less  than  - — rTc^rr^  .     Hence 
oa  3x  10  3  X 10 

x^       x*   .  1  1 

—  +  s— 2  is  less  than  r—  +  - — ,  r.n+3>  and  is  thus  less  than  unity. 

Remarks  similar  to  those  in  the  latter  part  of  Art.  240  apply 
here. 

10—2 
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EXAMPLES   OF   EVOLUTION. 

Extract  tlie  square  roots  of  the  expressions  contained  in  the 
following  examples  from  1  to  15  inclusive  : 

1.  x'-2x''  +  3x'-2x  +  \.  2.     x' -  ix^  +  Sx  +  L 

3.  Ax*+12x^  +  5x'-Gx+l.        4.     ix'- ix' +  5x' -2x +  h 

5.  W  -  1 2ax'  +  25«V  -  2Wx  +  1 6«^ 

6.  26x*  -  30a«'  +  49aV  -  24a'ic  +  1  G«*. 

7.  x*  -  Gax^  +  15a-x*  -  20aV  +  loaV  -  6a'x  +  a\ 

8.  {a -by -2  (a-°  +  b')  (a -by+2  {a*  +  b'). 

9.  4  {(fr  -  &-')  cc/  +  ab  (/  -dyf  +  {{ce  -  6")  {c'  -  d')  -  iabcdy. 
10.  „V  5*  +  c"  +  c^*  -  2«^  (6'  +  d')  -  2b'  {c'  -  d')  +  2c=  {ce  -  d"-). 


'■  ('^*^y-*(^-^)-   '- 


11.     (x+'^S  ~i(x--\.  12.     .T*-a;^  +  ^'  +  4aj-2  +  -, 


13.  —  +  —  +  -„  -  ax  -  2  +  -„ . 
4       «      £C"  a' 

1 4.  a'  +  2(26-  c)  a"  +  {\b'-  ibc  +  3r)  a"  +  2r  (26  -  c)  a  +  c\ 

15.  (a  -  26)-  x'  -  2a  {a  -  26)  x^  +  («=  +  4a6  -  Ga  -  86=  +  1 26)  x" 

-(4a6-6a)a;  +  46'-126  +  9. 

IG.     Find  the  square  root  of  the  sum  of  the  squares  of  -2,  -4, 
•6,  -86. 

Extract  the  cube  root  of  the  expressions  and  numbers  in  tlie 
following  examples  from  17  to  23  inclusive  : 

17.  x"-  9a;'  +  33x*  -  63x'  +  GGx'-  36a;  +  8. 

IS.  8a;''  +  4 Sea;'  +  GOo-V  -  80cV  -  90cV  +  lOSc'a;  -  270". 

19.  Sa;"  -  3Gca;*  +  102cV  -  171cV  +  204cV-  144c'a;  +  64cl 

20.  167-284151.  21.     731189187729. 

22.     10970-645048.  23.     1371742108367626890260G31. 

24.     Extract  the  fourth  root  of  (x'  +  -,")  ~i(x  +  -  j  +  12. 
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25.  If  a    number  contain  n  digits,  its  square   root   contains 
l{2«  +  l-(-l)''}cUgits. 

26.  Shew  tliat  tlie  following  expression  is  an  exact  sqiiai-e  : 
(^»  _  yif  +  (y=  _  cxf  +  (^  -  xi/f  -3(x'-  yz)  {f  -  zx)  (^  -  xy). 


XVIII.     THEORY   OF   INDICES. 

258.  AVe  have  defined  «'",  where  m  is  a  positive  integer,  as 
the  product  of  m  factors  each  equal  to  a,  and  we  have  shewn  that 

cr  X  a"  =  a""*",  and  that  —  =  a""""  or  — -— -  according  as  m  is  greater 
a  a 

or  less  than  n.     Hitherto  then  an  exponent  has   always  been  a 

positive  integer ;  it  is  however  found  convenient  to  use  exponents 

wliich   are  not  positive  integers,  and  we  shall  now   explain   the 

meaning  of  such  exponents. 

259.  As  fractional  indices  and  negative  indices  have  not  yet 
been  defined,  we  are  at  liberty  to  give  what  definitions  we  please 
to  them ;  and  it  is  found  convenient  to  give  such  definitions  to 
them  as  will  make  the  imiiortant  relation  oT  x  a"  =  a'"*"  always 
tnie,  whatever  m  ajid  n  may  he. 

For  example  ;  required  the  meaning  of  a-. 

By  supposition  we  are  to  have  a'^  xa^  =a^  =  a.  Thus  a^  must 
be  such  a  number  that  if  it  be  multijjHed  by  itself  the  result  is  a  ; 
and  the  square  root  of  a  in  by  definition  such  a  number ;  therefore 
a^  must  be  equivalent  to  the  square  root  of  a,  that  is,  a^  =  ^/a. 

Again  ;  required  the  meaning  of  a*. 

By  supposition  we  are  to  have  a^  x  cr  x  cr  =  a^*-^^^  =  a^  =  a. 
Hence,  as  before,  a'  must  be  equivalent  to  the  cube  root  of  a, 
that  is  a^  =  fla. 
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Again  ;  i-equired  the  meaning  of  rt'^. 

3  3  5  3, 

By  supposition,  a*  x  or  x  a"*  x  a*  =  a" ; 
therefore  a^  =  ^a\ 

These  examples  woukl  enable  the  student  to  understand  what 
is  meant  by  any  fractional  exponent ;  but  we  will  give  the  defini- 
tion in  general  symbols  in  the  next  two  Articles. 

1^ 

2G0.     llequircd  the,  meaning  of  n"  lohere  n  is  any  iios'it'ive  xohole 

niimher. 

By  supposition, 

y  A  i  >+l  +  '+... to  n  terms 

a"  X  a"  X  a"  x  ...  to  n  factors  =  «"    "    "  =«'=«; 

therefore  a"-  must  be  equivalent  to  the  n^^  root  of  a, 

I 
that  is,  a"  =  iH^'a. 

2G1.      Required  the  meaning  of  ec'  where  m  and  n  are  any  iwsi- 
tive  lohole  numbers. 
By  supposition, 

in  m  m  m      m     m 

a"  X  «"  X  a"  X  ...  to  n  lactors  =  a"    "    "  =  «    ^ 

therefore  a"  must  be  equivalent  to  the  n^^  root  of  «'", 

that  is,  ft"  =  ^/rt"- 

Hence  a"  means  the  'yi"'  root  of  the  vi^^  power  of « ;  that  is, 
in  a  fractional  index  the  numerator  denotes  a  power  and  the 
denominator  a  root. 

262.  We  have  thus  assigiied  a  meaning  to  any  positive  index, 
whether  whole  or  fractional ;  it  remains  to  assign  a  meaning  to 
negative  indices. 

For  example,  required  the  meaning  of  a~^. 

By  .supposition,       a^  x  a'"  =  a^'^  =  a'  =  a, 

therefore  a~^  -  — ,  =  -^ . 

a^      a" 

"VVe  will  now  give  the  definition  in  general  symbols. 
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2G3.     liequired  the  meaning  of  a"" ;  where  n  is  any  2>ositive 
number  lohole  or  fractional. 

By  supposition,  whatever  m  may  be,  we  are  to  liave 

Now  we  may  suppose  m  positive  and  greater  tlian  ?i,  and  then, 
by  what  has  gone  before,  we  have 

m-n  n  m  1    4-1  r  m-n         «" 

a       X  a  =  a    \  and  therefore     a       =  -— . 


Therefore 

therefore 


In  order  to  express  this  in  words  we  will  define  the  word 
reciprocal.  One  quantity  is  said  to  be  the  reciprocal  of  another 
when  the  product  of  the  two  is  equal  to  unity ;  thus,  for  example, 

X  is  the  reciprocal  of  -  . 
^  X 

Hence  a~"  is  the  reciprocal  of  a"  ;  or  we  may  put  this  result 
sjTnbolically  in  any  of  the  foUo'n'ing  ways, 

a"  X  a'"  =  1. 


a"' 

„     « 
X  a     =  — - 

a 

„       1 
a     =  — 

a" 

1 

1 

. 

a" 

^  - — 

a 

a 

204.  It  will  follow  from  the  meaning  which  has  been  given 
to  a  negative  index  that  a'"-r-a"  =  a"'~"  when  m  is  less  than  n,  as 
well  as  when  m  is  gi-eater  than  n.  For  supjiose  m,  less  than  n ; 
we  have 

<2  -j-a  =    .  =  -— it:  =  a  '      '  =  a 
a       a 

Suppose  m  =  n  ;  then  a'"-^a''  is  obviously  =  1  ;  and  a'"'"— a'*. 
The  last  symbol  has  not  hitherto  received  a  meaning,  so  that  we 
are  at  liberty  to  give  it  the  meaning  which  naturally  presents 
itself;  hence  we  may  say  that  »"=  1. 
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2G5.     Thus,  for  example,  according  to  these  definitions, 


-3           1 

-A 

1 

1 

4             1                1 

"         =«-- 

a  " 

~  Va ' 

a   -  =  —  =  - 

Thus  it  will  appear  that  it  is  not  absolutely  neces^arij  to  intro- 
duce fractional  and  negative  exponents  into  Algebra,  since  they 
merely  svipply  us  with  a  new  notation  for  quantities  which  we  had 
already  the  means  of  rejiresenting.  It  is,  as  we  have  said,  a  con- 
venient notation,  which  the  student  will  learn  to  appreciate  as  he 
proceeds. 

The  notation  Avhich  we  have  explained  will  now  be  used  in 
establishing  some  propositions  relating  to  roots  and  powers. 


266.      To  shew  that  a"  x  h"  =  iahY. 

Let  a"  X  h"  =  X ;  therefore 

x"  =  (a"  xb")   =  (a"j    X  (b")  ,    (by  Ai-t.  41),  =  axb. 

Tlius  x"  =  ah,  therefore  x  =  (ab)" ,  which  was  to  be  proved. 
In  the  same  manner  we  can  })rove  that 


a"  -i-b    -  ,  , 
\b 

267.  As  an  example  of  the  preceding  proposition  we  have 
^Ja  X  Jb  =  sj{('b).  Now,  as  we  have  seen  in  Art.  236,  a  square 
root  admits  of  a  clotMe  sign ;  hence  strictly  speaking  our  result 
should  be  stated  thus  :  the  product  of  one  of  the  square  roots  of 
a  into  one  of  the  square  roots  of  b  is  equal  to  one  of  the  square 
roots  of  ab.  A  similar  remark  applies  to  other  propositions  of  the 
present  Cliapter.  In  the  higher  parts  of  mathematics  the  matter 
here  noticed  is  discussed  in  more  detail :  see  Theory  of  Equations, 
Chapter  xi. 
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1        1       I      /     y       L      /       \l 

268.     Hence  a"  x  b"  x  c"  =  {abr  x  c"  —  [abcy  • 

And  by  proceeding  in  this  way  we  can  prove  that 

-       -       -                     -      f  V 

a"  x  6"  X  c"  X X  /.;"  =    abc A-  I" . 


Suppose  now  that  there  are  m  of  these  qiiantities  a,b,  c,  ...  k, 
and  that  each  of  them  is  equal  to  a ;  then  we  obtaLa 


Lut  fcry  is,  by  Arts.  260,  201,  a^;  thus 


a"       =  a". 


Hence  comparing  this  with  Art.  261  we  see  that  the  ?i"'  root 
of  the  «i"'  power  of  a  is  equivalent  to  the  m^^  power  of  the  Ji""  root 
of  a. 

209.     To  shew  that  (aA"  =  a^'. 

Let  «;  =  («"']";  therefore  a;"  =  a"';  therefore  x^" -=  a ;  there- 
fore  x  =  a""'.     Thus  («"')"  =«'"",  which  was  to  be  proved. 

in  mp 

270.  To  slicw  that  a"  =  a''". 

tn 

Let   a  =  a"  ;   therefore   x"  =  o"" ;   therefore  a;""  =  a"'^  ;  therefore 

mp  tn  inp 

X  =  a"".     Thus  a"  =  «"^,  which  was  to  be  proved. 

271.  The  student  may  infer  from  what  we  have  said  in 
Art.  265,  that  the  propositions  just  established  may  also  be 
established  without  using  fractional  exponents.  Take  for  example 
that  in  Art.  266  ;  here  we  have  to  shew  that 
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Proceed  as  before  ;  let  a;  =  lija  x  J^b  ;  therefore 

X"  =  {;ja  X  ;/6)"  =  (;/«)"  X  (^/&)",  (bj  Art.  41),  =  «  x  5. 
Thus  x"  =  ab,  therefore  x=^(ah),  Avliich  was  to  be  proved. 

272.  We  have  been  led  to  the  definitions  of  Arts.  2G0...265 
as  consequences  of  considering  the  relations  a""  x  a"  =  a"'^"  and 
(a"')"  =  a"""  to  be  universally  trvie,  whatever  m  and  n  may  be  ;  we 
shall  now  proceed  to  shew  conversely  that  if  we  adopt  these  defi- 
nitions the  relations  a"'x  a"  =  a""'^"  and  («")"  =  a"""  are  universally 
true,  whatever  m  and  n  may  be. 

r  1  7'  ,  ^ 

273.  To  shew  that  cJ  x  a' =  a''  '. 

a'  X  a'  ^  a"  x  a",  by  Art.  270, 

=  («'"]'"'  X  («'■■)",  l>y  definition, 

=.  fa'"  X  aA^,  by  Art.  266, 

274.  In  the  same  way  we  can  shew  that 

«■'  -^  a'  =  «^  '. 

275.  Thus  the  relation  a'"  x  a"  =  a"'^"  is  shewn  to  be  true 
when  m  and  ?i  are  positive  fractions,  so  that  it  is  true  when  m 
and  01  are  any  positive  quantities.  It  remains  to  shew  that  it  is 
also  true  when  either  of  them  is  a  negative  quantity,  and  when 
both  are  negative  quantities. 

(1)      Suppose  one  to  be  a  negative  quantity,  say  oi ;  let 
71  =  —  V. 

Then  a"  X  a"  -a""  X  «""=  a""  x  —  =  —  =  a"""",  (by  Art.  274), 

a       a 
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(2)     Suppose  both  to  be  negative  quantities  ;  Ist 

m  =  —  fji  and  n  =  —  v. 
Then 

«•"  X  a"  =  a~-  X  a-"  =.4x1  =  J_^  ^     ^  ^  ^  (by  Art.  27S), 


a*^      ft       a'^  x  a       a^ 


^  n.-f^-"  ■ 


a 


276.      Similarly  a'"  x  a"  x  a''  =  «'"+■•  x  a*"  =  a"'+"+i' ;  and  so  on. 

Thus  if  we  suppose  there  to  be  r  quantities  7n,  n,  p,  ...,  and 
that  each  of  the  others  is  equal  to  711,  we  obtain 

■whatever  ??i  mav  be. 


277.  To  shew  that  (a'')'"  =  a^. 

Let  x=  (w  y  ;  therefore  x'  =  (at  j  =  a«,  by  Art.  276  ;  tliere- 

fore  a;''  =  a'^;  therefore  x  =  a''',  which  was  to  be  proved. 

278.  To  shew  that  (a"')"  =  a""'  universally. 

By  the  preceding  Article  this  is  true  when  m  and  71  are  any 
])Ositive  quantities ;  it  remains  to  shew  that  it  is  tiiie  when  either 
of  them  is  a  negative  quantity,  and  when  both  are  negative 
quantities. 

(1)  Sujipose  71  to  be  a  negative  quantity,  and  let  it  =  — v. 
Then         (a")"  =  («"')-"  =  - — -  =  — .  =  a"'""  =  «"'". 

(2)  Suppose  7n  to  be  a  negative  quantity,  and  let  it  =  —  /«,. 
Then         (a"'Y  =  (a"'^)"  =  (\   -  --  =  a^^^"  =  a'"". 

(3)  Suppose  both  ??i  and  7i  to  be  negative  quantities  ;  let 

m  =  -  fjL  and  ?i  =  —  v. 

Then         («-)■  =  (a-r-  =  ^J^.  =  ^^  =  a-  =  «-. 
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1.  Simplify  (x-^xx")^^. 

2.  Find  the  product  of  a"-,  a  '%  a  ^,  and  a  \ 

3.  Find  tlie  product  of  (^A'',    ([^'V  and  (-^^.V. 

4.  Simplify  the  product  of 

a^,  a-^,   lfa\  a^V     s/^-/^  and  (a"^)^. 

1  1  _  1  _1  1  1 

6.  Multiply  a- +  b'^  +  a  -b  by  ao  --a-  +  b'. 

7.  Multiply  X-  —  xy-  +  x'-y  —  y-  by  a;  +  x-y-+  y. 

8.  Multiply  a-  —  cc^  +  a"  —  «"  +«--«  +  a-  -  1  by  «'  +  1. 

9.  Multiply  a^  -a^  +  \  -  a~^  +  a~5  by  (^■.  +  l  +  «-* 
lU.  Multiply  -  ZcC'  +  2rt-*6-^  by  -  2a~^ -  Sa'^b. 

11.  Divide  X- —  xy- +  x'-y —  y-  by  x-—y". 

4  22  4  211^ 

12.  Divide  a;"  +  x^a'^  +  «"*  by  a;^  +  x'-^ctr'  +a-\ 

1 3.  Divide  a  -  -  a  -    hy  a-  —  a  - . 

1  i.     Divide  2a;'7/~'  -  Sa;"?/"'  +  7a;'y~'  -  5a;'  +  2xy 

by  x^j~^-xY'  +  xy-\ 

15.     Divide  a^  -  a^6  +  a6- -  2a26' +  6°^  by  a--a&^  +  a%-&l 

a  ji  1  I 
i„  c,.  ,.„  a^  -  aa;- +  a'^a;  -  a;- 
10.      bimplifv   -^ r 


r  —  ax'  +  Za"x  —  oax-  +  a^x  -  x' 
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^  .  „  ?/      X'       2?/^  — X* 

17.  Extract  the  square  root  of  —  +  -; 1 r—  . 

18.  Extract  the  square  root  of 

4a  -  \2a^h^  +  96^  +  IGa^c*  -  Mh^c*  +  16cl 

19.  Extract  the  square  root  of 

256a;^  -  512a;  +  640x^  -  512x*  +  304  -  128a;-«  +  iOx^^  -  Sa;"'  +  x-*\ 

20.  If  a*  =  6%  shew  that   (^''' =  a^''^  ■,    and  if  «  =  26,    shew 
that  h  =  2. 


XIX.     SURDS. 

279,  When  a  root  of  an  Algebraical  quantity  which  is  re- 
quii'ed,  cannot  be  exactly  obtained,  it  is  called  an  irrational  or 

surd  quantity.  Thus  l/a^  or  «=»  is  called  a  surd.  But  ^a^  or  a^, 
though  apparently  in  a  surd  form,  can  be  expressed  by  a^,  and  so 
is  not  called  a  surd. 

The  niles  for  operations  with  surds  follow  from  the  proposi- 
tions established  in  the  preceding  Chapter,  as  will  now  be  seen, 

280.  A  rational  quantity  may  he  expressed  in  the  forvi  of  a 
given  srird,  by  raising  it  to  the  poicer  whose  root  the  surd  expresses, 
and  affixing  the  radical  sign. 

n 

Thus  a  =  Ja^  =  IJa'^,  &c.  ;  and  a  +  x  =  {ct  +  x)"- .  In  the  same 
manner  the  fonn  of  any  surd  may  l:ie  altered  ;  tluis 

{a  +  x)'  -{a^■xy  ^{a  +  xY 


The  quantities  are  here  niised  to  certain  powers,  and  tlic  roots  of 
those  powers  are  again  taken,  so  tluit  the  values  of  the  quantities 
are  not  changed. 
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281.  The  coefficient  of  a  surd  may  he  introduced  under  the 
radical  sign,  by  first  reducing  it  to  the  form  of  the  surd  and  then 
multiplying  according  to  A^-t.  271. 

For  example, 

a  Jx  =  J  a''  X  Jx  =  J{a^x)  ;      ay  =  (aYy  '> 
X  J{'2a  -  x)  =  J{2ax-  -  x"") ;      ax  (a  -  x)-  =  {a"  (a  -  xY)'' ; 
4^/2  =  ^/(lGx2)  =  ^/32. 

282.  Conversely,  any  quantity  may  he  made  the  coefficient  of 
a  surd,  if  every  part  tinder  the  sign  he  divided  hy  the  quantity 
raised  to  the  pov:er  whose  root  the  sign  exjyresses. 

Thus    \/(«"  —  cix)  =  a'  X  ^/(ft  —  x) ;     J{a^  —  a'x)  =  a  ^/{a  —  x)  ; 
(a'  -  x'Y  =  a"  X  fl  -  ^]\' ;      ^/GO  =  ^(4  x  15)  =  2  ^15  ; 


b'     xV      6  ' 


x'J       X  \b'       J  xb 


283.  Whe7i  surds  have  the  same  irrational  j^art,  their  sum  or 
difference  is  found  hy  affixing  to  that  irrational  part  the  sum  or 
difference  of  their  coefficients. 

Tims    a  Jx  ±  h  Jx  =  (a  ±  h)  Jx  ; 

V300±5^3=.10V3±5V3  =  15V3  or  5^3; 
J{Za-b)  +  J{Sx'b)  =  a  V(36)  +  x  J{3h)  =  (a  +  x)  J{3h). 

284.  If  two  surds  have  the  same  index,  their  product  is  found 
hy  taking  the  product  of  the  quantities  under  the  signs  and  retain- 
ing the  common  index. 

Tims     a"  X  h"  =  {ahf,   (Art.  266) ;       ^/2  x  ^3  =  JQ>  ; 

{a  +  hfy.{a-hY^{a'-h'}^. 

285.  If  the  surds  have  coefficients,  the  product  of  these  coeffi- 
cients must  he  prefixed. 

Thus    ajxxh  Jy  =  ah  J{xy) ;     3  ^/8  x  5  ^2  =  15  ^16  =  60. 
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286.  If  the,  indices  of  two  surds  have  a  common  denominator, 
let  the  quantities  he  raised  to  the  powers  expressed  hy  their  respective 
numerators,  and  their  product  may  be  found  as  before. 

Thus  2^  X  3'^  =  8^  X  3*  =  (24)^  ; 

{a  +  a:)-  x  (a  -  x)^  =  {(a  +  x)  {a  - xf]''. 

287.  If  the  indices  have  not  a  coT)imon  denominator,  they  may 
he  transformed  to  others  of  the  same  value  tcith  a  common  deno- 
minator, aiul  tJieir  2)roduct  found  as  in  Art.  286. 

Thus    (a'  -  x'f  x{a-xf  =  {a'  -  x")*  x  {a  -  x)'  =  {(«"  -  a;')  {a  -  xf]^  ; 

2^  X  3^  =  2^  X  3^  =  8^  X  9^  =  (72)*. 

288.  If  two  surds  have  the  same  rational  quantity  under  the 
radical  signs,  their  product  is  found  by  making  the  sum  of  the 
indices  the  index  of  that  quantity. 

1       i       1+1 
Tluxs  a"  X  a'"  =  a"    '",   (Art.  2  r  3) ; 

V-iX^,  w 1    x_    — -  . 

289.  If  the  indices  of  two  surds  have  a  common  denominator, 
the  quotient  of  one  surd  divided  by  the  otJier  is  obtained  by  raising 
them  respectively  to  the  2>oivers  expressed  by  the  numerators  of  their 
indices,  and  extracting  that  root  of  the  quotient  which  is  expressed 
by  the  common  denominator. 


Tl„„.         ?^=(»)MArt.2G6);    ?^=(^ 


6-       "  '  6- 

290.  If  the  indices  have  not  a  common  denominator,  reduce 
them  to  others  of  the  same  value  ivilh  a  common  denominator,  and 
proceed  as  before. 

Thus  (a^  -  x=)U(«'  -  x^Y  =  (rr  -  xiM^^  -  x^)?  =  {[^ff- 
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291.  If  the  surds  liave  the,  same  rational  quantity  under  the 

radical  signs,  their  quotient  is  obtained  by  making  the  difference  of 

the  indices  the  index  of  that  quantity. 

1        1         1  _i 
Thus,  «"'-^«'•=«"'    ",    (Art.  274); 

/0_i_  3/.-)  _  9l.   .    gi  _  o4-i  _  9^ 

292.  It  is  sometimes  useful  to  put  a  fraction  wliicli  has  a 
simple  surd  iii  its  denominator  into  another  foiin,  by  multiplying 
both  numerator  and  denominator  by  a  factor  which  will  render  the 
denominator  rational.      Thus,  for  exami)le, 

2    _     2^3     _2V3_ 

If  we   wish    to    calculate   numei'ically  the  approximate  value   of 

2 
— —  it  will    be    found  less  laborious  to  use  the  equivalent  form. 

-^.      Similarly,   -^=-^. 

293.  It  is  also  easy  to  rationalise  the  denominator  of  a  frac- 
tion when  that  denominator  consists  of  two  quadratic  surds. 

-p^j^.  a  a  (Jb  T  Jc)  ^  a  (Jb  =p  Jc) 

Jb^Jc      {Jb±Jc){Jb^Jc)  b-c 

So  also         ^      =       f^{h=^Jc)        ^  ajb^Jc) 
b=kjc      {b±jc){b=pjc)         b--c 

Simil.rW  ^^-^  ^  (3  +  v/5)(3  +  V5)  _  U4-6,/o  _  T  +  V'^ 
bimilaily   ^  _  ^-.  --  ^^  _  ^,^  ^^  ^^^^  "9-5  2        ' 

294.  By  two  operations  we  may  rationalise  the  denominator 
of  a  fraction  when  that  denominator  consists  of  three  quadratic 
surds.  For  suppose  the  denominator  to  be  J  a  +  Jb  +  Jc  ;  first 
multiply  both  numerator  and  denominator  by  ija  +  Jb  —  Jc,  thus 
the  denominator  becomes  a  +  b  —  c  +  2  J{ab)  ;  then  multiply 
both  numerator  and  denominator  by  a  +  b-  c—  2  J{ab),  and  we 
obtain  a  rational  denominator,  namely  (a  +  5  —  cf  —  4«6,  that  is, 
a'  +  b'  +  c-  -  2ab  -  2bc  -  2ca. 
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295,    A  factor  viay  he  found  which  will  rationalise  any  binomial. 

11  1^  1 

(1)  Suppose  the  binomial  a" +  h'' .      Put  x  =  a^,   y  =  b^;    let 

71  be  the  least  connnon  multiple  of  p  and  q  ;  then  a;"  and  y"  are 
both  rational.     Now 

{x  +  y)  {x"-'  -  x''~'y  +  x"~Y  -  ■■■^  y"'')  =  «"=*=  y", 

where  the  upper  or  lower  sign  must  be  taken  according  as  ti  is  odd 
or  even.     Thus 

tc""'  -a;'"'?/ +  a;""V- =*=y""' 

is  a  factor  which  will  rationalise  x  +  y. 

(2)  Suppose  the  binomial  a''  —  h'^ .     Take  x,  y,  and  n  as  be- 
fore.    Now 

{x  -  y)  {x"~^  +  a;""^?/  +  x"-''^y-  +  +  y"^'^)  =  a;"  -  y". 

Thus  a;""'  +  x''~"'y  +  x"~^y"'  + +  y"~' 

is  a  factor  which  will  rationalise  x  -  y. 

Take,  for  example,  a*  +  6*  ;  here  m.  =  6.     Thus  we  have  as  a 
rationalising  factor 

x^  —  x*y  +  x^y"  -  x'y^  +  xy*  —  y^, 
that  is,  a^  -  a^  b^  +  a^b^  -  a^  6"^  +  a^0  -  b^, 

that  is,  a^  -  a%^  +  a"^b^  -  ab  +  a^b^  -  b^. 

The  rational  product  is  a;"  —  y",  that  is,  a^  —  b^,  that  is,  a^  —  b^. 

29G.      T/ie  square  root  of  a  rational  quantity  cannot  be  partly 
rational  and  partly  a  quadratic  surd. 

If  possible   let   ^Jn  -  a  +  ^m  ;    then  by  squaring  these  equal 
qiiantities  we  have  n  -  a'  +  2a  Jm  +  m  ;  thus  2a  Jm  =  n  —  a'  -  m, 

and   ^m  := ^ ,    a   rational  quantity,   which  is  contrary  to 

^a 

the  supposition.     See  Art.  242. 

T.  A.  11 
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297.  If  two  quadratic  surds  cannot  he  reduced  to  oihcrs  which 
have  tJie  sa7ne  irrational  jjart,  their  jjroduct  is  irrational. 

Let  Jx  and  J^  Ije  the  two  quadratic  surds,  and  if  possible 
let  sj{xy)  =  rx,  where  r  is  a  whole  number  or  a  fraction.  Then 
xy  =  r^x'',  and  y  =  '>'^^}  therefore  Jy  —  **  \/^>  that  is,  ijy  and  ^Jx 
may  be  so  reduced  as  to  have  the  same  ii-rational  part,  which  is 
conti'ai-y  to  the  supposition. 

298.  One  quadratic  surd  cannot  be  made  up  of  two  others 
which  have  not  the  same  irrational  part. 

If  possible  let  Jx  =  J  in  +  J  a  ;  then,  by  squaring,  we  have 
x  =  m  +  n  -\-  '2  sj{nin),  and  J()U}i)  =  ^  (x  —  m  —  n),  a  rational  quan- 
tity, which  is  absurd.      See  Art.  242. 

299.  In  any  equation  x  +  ^y  =  a  +  ^1)  lohich  involves  rational 
quantities  and  quadratic  surds,  the  ratiuiud  j^arts  on  each  side  are 
equal,  and  also  the  irrational  parts. 

For  if  X  be  not  equal  to  «,  suppose  x  =  a  +  on ;  then 

a  +  m  +  Jy  =  a  +  Jh, 

so  that  m  +  Jy  =  Jh  ;  thus  Jb  is  partly  rational  and  partly  a 
quadratic  surd,  which  is  impossible  by  Ai't.  296.  Therefore  x  =  a, 
and  consequently  Jy  =  Jb. 

300.  If  J{a  +Jb)  =  x  +  Jy,   then  J{a  -  Jb)  =  x  -  Jy. 
For  since  J  (a  +  Jb)  =  x  +  Jy,  we  have  by  squaring 

a  +  Jb  ^  X-  +  2x  Jy  +  y  ; 
therefore         a  =  x^  +  y,  and    Jb-2x  Jy,   {Art.  299). 
Hence  a  —  Jh  ^v?  —  2x  Jy  +  y 

and  J  {a  -  Jb)  =  x-  Jy. 

Similarly  we  may  shew  that  if 

J{a  +  Jb)  ^Jx  +  Jy, 
then  J  {a  -  Jb)  =  Jx-  Jy. 
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301.  The  square  root  of  a  binomial,  one  oj"  whose  terms  is  a 
quadratic  surd  and  the  other  rational,  ntay  sometimes  be  expressed 
by  a  binomial,  one  or  each  of  whose  terms  is  a  quadratic  surd. 

Let  a  +  sjb  be  tlie  given  binomial,  and  siqipose 

J{a+  Jb)=Jx  +  Jy. 

By  Art.  300,  J{a  -  Jb)  =■-  Jx  -  Jy. 

By  multiplication,  Jici^  —  b)  =  x  —  y. 

By  squaring  both  sides  of  the  first  equation, 

a+  ^b^x+  2  J{xy)  +  y  ; 

therefore  a  =  x  +  y. 

Hence,  by  addition  and  subtraction, 

a  +  J{a^  -b)  =  2x,  a-  J{a^  -  b)  =  2y ; 

therefore  x  =  ^{a  +  J{a^  -  b)],  y  =  h  {^  ~  >/(*^  ~  ^)}- 

Thus  a;  and  y  are  kno"\Yn,  and  therefore  ^^/{a+ ^b),  which  is 

Jx  +  sjy- 

Also  J  {a  —  Jb)  is  known,  for  it  is  Jx  -  Jy. 

302.  For  example,  find  the  square  root  of  3  +  2  J2. 
Here     a  =  3,  Jb  =  2,^2,  a'-b  =  9-S=l; 

therefore         a;  =  ^  (3  +  1)  =  2,         y  =  i  (3  -  1)  =  1. 
Thus  ^/(3  +2J2)=  J2  +  J\=J2  +  1. 

303.  Again  ;  find  the  square  root  of  7  -  2^10. 

Instead  of  using  the  result  of  Art.  301  we  may  go  through  the 
whole  operation  as  follows  : 

Suppose  J{7  -2J10)=  Jx-  Jy; 

then,  by  squaring,  7  —  2^10  =  a;—  2J(xy)  +  y  ; 

hence  x  +  y  =  7 (1), 

11—2 
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and  2V(.T2/)  =  2J10  ; 

therefore  {x  +  y)^  -  4a;y  =  49  -  (2^1 0)", 

that  is,  (a; -2/)^  =  49 -40  =  9, 

and  x-y  =  2)     (2)  ; 

therefore,  from  (1)  and  (2),  x=~  5,  and  y  =  2. 

Thus  ^/(7-2jlO)  =  ^5_V2. 

304.  It  appears  from  Art.  301  that 

hence,  unless  a*  —  6  be  a  perfect  square,  the  values  of  Jx  and  Jy 
wiU  be  complex  siu-ds,  and  the  expression  Jx+  Jy  will  not  be  so 
simple  as  J  {a  +  ^b)  itself 

305.  A  binomial  surd  of  the  form  J{a^c)  +  Jb  may  be  written 
thus,  Jcya  +      /  ',)■      ^^  then  a^  —  be  a  perfect  square,  the  square 

root  of  a  +  /  -  may  be  expressed  in  the  form  Jx  +  Jy  ;  and 
therefore  the  square  root  of  J{a'c)  +  Jb  will  be  Jc  (Jx  +  Jy). 

306.  For  example,  find  the  square  root  of  ^32  +  ,y30. 

Here  J?,2+ JZO  =  J-2  {i  +  J\5)  ; 

thus  J{JZ'2  +  J30)  =  J2  X  V(4  +J15); 

and  it  may  be  shewn  that 

'3 


Hence 


7(733  W30)=  y2(y|  +  Jl)  =  j^US.JZ). 
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307.  Sometimes  we  may  extract  the  square  root  of  a  quantity 
of  the  form  a  +  Jb  -h  Jc  +  Jd  by  assuming 

Jia  +  Jb+Jc  +  Jd)=  Jx  +  Jy+Jz; 

then    a  +  Jh+Jc  +  Jd^x  +  y  +  z  +  2  J{xy)  +  2  J{yz)  +  2  J{zx) ; 

we  may  then  put 

2  sl{xy)  =  Jh,         2  ^{yz)  =  Jc,         2  J{zx)  =  Jd, 

and  if  the  values  of  x,  y,   atid  z,  found  from  these,   also  satisfy 
X  +  y  +  z  =  a,  we  shall  have  the  requii-ed  squ.are  root. 

308.  For  example,  find  the  square  root  of 

8  +  2  V2  +  2  75  +  2  VIO. 

Assume    ^/(8  +  2^2  +  2  ^5  +2^10)=^  Jx  +  Jy  +  Jz  ;  then 

8  +  2  72  +  2V5  +  2Vl0  =  x'  +  2/  +  ;s  +  2  J{xy)  +  2  J{yz)  +  2  J{zx). 

Put     2J{xy)  =  2j2,         2J{yz)  =  2J5,         2J{zx)  =  2J\0; 
hence,  by  multiplication,    ^^l{xy)  x  J{yz)  =  J\0, 
and  J(zx)  =^10; 

therefore,  by  division,  V  —  ^  '} 

hence  x  =  2,   and  z  =  5. 

These  values  satisfy  the  equation  x  +y  +  z  =  S. 

Thus  the  required  square  root  is  ^2  +  ,^1  +  ^5, 
that  is,  1  +  ^/2  +  J5. 

309.  If  l/(a  +  Jb)=x  +  Jy,    then   J  {a  -Jb)  =  x-  Jy. 
For  suppose  ^({a  +  Jb)=x  +  Jy  ; 

then,  by  cubing,  a  +  Jb  =  x^  ■¥  3a;'  Jy  +  Zxy  -^y  Jy  ; 

therefore         a  =  cc'  +  ^xy,  Jb  =  3x'  Jy  +  y  Jy,        (Art.  2  9  9) ; 

hence  a  —  Jb     x^  —  Sx"  Jy  +  Zxy  —  y  Jy, 

and  J{a  -  Jb)  =  x-  Jy. 


16G  SURDS. 

310.  The  cuhe  root  of  a  binomial  a^^Jb  may  be  sometimes 
found. 

Assume  l/{a  +  Jb)  =x+  Jy, 

then  ^{a  -  Jb)  =  x-  Jy. 

By  multiplication,       ^(t*^  -  b)  =  x'  —  y. 

Suppose  now  that  «"  —  6  is  a  perfect  cube,  and  denote  it  by  c^, 
thus  c  =  x^  —  y ; 

and,  as  in  Art.  309,  a  —  x^  +  3xy. 

Substitute  the  value  of  y ; 
thus  a  —  x^  +  3x  (x^  —  c)  ; 

therefore  ix^  —  3cx  =  a. 

From  this  equation  x  must  be  found  by  trial,  and  then  y  is 
known  from  the  equation  y  =  x^  —  c. 

Thus  it  appears  that  the  method  is  inapplicable  unless  a?  -b 
be  a  perfect  cube;  and  then  it  is  imperfect  since  it  leads  to  an 
equation  which  we  have  not  at  present  any  method  of  solving 
except  by  trial.  The  proposition,  however,  is  of  no  practical 
importance. 

311.  For  example,  find  the  cube  root  of  10  +  ^108. 

Assume   ^(10  +  ^108)  ^x+Jy,  then  ^(10  -  J\  08)  =  x-Jy. 

By  multiplication,  ^(100  -  108)  =  x^  —  y,  that  is,  -  2  =  a;^  -  y. 
Also   10  =  a;''  +  2>xy  =  cc^  +  3a;  (o(?  +  2) ;  therefore  4a;^  +  6a;  =  10. 

We  see  that  this  equation  is  satisfied  by  33=1;  hence  y  =  3, 
and  the  reqviired  cube  root  is  1  +  J?<. 

Again ;  find  the  cube  root  of  18  ^^3  +  14  ^5. 

The  cube  root  of  3  ^3  is  ^3  ;  and  the  cube  root  of  6  +  ^  .  /- 

3  'V  3 

can   be    found.      For  here  a^ -b  =  ?,Q -^^  x'^  =  -  ~;    so   that 

9        3         27 
2 
c  =  -  o  •    Hence  we  have  the  equation  ix^+  2x  =  6,  which  we  see  is 
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satisfied  by  a;=  1.    Thus  the  required  cube  root  is  ^3  (  1  +      /  o  )  ? 
that  is  ^3  +  ^5. 

312.  We  -will  now  solve  an  equation  involving  surds  which 
will  serve  as  a  model  for  similar  examples  :  the  equation  resembles 
those  already  solved  in  the  cii'cumstance  that  we  obtain  only  a 
single  value  of  the  unknown  quantity. 

Solve          J{x  +  2)  +  J{x  -  14)  =  8. 

By  transposition,  sj{x  +  2)  =  8  -  J{x  -  14)  ; 

square  both  sides,  a;  +  2  =  64-16  ij(x  — 14)  +  a;-14; 

transpose,  16  .J(x  —  14)  =  48  ; 

divide  by  16,  sj(^  -  14)  =  3  ; 

square  both  sides,  as  —  1 4  =  9  ; 

therefore  a;  =  23. 

EXAMPLES    OF    SURDS. 

1.  Find  a  factor  which  will  rationalise  a^  -  b^. 

2.  Find  a  factor  which  will  rationalise  J1  —  ^3. 

3.  Find  a  factor  which  will  rationalise  ^3  +  ^/S. 

4.  Given  ^3  =  1-7320508,  find  the  value  of  .    "^ 


^      ci        .1    ,  (3  +  ^3)(3  +  V5)(V5-2)      1 

5.     Shew  that  (5-^57(1^3)—^  ^  5  -Z^^- 

15 

7.  Extract  the  square  root  of 

9?_24     7-4-34-24     A+9^. 

8.  Extract  the  square  root  of  (ct  +  &)*  -  4  (a  -  h)  J{ab). 
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Extract  the  square  root  of  the   exjjressiona  in  the  following 
examples  from  9  to  18  inclusive  : 

9.  4  +  2^3.  10.     7-4^/3. 

11.  7  +  2^10.  12.     18  +  8^5. 

13.  75-12^21.  14.     16  +  5^7. 

15.  ah  +  c'+  J{{a'-c'){¥-c')].  16.      ^27  +  ^15. 

17.  -9  +  6^3.  18.     l+(l-cT*- 

19.  Find  the  value  of 

1  +  £C  \  —X  .  J'i 

'  when  x  = 


1  + ^(l+a;)      l  +  V(l-a;)  2  * 

20.     Find  the  value  of 

I  +x  1  -  X  -  ^3 

when  x  = 


l+V(l  +  a;)      1- V(l-c«)  2  • 

21.  Extract  the  square  root  of  6  +  2^2  +  2^/3  +  2^6. 

22.  Extract  the  square  I'oot  of  5  +  ^10  —  J6  -  J15. 

23.  Extract  the  square  root  of 

15-2  J3-2  J15  +  6  J2-2  J6  +  2J5-2  ^30. 

24.  Extract  the  cube  root  of  7  +  5  ^2. 

25.  Extract  the  cube  root  of  16  +  8  ^5. 

26.  Extract  the  cube  root  of  9  ^3  -  11  J2. 

27.  Extract  the  cube  root  of  21  ^6  -  23  ^5. 

28.  Shew  that   ^{^5  +  2)- ^/{Jd -2)  =  1. 

29.  Solve  the  equation   ^(x  +  11)  —  Jx  =  1. 

30.  Solve  the  equation   J{3x  +  4)  +  ,^/(3a;  -  5)  =  9. 

31.  Solve  the  equation  a^Jib  —  x)  =h  J  (a  —  x). 

32.  Solve  the  equation   J{x  +  a)  +  J{x  +  h)=  Jc. 
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XX.     QUADRATIC   EQUATIONS. 

313.  When  an  equation  contains  only  the  square  of  the 
unknown  quantity  the  value  of  this  square  can  be  found  by  the 
rules  for  solving  a  simple  equation ;  then  by  extracting  the  square 
root  the  values  of  the  unknown  quantity  are  found.  For  example, 
suppose 

8x'  -72  +  lOa;^'  =  7  -  24x'  +  89  : 

by  transposition,  42a;^  =  168  ; 

by  division,  ic^  =  4  ; 

therefore  x  =  ^4  :  -  ±  2. 

The  double  sign  is  used  because  the  square  root  of  a  quantity 
may  be  either  positive  or  negative.      (Art.  231.) 

It  might  at  first  appear  that  from  a;*  =  4  we  ought  to  infer, 
not  that  a;  =  ±  2,  but  that  ±  a3  =  ±  2.  It  will  however  be  found 
that  the  second  form  is  really  coincident  with  the  first.  For 
±  a;  =  ±  2  gives  either  +x  —  +  2,  or  +  as  =  —  2,  or  —x  =  +  2,  or 
—  X—  —  2;  that  is,  on  the  whole,  either  x  =  2,  or  a;  =  —  2.  Hence 
it  follows,  that  when  we  extract  the  sqiiare  root  of  the  two  mem- 
bers of  an  equation  it  is  sufficient  to  put  the  double  sign  before 
the  square  root  of  one  of  the  members. 

314.  Quadratic  equations  which  contain  only  the  square  of 
the  unknown  quantity  are  called  puj-e  quadratics.  Quadratic 
equations  which  contain  the  first  power  of  the  unknown  quantity 
as  well  as  the  square  are  called  adjected  quadratics.  We  proceed 
now  to  the  solution  of  the  latter. 

315.  We  shall  first  shew  that  every  quadratic  equation  may 
be  reduced  to  the  form  x?  +  px  =  q,  where  y  and  q  are  positive  or 
negative.  For  we  can  reduce  any  qiiadratic  equation  to  this  form 
by  the  following  steps  :  bring  the  terms  which  contain  the  unknown 
quantity  to  the  left-hand  side  of  the  equation,  and  the  kno^va 
quantities  to  the  right-hand  side ;  if  the  coefficient  of  x^  be  nega- 
tive, change  the  sign  of  every  term  of  the  equation  ;  then  divide 


170  QUADRATIC    EQUATIONS. 

every  term  by  the  coefficient  of  a;^     Thus  we  may  represent  any 
quadratic  equation  by 

x^  +  j)x  —  q. 

To  solve  this  equation  we  add  j  p'  to  both  sides ;  thus 

a;*  +  «a;  +  "V  =  ^  +  <7. 

The  left-hand  member  is  now  a  complete  square;  extract  the  square 
root  of  each  member  ;  thus 

transpose  the  term  ^  ,  and  we  obtain 

316.  For  example,  suppose 

-  3a;'  +  36a;  -  105  =  0  ; 
transpose,  -  Sas^  +  36a;  =  105  ; 

change  the  signs,  3a;"  —  36a;  =  —  105  ; 

divide  by  3,  a;'  -  12a;  =  -  35  ; 

/12\« 
add  to  both  sides  \~^)  ,  that  is,  36  ;  thus 

x'- 12a; +  36  =  36 -35=1; 

exti-act  the  square  root  of  both  members  ;  thus 

a;- 6=  ±1. 

Therefore  a;  =  6  ±  1 ;  that  is,  x  =  l ,  or  5.  If  either  of  these 
values  be  substituted  for  x  in  the  expi'ession  -  3a;^  +  36a;  —  105,  the 
result  is  zero. 

317.  Hence  the  following  rule  may  be  given  for  the  solution 
of  a  quadratic  equation  : 

By  iransjjosition  and  reduction  arrange  tJie  equation  so  that 
i/ce  terms  involving  the  unknown  quantity  are  alone  on  one  side, 
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and  the  coefficient  of  '^  is  +1 ;  add  to  both  sides  of  the  equation 
the  square  ofludftlie  coefficient  ofx,  and  extract  the  sq'xare  root  of 
both  sides. 

318.  As  another  example  we  "wtII  take 

ax''  +  bx  +  c  =  0  ; 
transpose,  ax^  +  bx--c; 

1 .     .  1      -.  o        UJC  c 

divide  by  a,  x'  -\ = : 

a  a 

,,/  b\-  .     bx       b^        y       c      b^  -  4ac 

add  (t-  )  ,  x^  +  —  +  —-^^  —i  --  ::^  — J—,—  : 

\/«/  a      4a       4a"      a         4a" 

extract  the  square  root,  x  +  —-  ^  — ^^-^^ ; 

2a  2a 

-b^J(b'-4:ac) 

transpose,  x  = ^ ' . 

2a 

The  particular  case  in  which  c  =  0  should  be  noted.  Then,  taking 
the  upper  sign  we  have  a;  =  0 ;  and  taking  the  lower  sign  we  have 

X  —  —  .     In  fact  in  this  case  the  equation  reduces  to  a^  +  bx  —  0, 

or  X  (ax  +  b)  =  0  :  and  it  is  plain  that  this  is  satisfied,  either  when 

03  =  0  :  or  when  ax  +  b  =  0,  that  is  when  x  = . 

a 

319.  When  an  example  is  proposed  for  solution  instead  of 
going  through  the  process  indicated  in  Ai't.  317,  we  may  make  use 
of  theybrnizt^a  in  Ai-t.  318.  Thus,  take  the  example  in  Ai-t.  316, 
namely,  —  Sx^+  36a;  — 105  =  0,  and  by  comparing  it  with  the  formula 
in  Art.  318  we  see  that  we  may  suppose  a  =  —  3,  b  =  36,  c  =  —  105. 
Hence  if  we  put  these  values  for  a,  b,  and  c  in  the  result  of 
Art.  318,  we  shall  obtain  the  value  of  a;.     Here 

6'-4ac=(36)''-12xl05  =  36; 

-36  ±6 
therefore  x  =       -^ —  =  7,  or  5. 
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320.  For  another  example  take  the  equation 

x"  ~  6x  —  —  2  ; 

add  f~\,  a;=-Ga; +  9  =  9-2  =  7; 

extract  the  square  I'oot,       x-  3  -  ^  J7, 

transpose,  a?  =  3  ±  ^7. 

Here  ^7  cannot  be  found  exactly ;  but  we  can  find  an  ap- 
proximate value  of  it  to  any  assigned  degi-ee  of  accuracy,  and  thus 
obtain  the  value  of  x  to  any  assigned  degree  of  accuracy. 

321.  In  the  examples  hitherto  considered  we  have  found  two 
different  roots  of  a  quadratic  equation  ;  in  some  cases  however  we 
shall  find  really  only  one  root.  Take  for  example  the  equation 
a;*  —  12a3  +  36  =  0  ;  by  extracting  the  square  root  we  have  x—  Q  =  0, 
and  therefore  x=6.  It  is  however  convenient  in  this  case  to  say 
that  the  quadratic  equation  has  tioo  equal  roots. 

322.  If  the  quadratic  equation  be  represented  by 

ax'  +  bx  +c=  0, 

we  know  from  Art.  318  that  the  two  roots  are  respectively 

-b  +  J{b'-4:ac)  -b-^{b'-iac) 

-  and  2^  . 

Now  these  will  be  different  unless  b^  —  iac  =  0,  and  then  each  of 

them  is  -  —  .     Tliis  relation  b'  -  iac  =  0  is  then  the  condition  that 
2a 

must  hold  in  order  that  the  two  roots  of  the  quadratic  equation 

may  be  equal. 

323.  Consider  next  the  example  a;^—  lOx  +  32  =  0. 
By  transposition,        aj*  —  10a;  =  —  32  ; 

by  addition,  a;'  -  1 0.r  +  25  =  25  -  32  =  -  7. 

If  we  proceed  to  extract  the  square  root  we  have 

x-5  =  ^  J-7. 
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But  the  negative  quantity  —  7  tas  no  square  root  either  exact  or 
approximate  (Art.  232) ;  thus  no  real  value  of  x  can  be  found  to 
satisfy  the  proposed  equation.  In  such  a  case  the  quadratic 
equation  has  no  real  roots ;  this  is  sometimes  expressed  by  saying 
that  the  roots  are  imaginary  or  iiniiossihle.  We  shall  return  to 
this  point  in  Chapter  xxv. 

^      324.     If  the  qviadratic  equation  be  represented  by 

a'x?  +  6a;  +  c  =  0, 

we  see  from  Art.  318  that  the  roots  are  real  if  h^  —  iac  is  positive, 
that  is,  if  b'  is  algebraically  gi-eater  than  iac,  and  that  the  roots 
are  impossible  if  b'  —  4ac  is  negative,  that  is,  if  b'  is  algebraically 
less  than  4ac. 
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1. 

x'-ix  +  3  =  0. 

3. 

6x'-Ux  +  6^0 

5. 

2a;'  -  7a;  +  3  =  0. 

7. 

«;''+ 10a; +  24=0. 

9. 

14a;- a;' =  33. 

11. 

x'-3=l(x~3). 

2 
4 

6 

8 

10 
12 


a;'  -  5a;  +  4  =  0. 
3a;' -7a;  =20. 
3a;' -53a; +  34 
7a;' -3a;  =  160. 


2a;'  -  2a;  -  ^  =  0. 


4(a;'-l)  =  4a;-l. 

780a;'- 73a;  +  1  =  0. 
(3a;-  2)(a;-l)=14. 


13.  110a.-*- 21a;  +  1  =0.  14 

15.  (.a;-l)(a;-2)=6.  16 

17.  (.3a;  -  5)  (2a; -5)  =  (a; +3)  (a; -1). 

18.  (2a; +1)  (a; +2)  =  3a;' -4.      . 

19.  (a;  +  1)  (2a;  +  3)  =  4x- -  22. 

20.  {x  -l){x-2)  +  {x-  2)  (a;  -  4)  =  6  (2a;  -  5). 

21.  (2a; -3)'=  8a;.  22.     (5a;  -  3)' -  7  =  44a;  +  5. 
23.  (a;  -  7)  (.X- 4)  + (2a; -3)  (a; -5)  =103. 
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7         5        140 


2        £C        3        £C  " 

5r                   1  4- 

27.  ^i(^+l)-7(2a;^  +  ^--l)=^g(«^+l). 

28.  8.^+11  +  ^  =^1±^.  29.     ^_^^     H^-l)^ 

X            7  X      6            4: 

7CC  +  57  5-a;77 

39      L_._A_=i  QQ             3                  a;            3 

"•     2(a;-l)      a;^-l      4"  '''     2  (a^^  -  1)  ^  4  (a;  +  1)  ~  8 


34. 
35. 


X  40        _3(10  +  a;) 

T5  ^3  (10 -re)  ~        95 

2x       3a; -50       12a; +  70 
15  ^3  (10 +3;)""       190      • 


_.      a;'-5a;  „      1  „^      a;  +  2      4  -  a;      7 

36.     —        =x-S+-.  37.     --—_=-. 

x  +  6  X  a;— 12.'Ko 

X         3      a:  —  1  „_      a; +  4      a;  — 4      10 

38.    ^  =  ^  + .  39. + r^  -    . 

a;  — 12         X  a;  —  4a;  +  43 

,^a;  +  2a;-25  ,,  x         a;  +  113 

40.     ^ ^  =  ^.  41.     -  + --^. 

X  —  J      X  +  2      b  X  +  1  X  b 

a;-6       a;-12      5  _1 ^_3 

a;  — 12       aj— 6       6'  '     x  —  'l      x  +  2      5" 

,,4  5  12       .  ,^         5         3        14 

44.     ^,  + r-  = .  45.     ^  +  -  = 


a;+l  a;+2      a;+3'  '     a;  +  2      x     a;  +  4 ' 

,^      2a;-3      3a;-5      5  ,„      3a;-2      2x-5      8 

3a;-5      2a;-3      2'  2a;-5      3a;-2      3" 

48      ^^^  a;-3  _  2a; -3  -t  -  2      a;  +  2  _  2  (a;  +  3) 

!C  +  2  03-2  ~  a;-  1  ■  '     a-  +  2      a;-  2  ~    a;  -  3 
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50.  10  (2x  +  3)  (oj  -  3)  +  (Tx  +  3)^  =  20  («;  +  3)  {x  -  1). 

51.  (7 -4^/3)0;^ +  (2 -^3)  A- =2. 

52.  a;"  -  2ax  +  a--b-=0. 

53.  a.-'-2aa;+6'  =  0. 

54.  (3a-  +  b')  (x"- -  X  +  I)  =  {3b-  +  a=)  («-  +  a;  +  1). 

r-  1  1  1  .. 

5o.     + .  + =  0. 

x  —  a      X  —  0      X  —  c 

gg  1  1_         1^ 1 

{x-b){x-c)      (a  +  c)(a  +  &)  ^  (a  +  c)(«^c)  "*"(«  +  b){x-b) ' 

1  111 

57. 7 =-+r+-- 

«  +  o  +  a;      a      o      a; 

58.  (aic  —  b)  (bx  —  a)  =  c". 
59. 


x  —  a      X  —  b      X  ~  c 

„^         ,   ,      Sa^x      Qa'  +  ab  -  26'      b'x 

60.  afia;  h = 5 

c  c  c 

x  +  a      x  +  b      x  +  c 

61.      4- r+ =  3. 

x  —  a      x  —  o      X  —  G 

_^      a  +  c  (a  +  x)      a  +  X  a 

62.     ^ H = . 

a  +  c  {a-  x)         X         a  —  2cx 


XXI.     EQUATIONS   WHICH    MAY   BE    SOLVED 
LIKE   QUADRATICS. 

325.  There  ai-e  many  equations  which,  though  not  really 
quadi'atics,  may  be  solved  by  processes  similar  to  those  given  in 
the  preceding  Chajoter.     For  example,  suppose 

X*  -  9x'  +  20  =  0. 
Transpose,  x*  —  9a;*  =  —  20  ; 
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by  adcUtion,  x'  -  9a;'  +  (^  =  ('^^  _  20  =  ^  ; 

9        1 
extract  the  square  root,  a;'  —  ^  =  ±  —  ; 

9      1 
therefore  as*  =  -  =fc  ^  =  5,   or  4  ; 

therefore  a;  =  ±  ^^,  or  ±2. 

326.      Similarly  we  may  solve  any  equation  of  the  form 
aa;'"  +  5a;"  +  c  =  0. 

Transpose,  aa;^"  +  6a;"  =  —  c  ; 

6a;"         c 
a  a ' 

6a;"      /  6  \^      /  6  \°      c      6^  -  4ac 


2  ) 


divide  by  a,  a; "  + 

n ,.  .  ,       6a;"      /  6  \"      /  6  \''      c 

by  addition,  a;^"  H 1-  Ur^     =     «—     —  a   ■ 

•'  a        \2aJ        \2a/        a  4:a 

6       ±  ^(6"  -  4ac) 

extract  the  square  root,        a;  +  — -  =  —- — =; : 

^  2a  2a 

therefoi'e  x"  = . 

2  a 

Hence  by  extracting  the  n^^  root  the  value  of  a;  is  known. 

327.  Suppose,  for  example, 

a;+  4  ^a;  =  21  ; 
therefore  a;+4^a;  +  4  =  25; 

therefore  Jx  +  2  =  ±  5  ; 

therefore  Jx  :=  -  2  =*=  5  =  3,  or  —  7  j 

therefore  a;  =  9,  or  49. 

328.  Again,  suppose 

X     +  x  '^  =  6  ; 

.Li.      i-  _,        _i      1      25 

therefore  x     -\-  x  ^  +  -  =  --  ; 

4       4 

therefore  x  "^  +  ^  =  - s.~  ', 
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therefore  x~^  =  —  ^  ±  ^  =  2,  or  -  3  ; 

therefore  x~^  —  i,  or  9, 

and  oc  =  - ,   or  7- . 

4  9 

329.     Suppose  we  require  the  sohitions  of  the  equation 

x  +  J{5x+  10)  =  8. 
By  transposition,     ij{^x  +  1 0)  =  8  -  cc  ; 
square  both  sides  ;  thus 

5x  +  10  =  G4:-l6x  +  x'; 
therefoi'e  x"  —  21a;  =  —  54  ; 


m 


/2lY      /21\-  225 

therefore  x"'  -  21a;  +  (  -^  )   =  (  -^  1  -  54  =  —— 


therefore 


21  15 

X =  ±  — 

2  2 


therefore  a;  =  -^r-  ±  -—  =  18,  or  3. 

Substitute  these  vahies  of  a;  in  the  left-hand  side  of  the  given 
equation;  it  will  be  found  that  3  satisfies  the  equation  but  that  18 
does  not ;  we  shall  find  however  that  1 8  does  satisfy  the  equation 

x-J{ox+  10)  =  8. 

In  fict  the  equation  5a;+ 10  =  64  —  16a;  +  «-  which  we  obtained 
from  the  given  equation  by  transposing  and  squaring  might  have 
arisen  also  from  x  —  J{5x  +  1 0)  =  8.  Hence  we  are  not  sure  that 
the  values  of  x  which  are  finally  obtained  will  satisfy  the  proposed 
equation ;  they  may  satisfy  the  other  form. 

330.     Again,  consider  the  example 

a;-2^(a.-*  +  a;  +  5)-14  =  0. 
By  transposition,  a;— 14  =  2^(ar'  +  a;  +  5); 

T.  A.  12 
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bj  sqxiarmg,  af^ -2  8a; +  196  =  4a;^  +  4x  +  20  ; 

therefore  3a;' +  32a;  =  176. 

-44 
From  the  last  equation  we  shall  obtain  a;  =  4,  or  »     It  will, 

o 

however,  be  found  on  trial  that  neither  of  these  values  satisfies  the 

proposed  equation  ;  each  of  them  however  satisfies  the  equation 

a;  +  2^(a;'  +  a;  +  5)-14  =  0. 

From  this  and  the  preceding  example  we  see  that  when  an 

equation  has  been  reduced  to  a  rational  form  by  squaring,  it  will 

be   necessary  to    examine  whether  the   roots  which    are   finally 

obtained  satisfy  the  equation  in  the  form  originally  given.     This 

I'emark    aj^plies    for   instance  to   equations   like    those  solved  in 

Arts.  312,  327,  and  328. 

331.  Suppose  that  all  the  terms  of  an  equation  are  brought  to 
one  side  and  the  expression  thus  obtained  can  be  represented  as 
the  product  of  simple  or  quadratic  factors,  then  the  equation  can 
be  solved  by  methods  already  given.     For  example,  suppose 

(x  -  c)  (x'  -  5ax  +  2a')  =  0. 

The  left-hand  member  is  zero  either  when  a;  —  c  =  0,  or  when 
x^  —  Sax  +  2a'  =  0  ;  and  in  no  other  case.  But  if  x -  c=  0,  we 
have  x  =  c',  and  if  a;^  —  3aa;  +  2a'  =  0,  we  shall  find  that  x  =  a,  or  2a. 
Hence  the  proposed  equation  is  satisfied  by  x  =  c,  or  a,  or  2a ; 
and  by  no  other  values. 

332.  Facility  in  separating  expressions  into  factors  will  be 
acqu.ired  by  experience  ;  some  assistance  however  will  be  furnished 
by  a  principle  which  we  will  here  exemplify.  Consider  the 
example 

x(x  —  c)'  —  a{a  —  cf. 

Here  it  is  obvious  that  x  =  a  satisfies  the  equation ;  and  we  shall 
find  that  if  we  bring  all  the  terms  to  one  side  x  —  a  will  be  a  factor 
of  the  whole  expression.     For  the  equation  may  be  written 

x^-a^  -  2c  (x'  -a')+c'(x-a)=^0; 

that  is,  (x  -  a)  {x'  +ax  +  a'-2c{x  +  a)  +  c'}  =  0. 
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Hence  the  other  roots  besides  a  will  be  found  by  solving 
the  quadi'atic 

x^  +  ax  +  a^-2c{x  +  a)  +  c'  =  0. 

In  this  manner  when  one  root  is  obvious  on  inspection,  we 
may  succeed  in  aiTanging  the  equation  in  the  manner  indicated  in 
Art.  331. 

333.  We  will  now  add  some  miscellaneous  examples  of  equa- 
tions reducible  to  quadi'atics. 

(1)  Suppose 

x^  -  7x  +  J{x'  -7x  +  18)  =  24:. 

Add  18  to  both  sides;  thus 

a;^  -  7a;  +  18  +  Jix'  -  7«  +  18)  =  42  ; 

complete  the  square  ;  thus 

x'-7x+U+J{x'-7x+18)  +  ~  =  4:2i  =  ^^; 

1         13 
therefore  J{x'^  -7a;+18)  +  ^  =  ±-^; 

therefore  ^{x^  —  7a;  +  1 8)  =  6,  or  —  7  ; 

therefore  a;'*  -  7ic  +  18  =  36,  or  49. 

Hence  we  have  now  two  ordinary  quadi'atic  equations  to 
solve.  We  shall  obtain  from  the  first  x  =  9,  or  —  2,  and  from  the 
second  a;=  ^  (7  ±  ^173).  It  wall  be  found  on  ti-ial  that  the  first 
two  only  are  solutions  of  the  proposed  equation ;  the  others  apply 
to  the  equation 

x^  -7x-  J{x^  -nx-v\8)=2L 

(2)  Suppose 
Divide  by  x^ ;  thus 


a  +  a;  -  4  +  -   +  - .  =  0  ; 

X       X 


12—2 
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or 

a;^  +  -„  +  a;  +  --4  =  0: 
a;^            X              ' 

tlierefore 

(^^iy^(^^^)-^=^^ 

therefore 

(•"^^y^o^'^^)^-^' 

and 

(^- 

tlierefore 

1      1          5 

tlierefore 

a;  +  -  =  2,  or  -  3. 
a? 

First  suppose 

a:  +  ^  =  2; 

X 

therefore 

x'-2x  +  \  =0; 

therefore 

a;=]. 

Next  suppose 

a;  +  -  =  -3; 

x 

therefore 

x'+?,x  =  -\; 

therefore 

,     o        9      9,5 

therefore 

3         J5         ,         -3±^/5 
a?  +  ^  =  =fc  ~- ,   and  x  = ,^         . 

(3)     Suppose 

x'  +  Zx-^\  =  Zx^  +  ^x\ 

Transpose 

therefore 

( 

■  ,     ?>xV      9x'      ^        ,      ix' 
^      TJ  -^  +  3a;  +  l=.^g-; 

therefore           | 

u 

-^Y-2^-^_^V?+l=- 
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therefore       {x"  -  -^\  -  2  \x^  -  -^j  +  1  =  ^  +  -^  = 


x'      4:x'      25x' 


Extract  the  square  root,  then 


"We  have  now  orcTmaiy  qiiadratics,  namely,  x^  — ^  —  1  =  -^ , 

and     x^ —  1=  — — .       From     the     former    we    shall     obtain 

U  6 

a;  =  i  (7  ±  JS5),  and  fi-om  the  latter  aj  =  ^  (1  ±  ^/lO). 

(4)  Suppose 

6x  ijx  -  llx  +  G  Jx  -  1  =  0. 
We  may  virite  the  equation  in  the  fonn 

(a;  -  3  V->;)-  +  2  (a:  -  3  Jx)  +  1  =  x\ 
Hence  a  -  3  ^x  +  1  =  ±  x. 

Take  the  upper  sign  ;  thus 

03  —  3  Jx  +  1  —  X  ; 

therefore  fjx  =  ^  ,    and   «  —  q  • 

Take  the  lower  sign  ;  tlius 

a;  —  3  fJx  +  1  =  —  X ; 
therefore  2a;  —  3  Jx  +1  =  0. 

From  this  we  obtain  Jx  =1,  or  ^ ,  and  therefore  a;  =  1,  or  - . 

(5)  Suppose 

X  +  C  +  J{x^  -  c")  _  9  (x  +  c) 


:  +  c-  Jix""  -  c")  8c 


.(1). 


In  solving  this  equation  we  shall   employ  a  principle  which 
often  abbreviates  algebraical  work. 
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Suppose  that 

a     p 
b~q' 

a  will 

a+b     p+q 

a—b      p—q 

a+b     p+q 

b             q     ' 

b              q      ' 

a-b      p—q 

For  the  first  of  these  three  results  is  obtained  by  adding  unity 
to  each  of  the  given  equal  quantities,  the  second  is  obtained  by 
subtracting  unity  from  each  of  the  given  equal  quantities,  and  the 
third  result  is  obtained  by  dividing  the  first  by  the  second.  Each 
resvdt  is  sometimes  serviceable.  For  the  present  example  we 
employ  the  third.     Thus  from  (1)  we  dediice 

2{x  +  c)     _9a;  +  17c 

'•■    "  2  J(x'  -  c')  ~    9a; +  c    * 

Square  both  sides,  and  simplify  the  left-hand  member ;  thus 

x+c      (9a;4-17c)'  ,  , 

^^^c^~i^+cY   ^'''' 

Again,  by  employing  the  third  of  the  above  results  we  deduce 
from  (2) 

X  _{^x+  lief  +  (9a;  +  c)-°  _  (9a;  +  17c)'  +  (9a;  +  cf 
c  ■"(9a;+17c)'-(9a;  +  c)"~        16c  (18a;  +  18c)       ' 

By  reducing,  we  obtain 

63a;'-18a;c-U5c'  =  0, 

5c  29c 

and  from  this,  x  —  -^  ,  or  x  —  — ^ . 

(6)     Suppose 

Transpose ;  thus 

^^il-^x)-J{^^-x)^J{Zax-x). 
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By  sqxiaririg,  — —  (1  -  ix)  -  3a  ^/(l  -  4a;)     /  (  -7 —  x]  =  Sax  -  -j- 


=  -^'(1-44 


Divide  by  ;^/(l  -  ^x)  ;  thus 


:,/(!- 4a.)  =3«y(^-^-) 


4 
By  squaring,        (1  +  3«)^  (1  -  4a;)  =z\Qi— —  x\  ; 

therefore       4a;  {{1  +  3a)'  -  4}  =  (1  +  3a)'  -  1 2«  =  (1  -  3«)= ; 
therefore  4a;  (3a  +  3)  (3a  -  1)  =  (3a  -  1)' ; 

therefore 


12(a  +  l)" 

Also  coiTesponding  to  the  factor  ,^(1  —  4a;),  which  was  removed, 

we  have  the  root  x  =  -  . 
4 

This  example  is  introduced  in  order  to  di'aw  the  attention  of 
the  student  to  the  circumstance  that  when  both  sides  of  an  equa- 
tion are  to  be  squared,  an  advantageous  arrangement  of  the  tenns 
on  opposite  sides  of  the  equation  should  be  made  before  squaring. 
If  in  this  example  as  it  originally  stands  we  square  both  sides,  no 
terms  will  disappear ;  but  by  ti-ansposing  before  squaring  we  ob- 
tain a  result  in  which  —  x  occurs  on  both  sides,  and  may  therefore 
be  cancelled. 

(7)     Suppose 

V(a;'+9)4-V(a;'-9)  =  ^(34)+4. 
We  have  identically 

a;^  +  9_(3;*_9)=.18  =  34-16. 

Hence,  dividing  the  members  of  this  identity  by  the  cor- 
responding membei-s  of  the  proposed  equation,  we  obtain 

V(a;'+9)-V(^'-9)=V(34)-4. 
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Therefore,  by  addition,   J{x^  +  9)  =  ^/(34) ; 

therefore  x'  =  25,    and  a;  =  ±  5. 

This  equation  is  introduced  for  the  sake  of  illiisti'ating  the 
artifice  employed  in  the  solution.  Tliis  artifice  may  often  be  em- 
ployed with  advantage  ;  for  instance,  example  (6)  may  be  solved 
in  this  way. 

(8)  ,/(2..4)-2./p-.)  =  J|^. 

"We  may  wiite  this  equation  thus, 

/(2x+i)-2    /(2     ,^      2{2(x  +  2)-4(2-.0} 

The  foctor  ij{2x  +  4)  -  2  ^/(2  -  x)  can  now  be  removed  from 
both  sides  ;  thus  we  obtain 

J{9x'  +  16)  =  2  {V(2.f  +  4)  +  2  ^/(2  -  x)}. 

By  squaring,        9x'=  +  1 6  :-  4  { 1 2  -  2a;  +  4  ^(8  -  2x') } ; 

therefore  a;'  +  8x  =  4  (8  -  2x')  +  1 G  ^/(8  -  2a;')  ; 

therefore        a;'  +  8a;  +  1 6  =  4  (8  -  2a;-)  +  1 6  ^(8  -  2a;=)  +  16. 

Extract  the  square  root ;   thus 

±  (a;  +  4)  =  2  ^(8  -  2.^;^)  +  4. 

The  solution  can  now  be  completed  ;  we  shall  obtain 

4  J2 

and  also  a  pair  of  imaginary  values. 

Also,   by  equating  to  zero   the  factor    .J(2x  +  4)  -  2  ^(2  —  x), 

2 
which  was  removed,  we  shall  obtain  x  —  -^ . 

It  will  be  seen  that  very  artificial  methods  are  adopted  in  some 
of  these  examples ;  the  student  can  acquire  dexterity  in  using 
such  transfoiiTiations  only  by  practice.  More  examples  will  be 
found  in  Chapter  Liv. 
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EXAMPLES    OF    EQUATIONS    REDUCIBLE    TO    QUADRATICS. 

1.  3x  +  2Jx-l=0.  2.  x'°  +  3\x'  =  32. 

3.  3a;' +  42a;i  =  3321.  4.  x"-13x=^=14. 

5.  x'  -  3ox'  +216=0.  6.  X--  x"  +  2  =  0. 

7.  x  +  2  J  {ax)  +  c  =  0.  8.  Zx"  -  7x'  =  43076. 

9.     x^-14a;=  +  40  =  0.  10.     x^  +  ^  =  31. 

2x^ 

2r" 

11.  J(2x)  -7x  =  -  52.  12.  3r«"  ?/x-  +  -,^  =  16. 

13.  a:  +  5-7(a;  +  5)  =  6.  14.  2^/x+^  =  5. 

15.  a;^  + 5a;' -22  =  0.  16.  3./;^  -  4a;^  =  7. 

17.  2a;  +  ^/(4a;  +  8)  =  ^  .  18.  2  (a;"  +  a;"»)  =  5. 

19.  J(2x+7)  +  J{3x-lS)^^(7x+l). 

^(«  -  3)       ^  '  J{x  -  3) 

21.  J{a  +  x)  +  J  {a  -  x)  =  Jh. 

22.  ^(a;+9)  =  2  ^/a;-3. 

23.  X  +  J  {ox  +  10)  =  8.  24.     2"+ '  +  4'  =  80. 

25.     *^:i^4-^  =  39. 

X-  2  03+1 

26  n/(^  +  ^)       ^      n/(^*  -  ■'^)      _ 

-v/«  +  v/(«  +  a;)      Ja-  J  {a  -  x) ' 

'■<■  Gvi)'-(.^)'=»("-i)- 

28.  (a  +  h)  J{a^  +b'  +  x-^)  -  {a  -  b)  J{a'  +  b' -  x")  =  a"  +  b\ 

29.  x+^fx+  J{x  +  2)  +  J{x'  +  2x)  =  a. 
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30.     2x+  J{1  +  2x)^c{\-x). 

01  a  —  x  a  +  x 

J  a  +  J{a  -x)      Ja  +  J{a  +  x)~  '^^' 

39      J{x+2a)j~J{pc-2a)  ^  x_ 

J{x  -  2a)  +  J{x  +  2«)'  ~  2a ' 

33.  J{x  +  ^)~J{x-^?,)  =  Jx. 

34.  J{x  +  ?>)+J{x  +  ^)  =  5jx. 

_         x^-a"^      x^  +  a^      34 
x^  +  a^      x^  —  a?      15' 

36.  J{a  +  6a;")  -  Ja  =  c  J{hx"-). 

37.  v/(-'«  +  4)-V.'«  =  y(«^-  +  ~). 

38.  .=  +i-«^-i,=  0.  -    39.     g?=""°y-f). 

a;-"  a"  931         a;" -a* 

40       V(^'  +  l)+V(^°-l)      J{x'^^\)-J{x-^-l) 


41.     (a^  +  x^Y  =  (a""  +  «'')-•  42.     +  — =  4a. 


1,1  ,^       a  4- o;^      d' —  X 

+— 

a+x        a—x 

43.     J{l-x-\-x')-J{l  +  x  +  x')^m. 


46.     a;      /( xj  = — - — 


^^^      x  +  J{x^~l)  ^  x-J{x"-\)  ^  g^ 
a;-^(a;2-l)      x  +  J{x"-\) 

45.     ^(a;^  -  ?,ax  +  a")  +  J{x-  +  3aa;  +  a")  =  V(2a''  +  26^). 
_  '>•  I  — 

47.  =^^(a;^)-i-(;/,;4  ^a;)  =  0. 

48.  V«'  +  V{.^-V(l-a;)}  =  l. 

49.  (a;  +  af  -  (x  -  a)'  =  342a*. 

50.  -g — -  =  x  + 


sj  x' 
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51.     J{x-  +  ax  +  If)  +  J{x^  +  hx-\-a^)-=a  +  h. 

25x'-U  _Z{x'-4.)x 
'       lOcc-8    ~     2a3-4     ' 

53.     J{2x  +  9)  +  J{^x  -  15)  =  J{lx  +  8). 


54  /^  +       /f(^-g)(«c-M] 


=  1. 


55.  J{x'  +  2x  -  1)  +  V(«;=  +  X  +  1)^-J2  +  J3. 

56.  ^(a;^  +  aa;  -  1)  +  J(x'  +  bx  -  I)  =  Ja  +  Jb. 

57.  {x'+l){x  +  2)  =  2.  58.     (a;'  +  a)(a.'  +  &)  =  «6. 
59.     (ic  -  a)  (x-  b)  (x-  c)  +  abc  =  0. 

1  1  Ax 


60 


1  -X      1  +  x      1  +  x^' 


61.     =^  + ^+ ,+ .=0. 

X  +  a  +  0      X- a  +  b      x  +  a- o      x  —  a  —  o 


62. 


(a  —  x)  {x  +  m)      (a  +  x)  {x  —  m) 


X  +  n 


63  (^^^±^]  =l+- 

\a  —  x)  ab  ' 

64.  2a;  +  1  +  a;  J{x'  +  2)  +  (a;  +  1)  J{x'  +  2x  +  3)  =  0. 

65.  a;'  +  3  =  2  ^(a;'  -  2a;  +  2)  +  2a;. 

66.  a;'  +  5a;  +  4  =  5  J{x'  +  5x  +  28). 

67.  Jix'  -  2a;  +  9)  -  ^  =  3  -  a;. 

68.  3a;*  +  15a;-2  V(«;''  + 5a; +  1)  =  2. 

69.  (aj  +  5)(a;-2)+3  V{^'(a;+3)}  =  0. 

70.  a;'  +  3  -  J{2x'  -3x+2)  =  ^{x  +  1). 

71.  a;  (a;  +  1)  +  3  V(2a;'+ 6a; +  5)  =  25 -2a;. 

72.  x^  -  2  ^(3a;^  -  2aa:  +  4)  +  4  =  -|  (a;  +  |  +  1). 
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73.  x'-x  +  Z  J{'^x'-Zx  +  2)  =  ^  +  T. 

74.  ^j -2  =  5-33  — a;^ 

1  +  £c  +  a; 

75.  (x  +  a)  («  +  2a)  (x  +  3a)  (a;  +  4a)  =  c*. 

76.  16a;(a;+l)(a;  +  2)(a;  +  3)  =  9. 

__      a*  +  ax  +  a;^     a^ 

77.  ^ -,  =  -^.  78.     a  =  a;V(l-a;)\ 

a  —  ax-  4-  a;       a;  v  /  • 

79.  ft."' -  2a;' +  a;  =  a.  *  80.     a;"- 2a;' +  a;  =  132. 

-    81.  V-'^- +  ^/(a;  +  7)  +  2  ^(a;'+ 7a;)  =  35 -2a;. 

82.  a;-  -  8  (.a;  +  1)  ^x  +  18a;  +  1  -  0. 

83.  2  (a;'  +  axf  +  ^x  +  ^(a  +  a)  =  6  -  2a;. 

84.  a;'+2a;='-lla;'  +  4a;  +  4  =  0.  85.     a;' 4- 4a'a;  =  ar 

86.     a;*  +  a-y?  +  6a;'^  +  ca;  +  —  =  0. 
a' 

1  /        1\      142 

89.        A..-1V     Al-^U"^.  90.     "'-^       ' 


\  \      x)    V  V      ^) 


X  '  '  {x  +  iy~2 

91.  a;' +  1=0.  92.     nx^  +  x  +  n  +  l  =  Q. 

93.  (a;- 2)  (a;- 3)  (a;- 4)  =  1.2.  3. 

94.  {a;  -  1)  (a;  -  2)  (a;  -  3)  -  (6  -  1)  (6  -  2)  (6  -  3)  =  0. 

95.  (a; -1)  (a; -2)  (a; -3)  =24. 

96.  6a;' -  oa;' +  a;  =  0.  97.     a;^  + a;=  -  4a;- 4  =  0. 

„Q      a;      6      6*  6      6- 

98.  -+-+-  =  1+-+  — . 
a      X      x  a      a' 

99.  8a;'*  +  16a;  =  9.  100.     a;*-^  =  lf. 

ox 

101.     3a;^  +  8a;*  -  ^x"  =  3. 
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102.  X  {x"  -  2)  =  m  {x-  +  2mx  +  2). 

103.  [x"  -  a'')  {x  +  a)b  +  {a-  -  ¥)  {a  +  b)x  +  {¥-  a;^)  {b  +  x)a  =  0. 

104.  x^  +2)x-  +  (p-l  + z- j  a;  +  1  =  0. 

105.  (^:>  -  1)-  o;^  +  px-  +  (p  -  1  + W  +  1  =  0. 


XXII.      THEORY    OF   QUADEATIC    EQUATIONS    AND 
QUADRATIC    EXPRESSIONS. 

3.34.     A  quadratic  equation  cannot  have  more  than  two  roots. 

For  any  quatli-atic  equation  will  take  the  form  ax^  +  bx  +  c  =  0 
if  all  the  temis  are  brought  to  one  side  of  the  equation  ;  and  then 
by  Ai't.  318  the  value  of  a;  must  be  either 

-  6  +  J{b'  -  4ac)         -b-  J{b'  -  Aac) 
2a  °'"  27c  ' 

that  is  the  value  of  x  must  be  one  er  the  other  of  two  quantities. 

The  result  is  sometimes  obtained  thus.  If  possible  let  tkree 
different  quantities  a,  /3,  y  be  roots  of  the  quadratic  equation 
ax'  +bx  +  c=0  ;  then,  by  supposition, 

aa'  +  ba  +  c  =  0,     a^'  +  b^  +  c  =  0,     ay^  +  by  +  c  =  0. 

By  subtraction, 

a  {a'  -/3')  +  b{a-/3)  =  0; 

divide  by  a  —  ^  wliich  is,  by  supposition,  not  zero  ;  thus 

a{a  +  ^)  +  b  =  0. 

Similarly  we  have        a  (a  +  y)  +  b  =  0. 

By  subtraction,  a{/^  —  y)-0; 

this  however  is  impossible,  since  by  supposition  a  is  not  zero,  and 
/8  —  y  is  not  zero.  Hence  there  cannot  be  thi'ee  clifferent  roots 
to  a  quadratic  equation. 
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335.  In  a  quadratic  equation  wliere  the  coefficient  of  the  first 
term  is  unity  and  the  terms  are  all  on  one  side,  the  sum  of  the  roots 
is  equal  to  tlie  coefficient  of  the  second  term  with  its  sign  changed, 
and  the  product  of  the  roots  is  equal  to  the  last  term. 

For  the  roots  of  ax^  +  bx  +  c  =  0  are 

-b  +  J{b^-^ac)  -b-J{b'-iac)_ 

hence  the  sum  of  the  roots  is ,  and  the  product  of  the  roots  is 

a 

^— 2 ,  that  is,  - .      And   by  dividing   by   a  the   equation 

may  be  ^\a-itten  a;^  h +  -  =  0  ;  and  thus  the  proposition  is  esta- 
blished. 

336.  Let  a  and  ^  denote  the  roots  of  the  equation 

ax'  +  bx  +  c  =  0  ; 

b  c 

then  a  +  B  =  —  and  a/3  =  - .     These  relations  are  useful  in  finding 
"^         a  a  ° 

the  values  of  expressions  in  which  a  and  (3  occur  in  a  symmetrical 

manner.     For  example, 

a' +  (S' =  {a  +  (3y  ~  2a(3  =  K,      ^"^ 


(a-l3y-={a  +  (3y-ia(3  = 


a'       a 

b'  —  -iac 
a" 


1       1   _a  +  /3_     b  _    c_     b 
a      /3         a/3  a  '   a         c  ' 

The  relations  demonstrated  in  Art.  335  are  useful  in  verifying 
the  solution  of  a  quadratic  equation ;  of  cou.rse  if  the  roots  ob- 
tained do  not  satisfy  these  i-elations  we  are  certain  that  there  is 
some  error  in  the  work. 

When  we  know  one  root  of  a  quadratic  equation  we  can 
deduce  the  other  root  by  the  aid  of  either  of  these  relations.  Take 
for  example  the  equation 

a  +  c       b  +  c      2(a  +  b  +  c) 
X  +  a     X  +  b        x  +  a  +  b 
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Here  x  =  c  obviously  satisfies  the  equation ;  dealing  of  fractions 
"we  obtain 

{a  +  6)  «=  +  {a-  +  6'  -  c  (a  +  6)}  ic  -  c  (a'  +  V)  =  0. 

Thus  tie  product  of  the  roots  is  -  ^  ^^-i-_i  •  and  as  one  root 

a+b 

is  c  the  other  must  be =-  . 

a  +  b 

337.     We  have 


ax  + 


,  (  2     bx      c\ 

ox  +  c  =  a-ix  -\ 1- - r  ; 

t  a       a) 


h  c 

now  put  for  -  and  -  theii'  values  in  terms  of  a  and  B  ;  thus 
a  a  ^  ' 

ax^  +  bx  +  c  =  a{x^ ~  {a  +  (3)x  +  a/3}  =  a  (x  —  a)  (x  —  j3). 

Thus  the  expression  ax?  +  bx  +  c  is  identical  with  the  expres- 
sion a  (x  —  a.){x  —  P)  ;  that  is,  the  two  expressions  are  equal  for 
all  values  of  x. 

Hence  we  can  prove  the  statement  of  Art.  334  in  another 
manner.  For  no  other  value  of  x  besides  a  and  /?  can  make 
{x  —  a){x  —  fi)  vanish ;  since  the  product  of  two  quantities  cannot 
vanish  if  neither  of  the  quantities  vanishes. 

The  student  may  naturally  ask  if  the  identity 
ax^  +  bx  +  e  =  a{x-a)  (x-  ^) 
holds  in  those  cases  alluded  to  in  Art.   323,  where  the  roots  of 
aaf  +  bx  +  c  =  0  are  impossible ;  we  shall  retiuTi  to  this  point  in 
Chapter  xxv. 

338.  The  student  must  be  careful  to  distinguish  between  a 
qitadratic  equation  and  a  quadratic  expression.  In  the  quach'atic 
equation  a^f?  +  5x  +  c  =:  0  we  must  suppose  x  to  have  one  of  two 
definite  values,  but  when  we  speak  of  the  quadratic  expression 
aa?  +  bx  +  c,  without  saying  that  it  is  to  be  equal  to  zero,  w^e  may 
suppose  X  to  have  any  value  we  please. 

339.  We  have 

ax'  +bx  +  c  =  a\o(f  -^ +-}• 

(.  a      a) 

(f         bV     c       6M  f/         bV     b'-iac) 
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6'  -  4ac 
Now  first  su})pose  tliat  b^  —  iac  is  negative  ;  then  — -— —  is 

also  negative ;    hence  (x  +  ~) — ^ —   is  necessarily  positive 

for  all  real  values  of  x.  In  this  case,  ax"  +  bx  +  c  being  equal  to 
the  product  of  a  into  some  positive  quantity  must  have  the  same 
sign  as  a.  Thus  if  6*  —  iac  be  negative,  ax"  +  bx  +  c  has  the 
same  sign  as  a  for  all  real  values  of  x. 

Next  suppose  that  b~  —  iac  is  zero  ;  then 

2     .  (         'b\' 

ax  ^  bx  +  c  —  a\x  -v  ^--\  . 
\       zaj 

Here,  as  before,  ax"  +  bx  +  c  has  the  same  sign  as  a ;  in  this 
case  the  expression  ax"  +  bx  +  c  is  a  -perfect  square  with  respect 
to  X,  and  its  square  root  is 

Last,  suppose  that  b"  ~  iac  is  positive  ;  then 

{        2a  2a        }  (         2a  2a        ) 

=  a{x—  a)  (x  —  /3), 

where  a  and  /3  are  both  real  quantities,  namely, 

-b  +  J{b"--iac)        .    _      -b-J{b'-iac) 
a  =  — - — -^^ and  /3  = ^^ . 


The  expression  a  (x  —  a){x  —  /3)  must  have  the  same  sign  as 
a  except  when  one  of  the  factors  x  —  a  and  cc  —  /?  is  jDositive,  and 
the  other  is  negative ;  and  we  shall  now  shew  that  tliis  can  only 
be  the  case  when  x  lies  in  value  between  a  and  yS.  Of  the  two 
quantities  a  —  ^  and  fi  —  a  one  must  be  positive ;  suppose  the 
former,  so  that  a  is  algebraically/  greater  than  (3.  Now  if  a  is 
algebraically/  greater  than  a,  then  £c  —  a  is  positive,  and  therefore 
also  a?  — /3  is  positive,  and  if  a;  is  algebraically  less  than  /S,  then 
cc  —  /5  is  negative,  and  therefore  also  a;  —  a  is  negative.  But  if  x 
lies  between  a  and  ji,  then  a;  -  a  is  negative,  and  a;  -  /?  is  positive. 
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For  such  a  value  of  x  the  sign  of  the  expression  ax*  -k-hx  +  c  is 
the  contraiy  to  the  sign  of  a. 

The  conchision  of  the  investigation  of  the  three  cases  is  this  : 
whatever  real  vahie  x  may  have  ax"  +  bx  +  c  and  a  neve?'  differ  in 
sign,  except  when  the  roots  of  ax^  +  bx  +  c  =  0  are  possible  and 
different,  and  x  is  taken  so  as  to  lie  between  them. 

340.  The  roots  of 

"     7  n  -b^J(b'-4ac) 

ax'  +  bx  +  c  ~  0  are  ^ , 

2a 

and  the  roots  of 

o     r  n  b^J(b'~ir(c) 

ax'  —  bx+c-0  are  ^^ — ; . 

za 

It  is  obvious  that  the  latter  roots  are  the  same  as  the  former  with 
their  signs  changed.  Hence  if  two  quadratic  equations  differ  only 
in  the  sign  of  the  second  term,  the  roots  of  one  may  be  obtained 
by  changing  the  signs  of  the  roots  of  the  other. 

341.  Suppose  we  want  to  divide  ax'  +  bx  +  c  by  x-h.  The 
fii-st  tenn  of  the  quotient  is  ax,  and  the  next  term  ah  +  b,  and 
there  is  a  remainder  ah'  +  bh  +  c.  If  this  remainder  vanish,  so  that 
ah'  +  bh  +  c  =  0,  then  h  is  a  o'oot  of  the  equation  ax'  +  bx  +  c  =  0. 
Thus  the  expression  ay?  +  bx  +  c  is  divisible  by  x  —  h  only  when 
7t  is  a  root  of  the  equation  aoif  +  ox  +  c  —  0. 

342.  Some  particiilar  cases  of  the  equation  ax^  +  6x  +  c  =  0 
may  now  be  investigated.     The  roots  of  the  equation  are 

-b-\-  JiV-iac)  -b-J{b'-4:ac) 

o and   ^ 'y 

la  2a 

we  will  first  examine  the  residts  of  supposing  a  =  0. 

The  numerator  of  the  first  root  becomes  —  b  +  b,  that  is,  0  ; 
thus  this  root  takes  the  form  ^  .      The  numei-ator  of  tlie  second 

-  '^b 
root  becomes  -  2b  ;  thus  this  root  takes  tlio  form  ■   "  - .      If  in  the 

original   equation    we    put   a  -  0,  it  becomes  bx  +  c~0,  so    that 
T.  A.  13 
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c 
X  =  —  J ;    and   we  may  arrive  at  tliis  result  from  the  expression 

whicli  takes  the  form    -  by  a  suitable  transformation.     For  mul- 

,     ,                               ,     ,          .     ,          „  —h+Jih'-iac)    , 
tiply    both    numerator    and    denominator    oi    ™^ -^    by 


and   if  we   now 


h  +  J{^'  -  4«c)  :    thus  we  obtain   . j-r^ , — - , 

^  ^  ' '  h  +  Jib  -  'i^ac) 

,      .     -2c     ,       .     -c      ^,  ,  -b-J(b'-iac) 

put  a  =  0,  we  obtain  -pn- ,  that  is,  -^—  .    If  the  root ^ 

^  26  6  2a 

be  transformed  by  multiplying  its  numerator  and  denommator  by 

—  2c 

h  —  Jib'  —  4«c)   it  becomes   , jyra -. — r ,   «'^iid   the   smaller  a  is 

^  ^  '  b-  J{b-  -  4ac) ' 

the  smaller  is  the  denominator  of  this  fraction,  and  the  greater  the 

fraction   itself:    an   equivalent  result  may  obviously  be  obtained 

without  effecting  any  transformation  of  the  root.     Thus  we  may 

enunciate  our  results  as  follows  :  in  the  equation  ax'  +  bx+  c=  0, 

if «  be  veiy  small  compared  with  b  and  c,  one  root  is  very  large 

c 
and  the  other  root  is  nearly  equal   to  —     ,   and  the  smaller  a  is, 

the  larger  one  root  becomes,   and  the  nearer  the  other  root  ap- 
proaches to  —  J . 

343.  Next  suppose  both  a  and  b  to  be  zero;  then  the  ordi- 
nary expressions  for  both  roots  take  the  form  - .  By  trans- 
forming the  roots  as  in  the  preceding  Article,  we  shall  see  that 
when  a  and  b  are  both  small  compared  with  c,  both  roots  are  very 
large,  and  become  gi-eater  the  smaller  a  and  b  are. 

344.  Last,  suppose  a,  b  and  c  to  be  zero ;  then  the  roots 
take  the  form  ^ .     In  this  case,  if  we  transform  the  roots  as  in 

Art.  342,  we  shall  still  obtain  the  form  ^ ;  we  may  say  here  that 
the  value  of  x  is  really  indeterminate. 
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345.     We  will   give   an   example  of  the    application  of  the 
results  of  Art.   339. 

a;'  —  2a;  +  21 

Let  it  be  required  to  ascertain  if  the  fraction  — — —  can 

Die- 14 

assume  any  value  we  please  by  suitably  choosing  the  value  of  x. 

x'-2x  +  2l 
^''^  6x-U      ^y' 

therefore  a;-  -  2a;  +  2 1  =y  {Qx  -14); 

therefore  a'  -  2  (1  +  3y)  a;  +  21  +  1 4y  =  0. 

By  solving  the  quadratic  we  obtam 

a;=l  +  3y±V(9/-8y-20). 

Hence  if  a;  is  to  be  real  the  quantity  dy"  ~  8y  —  20  must  be 
positive;  that  is,  9  {y  -  2)  (y  +  -j-j  must  be  positive.     Therefore 

y  cannot  lie  between  2  and  — -- ,  but  may  have  any  other  value. 

We  conclude  then  that  by  suitably  choosing  the  value  of  x,  the 

a;"  —  2a;  +  21 
fraction   — -r-^ — — —    may   have   any   value    we    please,    except 
vx  —  14 

values  between  2  and  — ~  . 
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QUADRATIC    EXPRESSIONS. 

llesolve  the  following  four  quadratic  expressions  into  the  pro- 
duct of  simple  factors  : 

1.     3x'-10a;-25.  2.     a;'  +  73x+780. 

3.     2a;'  +  a;-G.  4.     a;'-88a;+ 1G12. 

1 3—2 
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5.  Form  the  quadratic  equation  wliose  roots  are  G  and  8. 

G.  Form  tlie  quadratic  equation  wliose  roots  are  4  and  5. 

7.  Form  the  quadratic  equation  whose  roots  are  1  and  —  2. 

8.  Form  the  quadratic  equation  whose  roots  are  1  ±  J 5. 

9.  Find  the  sum,  difference,  and  product  of  the  roots  of 

o;^- 42x4-117-0. 

1 0.  For  what  vahie  of  m  will  the  equation  2x'  +  8a;  +  «i  =  0 

have  equal  roots  ? 

11.  If  a  and  /?  be  the  roots  of  x'-px  +  2'  =  0,  find  the  value 

of  —  +  —  and  of  a''  +  B^.  - 

P      a 

12.  If  a  and  /3  be  the  roots  of  ax'  +  bx  +  c  =  0,  construct  the 

equation  whose  roots  are  -  and  -^ . 
a  li 

1 3.  Shew  that  the  roots  of  a;'  +  ^:)a;  +  g  ==  0  will  be  rational  if 

p  =  k  +  j  ,  where  p,  q,  h  are  any  rational  quantities. 

1 4.  Shew  that  if  ax"  +  5a;  +  c  =  0   and  a'x^  +  h'x  +  c'  -  0  have 

a  common  root,  then  (ac  —  ac'Y  =  {ab  —  ab')  (b'c  —  c'b). 

2x  —  7 

15.  If  X  be  real,  prove    that   -    = — ^ ^   can  have  no    real 

^  2x  -  2a;  -  5 

value  between  —j  and  1. 

1 G.     If  p  be  greater  than  unity,  then  for  all  real  values  of  x 

the    expression    —,    lies    between ,     and 

ic'  +  'Jx  +  23  2^+1 

p  +  1 
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XXIII.     SIMULTANEOUS    EQUATIONS   INVOLVING 
QUADRATICS. 

SiG.  We  ^yill  now  give  some  examples  of  simiiltaneous  equa- 
tions wliere  one  or  more  of  the  equations  may  be  of  a  degree 
higher  than  the  first ;  various  artifices  are  employed,  the  proper 
application  of  which  must  be  learned  by  experience. 

(1)  Suppose       X-  —  lif  =  71,     re  +  y  =  20. 

From  the  second  equation  y  =  20  -  a: ;  substitute  in  the 
fii-st,  thus 

.7;=- 2  (20 -a-)-"  =  71; 

therefore  -x'  +  80rc -800  =  71, 

therefore  v?  -  80«  =  -871. 

From  this  quadi-atic  we  shall  obtain  a;  =13  or  67;  then  from 
the  equation  y  =  20  -  cc  we  obtain  the  corresponding  values  of  y, 
namely,  y  =  7  or  —  47. 

(2)  Suppose         x"  +  y"  =  25,      a*y  =  1 2. 
Here  x'  +  y'  =  25, 

2a;y  =  24  ; 
therefore,  by  addition, 

ft-  +  2£cy  +  y'  =  25  +  24  =  40  ; 
that  is,  (x  +  y)=  =  40  ; 

therefore  a;  +  y  =  ±  7. 

Similarly,  by  subtraction, 

(«^--yr-25-24  =  l; 
therefore  x  —  y  =  ±  1 . 

We  have  now  four  cases  to  consider ;  namely, 

a;  +  y  =  7,     x-y=     1;         a;  +  y  =  -7,     a;-y=     1; 
aj  +  y  =  7,     a;-y  =  -l;         a;4-y  =  ~7,     x-y  =  -\. 
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By  solving  these  simple  equations  we  obtain  finally 
x  =  =i^3,  y  =.^  4:  ;  or  a;  =  ±  4,  y  =  ±  3. 

(3)  Suppose     2i/^  —  ixy  +  Zx"  =17,    y"  -x"~\  G, 
Let  y  =  vx,  and  substitixte  in  Loth  equations  ;  thus 

a;-(2v--4v  +  3)  =  I7,  «-(v=-l)^lG; 

therefore,  by  division, 

2v'  -  4w  +  3  _  1 7 

therefore  32?;-  -  64v  +  48  =  1 7w"  -  1 7  ; 

therefore  1  ov"-  -  G4v  +  65  =  0. 

5        13 
From  this  quadratic  we  shall  obtain  v  =  -^  or  —- .     Take  the 

3  5 

1  c 
former  value  of  v  ;    then  x'  =  -5 — r-  =  9  ;    therefore   a;  =  ±  3  ;   and 

y  =  vx  =  ^5.     Again,    taking    the    second    value    of  v    we    have 

25  5  13 

x^  =  ~  ;  therefore,  a;  =  ±  ~  ;  and  y=.^~. 

The  artifice  here  used  may  be  adopted  conveniently  when  the 
terms  involving  the  vinknown  quantities  in  each  equation  consti- 
tute an  expression  which  is  homogeneous  and  of  the  second  degree ; 
see  Ai-t.  24. 

(4)  Suppose   X'  +  xy  -  Qy"  =  24,  x^  +  3xy  -  lOy^  =  32. 
Let  y  -vx  ;  suljstitute  in  both  equations,  and  divide  ;  thus 

1  +3t;-10^°_32      4 
1  +  v  -  6?;'    ~  24  ^  3  ' 

therefore  Gv"  —  5v  +  1  =  0. 

From  this  quadratic  we   shall  obtain  v  =  ^  or  ^ .     The   value 

^  =  -  we  shall  find  to  be  inapplicable ;  for  it  leads  to  the  inad- 
missible result  a;^  X  0  =  24.  In  fact  the  equations  from  which  the 
values  of  v  were  obtained  may  be  written  thus, 

x'  (1  -  2v)  (1  +  3v)  =  24,     x'  (1  -  2v)  (1  +  5v)  =  32  ; 
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and  lience  we  see  that  the  value  of  v  found  from   1  —  2v  -  0   is 

inapplicable,    and    that    we    can    only    have    -, =  ,  - ,    which 

^  ^  ''  1  +  5y      32 ' 

1 

gives  ^  =  3  • 

Then  a;^^!-  ;Vl  +  l)  =  24; 

therefore  x'  —  3G  ;  therefore  x  —  J=  G  ;  and  y  =  ±  2. 

(5)     Svippose         X  +  y  =  a,     x^  +  y"  -Jf. 

-r,     T   •  •  x'  +  y'      b^ 

By  division,  ^  =  —  ; 

x  +  y       a 

that  is,  X*  —  scy  +  x'y"  —  xy^  +  y^  =  ~  > 

or  a.  +  y  —  xy  [x'  +  y)  +  x'y  -  —  . 

Now  since  x  ^  y  =  a, 

X'  +  y^  ^  a~  —  Ixy  ; 
therefore    x^  ■^y'^  -\-  Ix^y^  -  {a'  —  ~xyf  =  a*  —  ia'xy  +  ix'y" ; 
therefore  x*  +y*  =  a*  —  ia'xy  +  2x"v/-. 

By  substituting  the  values  of  x*  +  y*  and  a;'  +  y"  we  obtain 

75 

a*  —  ici^xy  +  2x'y"  —  xy  [a"  —  2xy)  +  x'y'  =  -  , 

b' 
that  is,  5x'y'  —  5a^xy  =  —  —  «■*, 

We  may  obtain  this  result  also  in  another  way.      It  may  be 
shewn  that 

a^  =  x^  +  y^  +  5xy  {x^  +  y^)  +  lOx-y-  {x  +  y); 

thus  «*-&'  =  fixy  {x^  +  ?/•■')  +  1  Oax-y- ; 

and  a'  =  x^  +  y^  +  2>xy  (x  +  y) 

=  k'  +  y^  +  Zaxy  : 

therefore  a^  -U  =  5xy  (a'  —  Zaxy)  +  lOax^y^, 

or  bax'y^  -  Sa^xy  =  6'  —  «'. 
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From  this  quadratic  we  can  find  two  values  of  xy ;  let  c 
denote  one  of  these  value.s,  then  we  have 

X  +  y  =  a,  xy  =  c  ; 

thus  (x-  +  y)'  —  \xy  —  a:  —  \c, 

that  is,  {x  —  yY  ^  ct?  —  4c  ; 

therefore  x  —  y  —  ^  Ji^ci?  —  4c). 

Thus  since  x  +  y  and  x  —  y  are  known,  we  can  find  immediately 
the  values  of  x  and  y. 

Or  we  may  proceed  thus.  Assume  x  —  y  =  z,  then  since 
x  +  y  =  a,   we  obtain 

X  =  2  («+-)>     y^2^^^~  ^)- 

Suhstitute  in  the  second  of  the  given  equations  ;  thus 

therefore  5az^+l  OaV  =166'-  a\ 

From  this  quadratic  we  may  find  z^,  and  hence  z,  that  is, 
X  —  y  ;  and  hence  finally  x  and  y. 

More  examples  will  be  found  in  Chapter  Liv, 

EXAMPLES    OF    SIMrLTANEOUS    EQUATIONS    INVOLVING    QUADRATICS. 

1.  4a3=  +  7?/-"  =  14S,  3^'-y=ll. 

2.  x+y  =  \0<d,  xy  =  1iOO. 

6.  x+  y  =  i,  -  +  -  =  1, 

•^        '  X      y 

4.  x  +  y^7,         x^  +  2y'  =  S4:. 

5.  x-y=^12,         a;- +  7/^  =  74. 

_-    b.     X r— =  4,         y -.  =1. 

•Z  '  -^       x  +  2 

7.  x'  +y'^  65,       xy  =  28. 

8.  xy^l,     2x-5y  =  2. 

9.  -+1=2,         x  +  y=:2. 

X      y        '  ^ 
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10.  X'  +  xy  +  2y'  =  7-^,         2x'  +  2xi/  +  y''  =^73. 

11.  2x  +  3i/  =  oi,         -+"==T^. 

^  X         y  4:0 

12.  x^  +  3xy  =  5-4,         xy  +  Ay^  =  115. 

13.  x^  +  xy  =  15,         xy  —  y"  =2. 

14.  x^  +  xy  +  iy' =  (^,  3x'  +  ^y'=U. 

15.  x'  +  xy  =  \2,         xy  -2y^  =\. 

16.  x'  -xy  -^y''  =^2\,         y'  -2xy  +lb  =0. 

17.  a;'-4/  =  9,         xy4-2y'  =  3. 

18.  7.r'-8x?/  =  159,  5a;  +  2y  =  7. 

19.  x--2xy  —  y-=\,         x  +  y^2. 

c,r,      x  +  y      x—y      10 

20.      ^  4- ^  =  --y  ,  a;'  +  y^  =  45. 

x  —  y      X  +  y       6 

„i       jc  +  y      £c-v      5 

21.     ^  + ^  =  --,         x'  +  y-  =  20. 

x~  y      x  +  y      2 

22.  'ly  +  •I25x  =^  y  —  X,         y  - -ox  =  •7oxy— 3x. 

23.  •3.-0  +  -1 25y  =  3x  -  y,         3x-  -oy  =  2 -25^:^  +  3y. 

24.  y--    4:xy+ 20x'+    3y  -    264a;  =  0/ 
57j"--38xy+      a;'- 12y+1056x  =  0. 

25.  x  +  y  =  x^,         3y  -  x  —  y-. 

26.  X  +y  ^  ,^xy,         x-  y.=  ^  xy. 

27.  a; +  2?/  +  —  =  16,         3a;+y  +  — =23. 

^     y  y 

28.  4  (x  +  ?/)  =  3xy,         x+  y  +  x^  +  y-  ^  26. 

29.  x-y  =  2,         x'  -y^  =  S. 

30.  x  +  y  =  5,         x-'  +  2/'=65. 

31.  a;  +  y=ll,         a;'  + y' =  1001. 

32.  a-^  (a:  +  y)  =  30,         a;' +  2/' -  35. 


202  EXAMPLES.      XXIII. 

33.  -+^-  =  18,         a;  +  y  =  12. 

34.  a; +2/ =18,  a;' +  2/' =  4914. 

35.  ^+^^9,         1+1  =  ^. 
2/       a;  a;     2/      4 

3G.  a;'  (.«  +  ?/)  =  80,         x"  (2x-  -  3y)  =  80. 

37.  x-u  +  7/^a;  =  20,         -+-  =  ?. 

-^     ^  '         a;      2/      4 

38.  a;"  +  y-  =  7  +  xy,         a;^  +  y^  =  Ga-y  -  1. 

40.  a;  +  7/  =  4,  a;"  +  ?/'  =  82. 

41.  a;'-y'=3093,  a  -  v/ =  3. 

43.  a;' -  a;"y' +  ?/' =  1 9,  x-xy  +  y^i. 

44.  x^  -xy  ^-y^  ~  7,         a;"  +  a'"2/^  +  2/^  =  1 33. 

45.  x^ +  xy  +  y-  =  4:0,         x^  +  x'y"  +  y"  =  931. 

46.  a;" -a;' +  2/' -2/' =  84,  a;'  + a^V  +  2/'  =  49. 

47.  x{\2-xi/)  =  y  {xy  -  3),         xy  (y  +  4.x-  -  a;2/)  =  1 2  (a;  +  ?/  -  3). 

48.  x  +  y  +  J{xy)  =  l4:,         x' +  y^  +  xy  =  Si. 

49.  x  +  y-  J(xy)  =  7,  a;'  +  2/'  +  a^Z/  =  1 33. 

50.  x  +  y  =  72,         ^x+l/y=G. 

51.  x  +  J{x'  -y')=  8,         x-y=\. 

\  y     \'  X     '2 
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-   54.     Jx-Jy^2J{x7j),         x  +  y  =  2^. 

bb.     J{x  +  y)  +  2J{x-y)  =  -^ [,         -=T^- 

J{x-y)  xy         15 

56.  ^(3  +  x')  +  2y  =  8,  2a;-  +  ^/(5y  =  +  4a;^)  =  9. 

^„      X     y     ^  ah, 

57.  -  +^  =  1,         -  +  -  =  4. 
a      0  X     y 

58.  X'  —  y"  =  a^,         xy  =  6^ 

59.  x  +  y  =  a,         x* -¥  y*  =  b\ 

GO.     a;^  +  y=14jey,         x  +  y  =  a. 

01. 1- ^ =  1,         X  +  y  =  a  +  0. 

a+x      b+y 


62 


bx 


ay    _  a  +  h  »  ,  2/  _  9 


y  +  b     x  +  a         2     '         a      b 
63.     x-y~a,         x" -y^  -V. 
6  4.     J{y?  +  y^)  +  V(*'  -  y')  -  2y,  x*  -  y*  =  a\ 

65 .  2a5  (rt  +  b)x  +  y^  =  abx'  +  2aby,         abx  +  (a  +  h)y  =  xy. 

66.  2Jix^-y-)  +  xy  =  l,         ^-|=«- 

67.  x  +  y  =  a  J{xy),         x~y  =  c     /^ . 

V  y 

6B.     J{x+y)  +  J{x-y)  =  Ja,         J{x' +  y^  +  J{x' -y')  =  b. 

69.  1-^ — r»+^^^s 2)   +[-2—u+—o r,     =4,         xy^ab. 

\y  -b-      a'-  xy        \y*  +  b"      a'  +  xJ  '^ 

70.  a' +  2/*  -  (aj  +  y)  =  «,         re' +  y' +  a;  +  y  -  2  (x"  +  2/^)  =  6. 

1-1  I  X      y     ^  X      z 

71.  yz^bc,         -  +  ,=1,  +     =1. 

72.  ^4-^  4--^:^  9,         ^  +  -=13,         8a;  +  3y-5. 
X     y     z  X     y 
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.o  1  1  1 

73.  2/  +  ^  =  ^,         -  +  «^  =  y'         x  +  y  =  ^. 

74.  xyz  =  a^  {y  +  z)  =  h' {z  +  x)  =  c^  {x  +  y). 

75.  x^  +  yz  =  y'  +  zx=  c,         z"  4  xy  —  a. 

1117  . 

//.     x  +  n +  z=  -+--+-■=  ^,         xyz  =  1 . 
-^  X     y     z      r  ^ 

78.  sc"  ^  y^  +  z^  ^  x^  A-  y^  ^  z'  ^  X  +  y  ^-  z-\. 

79.  x{x-\-y  \z)  =  a^,  y{x  +  y  +  z)  =  h",  z{x  +  y  +  z)  =  c- 

80.  xy  +  xz  +  yz  =  2G, 


a;y  (a;  +  2/)  +  ys;  (y  +  s;)  +  sa?  («  +  a:)  =  1 62, 

xy  {x^  +  y~)  +  ys  (t/^  +  Z-)  +  a;;^  (a;^  +  z^)  ^  538.  j 


XXIV.     PROBLEMS  WHICH  LEAD  TO  QUADRATIC 
EQUATIONS. 

347.  We  shall  now  solve  and  discuss  some  problems  which 
load  to  quadratic  equations. 

A  man  buys  a  horse  which  he  sells  again  for  £24;  he  finds 
that  he  thus  loses  as  much  per  cent,  as  the  hox"se  cost ;  requii-ed 
the  price  of  the  horse. 

Let  X  denote  the  price  in  pounds ;  then  the  man  loses  x  joer 

it.  and   thus  his   total 

loss  is  also  a;  -  24 ;  thus 


cent,  and   thus  his   total  loss  is  j--  x  x,  that  is,  — —- ;   but  this 


——  -  a;  -  '>4  • 
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therefore  x'  -  100a;  =  -  2400, 

and  a;-"-100x  +  (50)'  =  2500-2400  =  100; 

hence  aj-50  =  ±10, 

and  x  =  60  or  40. 

Thus  all  we  can  infer  is,  that  the  price  was  either  £60  or  X40, 
for  each  of  these  values  satisfies  all  the  conditions  of  the  problem, 

348.  Divide  the  number  10  into  two  pai-ts,  such  that  their 
product  shall  be  24. 

Let  X  denote  one  part,  and  therefoi-e  1 0  —  ic  the  other  part ; 
then 

a;(10-a:)  =  24; 

therefore  a;^  -  10a;  =  -  24, 

and  x'  -  10a;  +  5=  =.  25  -  24  =  1 ; 

hence  a;-5  =  ±l, 

and  a;  =  4  or  G. 

Here  although  x  may  have  either  of  two  values,  yet  there 
is  only  one  mode  of  dividing  10,  so  that  the  product  of  the  two 
pai-ts  shall  be  24  ;  one  pai-t  must  be  4  and  the  other  6. 

349.  A  person  bought  a  certain  number  of  oxen  for  £80  • 
if  he  had  bought  4  more  for  the  same  sum  each  ox  would  have 
cost  XI  less  ;  find  the  number  of  oxen  and  the  price  of  each. 

80 
Let  x  denote  the  ntimber  of  oxen,  then  —  is  the  ])rice  of  each 

x 

in  pounds ;  if  the  person  had  bought  4  more,  the  price  of  each  in 

80 
pounds  would  have  been  j  '•  thus,  by  supposition, 

80        80 

a;  +  4       X  ' 

therefore  80a;  =  80  (a;  +  4)  -  a;'  -  4a;, 
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therefore  a;'  +  4a;  =  320, 

and  ?;'  +  4«  +  2*  =  320  +  4  =  324  ; 

hence  £c  +  2=±18, 

and  ic  =  16  or  -  20. 

Only  the  positive  value  of  x  is  admissible,  and  thus  the  number 
of  oxen  is  1 6,  and  the  price  of  each  ox  is  £5. 

In  solving  problems,  as  in  the  proposed  exami:)le,  results  will 
sometimes  be  obtained  •which  do  not  apply  to  the  question  actually 
proposed.  The  reason  appears  to  be  that  the  algebraical  mode  of 
expression  is  more  general  than  ordinary  language,  and  thus  the 
equation,  which  is  a  pro2:)er  representation  of  the  conditions  of  the 
problem,  will  also  apply  to  other  conditions.  Experience  \\all 
convince  the  student  that  he  will  always  be  able  to  select  the 
result  which  belongs  to  the  problem  he  is  solving,  and  that  it  will 
be  sometimes  possible,  by  suitable  changes  in  the  enunciation  of 
the  original  problem,  to  form  a  new  problem,  corresponding  to  any 
result  which  was  inapplicable  to  the  original  problem.  Thus  in 
the  present  case  we  may  propose  the  following  modification  of  the 
original  problem :  a  person  sold  a  certain  number  of  oxen  for 
X80 ;  if  he  had  sold  4  fewer  for  the  same  sum,  the  price  of  each 
ox  would  have  been  £1  more  ;  find  the  number  of  oxen  and  the 
price  of  each. 

Let  X  represent  the  number;  then  by  the  question  we  shall 

have 

80        80     , 

ic  — 4       X 

The  roots  of  this  quadratic  will  be  found  to  be  20  and  — 16  ; 
thus  the  number  20  which  appeared  with  a  negative  sign  as  a 
result  in  the  former  case,  and  was  then  inapplicable,  is  here  the 
admissible  result. 

350.  Find  a  number  such  that  twice  its  square  increased  by 
three  times  the  number  itself  may  amount  to  ^b. 
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Let  X  denote  tlie  number ;  then,  by  the  question, 

2x'  +  3x-  65. 

13 

The  roots  of  this  quadratic  ^^'ill  be  foiuid  to  be  5  and ; 

Ji 

the  first  value  satisfies  the  conditions  of  the  question.     In  order  to 

interpret  the  second  value,  we  observe,  that  if  we  ^Tite  —x  for  x 

in  the  equation,  it  becomes 

lo^  -  3x  =  65  ; 

13 
and  the  roots  of  the  latter  equation  are  —  and  —  5,  as  will  be 

Ji 

13 

found  on  trial,  or  may  be  kno^^^l  from  Ai-t.  340.     Hence  —  is  the 

answer  to  a  new  question,  namely  :  find  a  number  such  that  twice 
its  square  diminished  by  three  times  the  number  itself  may 
amount  to  65. 

351.  Divide  a  given  line  into  two  parts,  such  that  twice 
the  square  on  one  part  may  be  equal  to  the  rectangle  contained 
by  the  whole  line  and  the  other  part. 

Let  a  denote  the  length  of  the  Ime,  and  x  the  length  of  one 
part,  then  a  —  x\s  the  length  of  the  other  part ;  thus,  by  the 
question, 

2a;^  —  a{a-x); 


therefore 

2x*  +  ax  =  a*. 

and 

,     ax      a* 

and 

x' 

+ 

ax      /«V      «''      O''       9ft^ 

hence 

a         3a 

and 

a 
cc  =  g  or  -  a. 

Here  ^  is  the  required  length.  The  negative  answer  sug- 
gests the  following  problem  :  ]M-oduce  a  given  line,  so  that  twice 
the  square  on  the  part  produced  may  be  equal  to  the  rectangle 
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contained  by  the  given  line,  and  the  line  made  np  of  the  given 
line  and  the  part  produced  ;  the  result  is,  that  the  part  produced 
must  be  equal  to  the  given  line. 

352,  In  the  examples  hitherto  given,  both  roots  of  the  quad- 
ratic equation  have  applied  to  the  actual  problem,  or  to  an  allied 
problem  which  was  easily  foi-med.  Frequently,  however,  it  will 
l)e  found  that  only  one  root  apjilies  to  the  problem  proposed,  and 
that  no  obvious  interpretation  occurs  for  the  other. 

353.  Problems  may  be  proposed  which  involve  more  than 
one  unknown  quantity,  and  thus  lead  to  simultaneous  equations; 
we  will  give  an  example. 

Two  men  A  and  B  sell  a  quantity  of  wheat  for  £29',  d>s. 
B  sells  four  quarters  more  than  A,  and  if  he  had  sold  the  quan- 
tity A  sold,  would  have  received  £10  for  it;  while  A  woidd  have 
received  16  guineas  for  what  B  sold.  Find  the  quantity  sold  by 
each,  and  the  rates  at  which  they  sold  it. 

Let  X  denote  the  number  of  quartei-s  which  A  sold,  and  there- 
fore x  +  i  the  number  which  B  sold ;  and  suppose  that  A  sold  his 
wheat  at  y  shillings  per  quarter,  and  that  B  sold  his  at  z  shillings 
per  quarter.  Then  since  the  value  of  the  wheat  sold  is  568  shil- 
lings, we  have 

xy  ■¥  {x  +  I)  z  =  oQS (1). 

If  B  had  sold  the  quantity  A  sold,  he  would  have  received 
200  shillings ;  thus 

a-c  =  200 (2j. 

Similarly,  [x  -r  4)  y  =  336 (3). 

From  (3)  we  have  o-'y  =  336  -  4^/ ;  by  substitution  in  (1)  we 
have 

336 -4?/ ^200 +  4^  =  568; 

therefore  4  (s  -  y)  =  32, 

and  ~-y  =  8 (4). 
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Erom  (2)  we  have 


and  from  (3)  we  have 


X  -- 

200 

z    ' 

1 

x  = 

33G 
2/ 

-4 

200 

z 

336 

-4, 

50 

84 

1  . 

thus 


and  —  = 1  (5). 

z        y 

We  may  now  find  y  and  z  from  (4)  and  (5).      Substitute  in 

(5)  the  value  of  z  from  (4) ;  thus 

50    _84     ^ 


y+a       y 

therefore  50y  =  84  (y  +  8)  -  {y'  +  8y), 

hence  y^  —  20y  —  Q72  ~  0. 

From  this  quach'atic  we  shall  find  y  =  i2  or  —  16.     The  former 
is  the  only  admissible  result ;  thus  ^  =  50  ;  and  x  =  i. 


EXAMPLES    OF   PROBLEMS. 

1.  Find  two  numbei-s  such  that  their  sum  may  be  39,  and 
the  sum  of  then-  cubes  17199. 

2.  A  certain  number  is  formed  by  the  product  of  three  con- 
secutive numbers,  and  if  it  be  divided  by  each  of  them  in  turn, 
the  sum  of  the  quotients  is  47.      Find  the  number. 

3.  Tlio  length  of  a  rectangular  field  exceeds  the  breadth  by 
one  yard,  and  the  area  is  three  acres  :  find  the  length  of  the  sides. 

4.  A  boat's  crew  row  3J  miles  down  a  river  and  back  again 
in  1  hour  and  40  minutes  :  supposing  the  river  to  have  a  curi-ent 
of  2  miles  ])er  hour,  find  the  rr.te  at  which  the  crew  woidd  row  in 
still  water. 

T.  A.     f  /  ilX  >  14 
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5.  A  farmer  wishes  to  enclose  a  rectangular  piece  of  land  to 
contain  1  acre  32  perches  with  17G  hurdles,  each  two  yards  lon^ ; 
how  many  hurdles  must  ho  i)lace  in  each  side  of  the  rectangle  1 

G.  A  person  rents  a  cei-tain  number  of  acres  of  land  for  £84 ; 
he  cultivates  4  acres  himself,  and  letting  the  rest  for  10*.  an  acre 
more  than  he  pays  for  it,  receives  for  this  portion  the  whole  rent, 
£84.     Find  the  number  of  acres. 

7.  A  person  purchased  a  certain  number  of  sheep  for  £35  : 
after  losing  two  of  them  he  sold  the  rest  at  10  shillings  a  head 
more  than  he  gave  for  them,  and  by  so  doing  gained  £\  by  the 
transaction.      Find  the  number  of  sheep  he  purchased. 

8.  A  line  of  given  length  is  bisected  and  produced  :  find  the 
length  of  the  produced  part  so  that  the  rectangle  contained  by 
half  the  line  and  the  line  made  up  of  the  half  and  the  produced 
part  may  be  equal  to  the  square  on  the  produced  part. 

9.  The  product  of  two  numbers  is  750,  and  the  quotient 
when  one  is  divided  by  the  other  is  3^  :  find  the  numbers. 

10.  A  gentleman  sends  a  lad  into  the  market  to  buy  a  shil- 
ling's worth  of  oranges.  The  lad  having  eaten  a  couple,  the 
gentleman  pays  at  the  rate  of  a  penny  for  fifteen  more  than  the 
market-price ;  how  many  did  the  gentleman  get  for  his  shilling  1 

11.  What  are  eggs  a  dozen  when  two  more  in  a  shilling's 
worth  lowers  the  price  one  penny  per  dozen? 

12.  A  shilling's  worth  of  Bavarian  kreuzers  is  more  nume- 
rous by  6  than  a  shilling's  worth  of  Austrian  kreuzers  ;  and  15 
Austrian  kreuzers  are  worth  Id.  more  than  15  Bavarian  kreuzers. 
How  many  Austrian  and  Bavarian  kreuzers  respectively  make  a 
shilling  1 

1 3.  Find  two  numbers  whose  sum  is  nine  times  their  differ- 
ence, and  whose  product  diminished  by  the  greater  number  is 
equal  to  twelve  times  the  greater  number  divided  by  the  less. 

14.  Two  workmen  were  employed  at  different  wages,  and 
paid  at  the  end  of  a  certain  time.      The  first  received  £4.  16^., 
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and  the  second,  wlio  had  worked  for  6  days  less,  received  £2.  lis. 
If  the  second  had  worked  all  the  time  and  the  first  had  omitted 
6  days,  they  would  have  received  the  same  snm.  How  many  days 
did  each  work,  and  what  were  the  wages  of  each  ? 

15.  A  pai-ty  at  a  tavern  sj^ent  a  cei-tain  sum  of  money.  If 
there  had  been  five  more  in  the  Jiai-ty,  and  each  person  had  spent 
a  shilling  more,  the  bill  would  have  been  £6.  If  there  had  been 
three  less  in  the  party,  and  each  person  had  spent  eightpence  less, 
the  bill  would  have  been  £2.  12s.  Of  how  many  did  the  party 
consist,  and  what  did  each  person  sjiend  1 

16.  A  person  bought  a  number  of  £20  i-ailway  shares  when 
they  were  at  a  certain  rate  per  cent,  discoxmt  for  £1500;  and 
afterwards  when  they  were  at  the  same  rate  per  cent,  premiiim 
sold  them  all  but  GO  for  £1000.  How  many  did  he  buy,  and  what 
did  he  give  for  each  of  them  1 

17.  Find  that  number  whose  square  added  to  its  cube  is  nine 
times  the  next  higher  number. 

18.  A  person  has  £1300,  which  he  divides  into  two  portions 
and  lends  at  different  rates  of  interest,  so  that  the  two  portions 
jiroduce  equal  returns.  If  the  first  poi-tion  had  been  lent  at  the 
second  rate  of  interest  it  Avould  have  pi'oduced  £36  ;  and  if  the 
second  portion  had  been  lent  at  the  first  rate  of  interest  it  would 
have  produced  £19,      Find  the  rates  of  interest. 

19.  A  pci'son  having  travelled  5G  miles  on  a  railroad  and  the 
rest  of  his  journey  by  a  coach,  observed  that  in  the  train  he  had 
performed  a  quarter  of  his  whole  journey  in  the  time  the  coach 
took  to  go  5  miles,  and  that  at  the  instant  he  arrives  at  home 
the  train  must  have  reached  a  point  35  miles  further  than  he  was 
from  the  station  at  whicli  it  left  him.  Compare  the  rates  of  the 
coach  and  the  train,  and  find  the  number  of  miles  in  the  rest  of 
the  joui'ney. 

20.  A  sets  off  f:-om  TiOndon  to  York,  and  B  at  tlie  same  time 
from  York  to  Lonilon,  and  they  travel  uniformly;  A  reaches 
York   1 6  hours,  and  J>  reaches  London  36  hours,  after  they  have 

U— 2 
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met  on  the  road.     Find  in  what    time   each   has  performed   the 
journey. 

21.  A  courier  proceeds  from  one  place  P  to  another  place  Q 
in  1 4  hours  ;  a  second  courier  starts  at  the  same  time  as  the  first 
from  a  place  10  miles  behind  P,  and  arrives  at  Q  at  the  same  time 
as  the  first  courier.  The  second  coui'ier  finds  that  he  takes  half 
an  hour  less  than  the  first  to  accomplish  20  miles.  Find  the  dis- 
tance of  Q  from  P. 

22.  Two  travellers  A  and  B  set  out  at  the  same  time  from 
two  places  P  and  Q  respectively,  and  travel  so  as  to  meet.  When 
they  meet  it  is  found  that  A  has  travelletl  30  miles  more  than  /■', 
and  that  A  will  reach  (J  in  4  days,  and  B  will  reach  P  in  9  days, 
after  they  meet.     Find  the  distance  between  P  and  Q. 

23.  A  vessel  can  be  fiilled  with  water  by  two  pipes ;  by  one 
of  these  pipes  alone  the  vessel  would  be  filled  2  hours  sooner 
than  by  the  other ;  also  the  vessel  can  be  filled  by  both  pipes 
together  in  1|  hours.  Find  the  time  which  each  pipe  alone  would 
take  to  fill  the  vessel. 

24.  A  vessel  is  to  be  filled  with  water  by  two  pipes.  The 
first  pipe  is  kept  open  during  three-fifths  of  the  time  which  the 
second  would  take  to  fill  the  vessel ;  then  the  first  pipe  is  closed 
and  the  second  is  opened.  If  the  two  pipes  had  both  been  kept 
open  together  the  vessel  woixld  have  been  filled  6  hours  sooner, 
and  the  first  pipe  would  have  broiight  in  two  thirds  of  the  quantity 
of  water  wlaich  the  second  pipe  really  brought  in.  How  long  would 
each  pipe  alone  take  to  fill  the  vessel  ? 

25.  A  cex'taiii  number  of  workmen  can  move  a  heap  of 
stones  in  8  hours  from  one  place  to  another.  If  there  had  been 
8  more' workmen,  and  each  workman  had  carried  5  lbs.  less  at  a 
time,  the  whole  work  would  have  occupied  7  houi-s.  If  however 
there  had  been  8  fewer  workmen,  and  each  workman  had  carried 
1 1  lbs.  more  at  a  time,  the  work  would  have  occupied  9  hours. 
Find  the  number  of  workmen  and  the  weight  which  each  carried 
at  a  time. 
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XXV.     IMAGINARY   EXPRESSIONS. 

354.  Altliough  the  square  root  of  a  negative  quantity  is  the 
S}Tnbol  of  an  impossible  operation,  yet  these  square  roots  are  fre- 
quently of  use  in  Mathematical  investigations  in  consequence  of  a 
few  conventions  which  we  shall  now  explain. 

355.  Let  a  denote  any  real  quantity;  then  the  square  roots 
of  the  negative  quantity  —  a"  are  expressed  in  ordinaiy  notation 
by  ±^(-a").  Now  —a'  may  be  considered  as  the  product  of 
a"  and  —  1 ;  so  if  we  suppose  that  the  sqiiare  roots  of  this  product 
can  be  formed,  in  the  same  manner  as  if  both  factors  were  posi- 
tive, by  miiltiplying  together  the  square  roots  of  the  factors,  the 
square  roots  of  —a"  will  be  expressed  by  ±a^(— 1).  We  may 
therefore  agree  that  the  expressions  ±  ^{^  a^)  and  ±  c(,s/(~  1)  shall 
be  considered  equivalent.  Thus  we  shall  only  have  to  use  one 
imaginary  expression  in  our  investigations,  namely,  J(—  1). 

356.  Suppose  we  have  such  an  expression  as  a  +  /3  ,J(—1), 
where  a  and  jS  are  real  quantities.  Tliis  expression  may  be  said 
to  consist  of  a  real  jiart  a  and  an  imaginary  part  ^^(-  1) ;  or  on 
account  of  the  presence  of  the  latter  term  we  may  speak  of  the 
whole  expression  as  imaginary.  When  yS  is  zero,  the  teiTu 
(3J{-1)  is  considered  to  vanish;  this  may  be  regarded  then  as 
another  convention.  If  a  and  /3  are  both  zero,  the  whole  expres- 
sion vanishes,  and  not  otherwise. 

357.  By  means  of  the  conventions  already  made,  and  the 
additional  convention  that  such  terms  as  (S  J(—  1)  shall  l)e  subject 
to  the  ordinary  rules  which  hold  in  Algebraical  transformations, 
we  may  establish  some  propositions,  as  will  now  be  seen. 

358.  In  order  that  two  imaginary/  expressions  may  he  equal, 
it  is  necessary  and  sufficient  that  the  real  parts  should  he  equals 
and  that  tlie  coefficients  of  J{—  \)  should  he  equal. 
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For  suppose  a  +  ^S  J{-  1)  =  y  +  8  J(-  1) ; 

then,  by  transposition,    a  -  y  +  (^  -  S)  ^/(-  1 )  =  0  ; 
thus,  by  Ai-t.  35 G,  a  -  y  ==  0,    and  /?  _  8  ==  0  ; 

that  is,  o-  =  y,  and  /3  =  8. 

Tims  tlie  equation 

may  be   considered   as   a    symljolical   mode   of   asserting   the    two 
equalities  a  =  v  and  /?  =  S  in  one  statement- 

359.  Take  now  two  imaginary  expressions  a  +  /3^/(— 1)  and 
y  +  8^(— 1),  and  form  their  sum,  difference,  product,  and  quotient. 

Theii*  sum  is 

a4-y  +  (/?  +  8)^/(-l). 

If  the  second  exjjression  be  taken  from  the  first,  the  re- 
mainder is 

a-y  +  (^-8)^/(-l). 

Their  product  is 
{a  +  P  J{-  1)}  {y  +  8  J(-  1)}  =  ay  -  (^8  4-  (aS  +  /3y)  J(-l); 
for  J{-  1)  X  J(-  1)  is,  by  supposition,  -  1. 

The  quotient  obtained  by  dividing  the  first  expression  by  the 
second  is 

y+8v/(-l)' 
Tliis  may  be  i)ut  in  another  form  by  multiplying  both  numerator 
and  denominator  by  y-  8  J{-  1).      The  new  numerator  is  thus 

ay+/58+(^y-aS)^/(-l); 
and  the  new  denominator  is  y^  +  8' ;  therefore 
a  +  PJ{-l)_ay  +  /38      ^y-gg 
y  +  SV(-l)-   Z+S^"""    r  +  8^    ^^       ^• 

360.  We  will  now  give  an  example  of  the  way  in  which 
imaginary  exjH-essions  occur  in  Algebra.  Suppose  we  have  to 
solve  the  equation  a;^  =  1.     We  may  write  the  equation  thus, 

.r'  -  1  =  0  ; 
or  in  factors,  {x  -  I)  {x"  +  x  +  I)  =  0. 
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Thus  vre  satisfy  the  pi'oposed  equation  either  by  putting 
a;  —  1  =  0,  01'  by  putting  x'  +  x  +  1  =0.  The  first  gives  x  =  l ; 
the  second  may  be  -written 

x"  +  x  =  -1, 

3 


therefore 

.....(l)-  =  :-i  = 

therefore 

-l-A^-i 

and 

--J-'f.A-i 

Thus  we  couchide  that  if  either  of  the  imaginary  expressions 
last  -Nvritten  be  cubed,  the  result  will  be  imity.  This  we  may 
verify ;  take  the  upper  sign  for  example,  then 

(__^4\,(_,)}^(-^)%3(-^y4v(-i) 

.3(-^){f^(-l))V{f,(-.)}". 
Now  (-^)=-S' 

{^lv(-i)}'=^|.'(-i)yf.'(-» 

Thus  the  result  is  unity. 

If  £c'=l,  we  have  x  =  (l)^;    it   appeai-s  then    that   there   aro 

1      v/3 
three  c\ibe  roots  of  unity,  namely,  1  and  —  7^  =•=   „"  J{~  ^)- 
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361.  We  have  seen  in  Art.  337,  that  the  quadratic  expression 
ax^  +hx-{-  cia  always  identical  with  a  {x  —j))  {x  —  q),  where  j)  and  q 
are  the  I'oots  of  the  equation  ax^  +  6x  +  c  =  0.  If  the  roots  are 
imaginary,  j)  and  q  will  be  of  the  forms  a  ±  /3  J[—  1)  ;  thus  we 
have  then 

ax"  +  bx+  c  =  a{x-a-  P  J{-  l)]{x-a  +  (3  J{-1)}. 

This  will  present  no  difficulty  when  we  remember  the  conven- 
tion that  the  usual  algebraical  operations  are  to  be  applicable  to 
the  term  (3  J(—  1).  For  the  second  side  of  the  asserted  iden- 
tity is 

a{{x-a)- +  (3^],  that  is,   a  {x^  -  2ax  +  a^  +  (3^}, 

and  from  the  values  of  a  and  /3  we  have 

2a  = ,  and  a  +  B  ~     •, 

a  a 

thus  the  second  side  coincides  with  the  first. 

3G2.  Two  imaginary  expressions  are  said  to  be  conjugate  when 
they  differ  only  in  the  sign  of  the  coefficient  of  ^(—  1).  Thus 
a  + 13  J{—  1)  and  a  -  /3J(-  1)  are  conjugate. 

Hence  the  stim  of  two  conjugate  imagmary  expressions  is  i^eal, 
and  so  also  is  their  product.  In  the  above  example  the  sum  is 
2a,  and  the  product  is  a"  +  (3". 

363.  The  positive  value  of  the  squai-e  root  of  a"  +  j3^  is  called 
the  modulus  of  each  of  the  expressions 

a  +  (3J{-l)   and  a-(3J{-l). 

From  this  definition  it  follows  that  the  modidus  of  a  real 
qiiantity  is  the  numerical  value  of  that  qxiantity  taken  jjositively. 

In  order  that  the  modulus  J(a'  +  fi^)  may  vanish,  it  is  neces- 
sary that  a  —  0  and  (3  =  0  ;  in  this  case  the  expressions 

a+f3J{-l)   and  a-y8V(-l) 

vanish.     And  conversely,  if  these  expressions  vanish,  then  a  =  0 
and  (3-0,  and  thus  the  modulus  vanishes. 
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364.  If  two  imaginary  expressions  are  equal,  their  moduli 
are  equal.  It  is  not  however  necessaiily  true,  that  the  expressions 
are  equal  if  the  moduli  are  equal. 

365.  The     modulus    of    the    product    of    a  +  P  J{-\)    and 

y  +  S^/(-l)   is 

^^{(ay  -  P^f  +  ((3y  +  aS)'} ;    (see  Art.  359). 
But  (ay  - 138)'  +  (/3y  +  aS)"  =  {a'  +  ft')  (y"  +  B') ; 

thus  the  modulus  is 

Hence  the  modulus  of  the  -product  of  two  imaginary  expres- 
sions is  equal  to  the  product  of  their  moduli. 

Therefore  the  product  of  two  imaginary  expressions  cannot 
vanish  if  neither  factor  vanishes. 

It  will  follow  from  this  that  the  modulus  of  the  quotient  of 
two  imaginary  expressions  is  the  quotient  of  their  moduli.  This 
can  also  be  shewn  Ijy  forming  the  modulus  of  the  expression  for 
the  quotient  given  in  Ai-t.  359. 

366.  It  is  often  necessary  to  consider  the  powers  of  J{—  1). 
"We  may  form  them  by  successive  multiplication ;  thus, 

{v/(-i)r=v(-i).     {v/(-i)r=-i, 
{v/{-i)r={v/(-i)rxV(-i)=-v/(-i),     {v(-i)r=i- 

If  we  proceed  to  obtain  higher  powers  we  shall  have  a  re- 
currence of  the  results  ^./(-l),  —  1,  —  s]{--  1)>  !•  We  may  then 
express  all  the  powers  by  foiu-  foruuilje.  For  every  whole  number 
must  be  of  one  of  the  four  fonns  4w,  4w  +  1,  4m  +  2,  4?i  +  3, 
according  as  it  is  exactly  divisible  by  4,  or  leaves,  when  divided 
by  4,  a  remainder  1,  2,  3,  respectively.     And 

{v/(-i)r=i,       {x/(-i)r'=v(-i), 
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3()7.     The  square  root  of  an  imaginary/  expression  of  the  form 
a  +  (3  J{—  1)  may  be  expressed  in  a  similar  form. 

For  suppose      ^/{a  +  /3  J{-  1 )}  ---  a;  +  y  J{-  1 ) ; 

then       a  +  ^^(-l)-{ic+2/V(-l)f  =  a;--2/'  +  2a;y^/(-l). 

Hence,  by  Art.  358, 

x'-f  =  a. (1), 

2xy=)8 (2); 

therefore  from  (1)  and  (2) 

{x-  +  iff  =  a'  +  /3% 

thus  a;^  +  r-vV  +  /^')  (3)- 

From  (1)  and  (3)  we  obtain 


hence        a;  =  =>=  -. 


Since  the  vahies  of  x  and  2/  ii-i'e  supposed  real,  x^  +  7/"  is  posi- 
tive, and  thus  tlie  positive  sign  must  be  ascribed  to  the  quantity 
;^/(a^  +  y8').  And  since  the  vahies  of  x  and  y  must  satisfy  the 
equation  Ixy  =  /3,  they  must  have  the  same  sign  if  /?  be  positive, 
and  different  signs  if  /?  be  negative.  On  account  of  the  double 
sign  in  the  values  of  x  and  y,  we  see  that  a  +  /3  ^/(—  1)  has  two 
square  roots  which  differ  only  in  sign. 

368.  We  may  obtain  the  square  roots  of  ±  ^/(-  1)  by  sup- 
posing that  a  =  0  and  /3  =  ±  1  in  the  results  of  the  2:)recediiig 
Ai'ticle.     Thus  we  shall  obtain 


v/[+ v/(- 1)}--^    S\  ^    v/{-n/(-  1;/ 


If  we  suppose  that  £*  =  — 1,  we  deduce  s"  =  ±;y(-l);  thus 
s  =  ±  ^/{±^(- 1)}.  And  since  «*  =  -l,  we  have  s  =  (-l)  .  Thus 
thei-e  are  four  fourth  roots  of  —  1,   namely,  the  four  expressions 
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contained  in  ± -^ .     There  are  also  four  fom-tli  roots  of  1 , 

since  if  we  pvit  z*  =  I,  we  find  z-=^l,  and  z  =  ^  Jl  or 
s  =  ±  J{-  1).  Similarly  there  are  eight  eighth  roots  of  1  or  -  1, 
and  so  on. 


MISCELLAXEOUS    EXAMPLES. 


1.      Simplify 


(a  -  b)  (a  —  c)      (b  —  c)  {b  —  a)      (c  —  a)  (c  —  b)' 

2.  If  "^  +  ^^^  =  0,  shew  that 

1  +  ao      1  +  cd 

a  —  cl        b  —  c  a  +  c        h  +  d 

\  +  ad      \  +bc  \  —  ac      1  —  bd' 

3.  Shew  that 

a^  +  b^  +  c^-  3abc  = 
I  {(a  -  by  +{b-  cf  -f  (c  -  a)-\  {a  +  5  +  c}, 

a3  +  Z,-'  +  c^  +  24o5c  = 
(a  +  &  +  c)^  -  3  {a  {b  -  c)"  +  b{c-  af  +  c{a-  bf), 

(a +b  +  cf -27  abc=^ 
i  {(a  +  b  +  7c){a-  bf  +  {b  +  c+  la)  {b  -  cf  +  {c  +  a  +  7b)  (c  ~  af}, 

9  (a'  +  b'  +  c')  -{a  +  b  +  cf  = 
{la+  ib  +  c)(a-  bf  +  (ib  +  ic  +  a)  {b  -  cf  +  (4c  +  ia  +  b){c- af. 

4.  Shew  that  if  a  +  b  +  c  is  zei'o  the  following  expression  is 

also  zero, 

a'  h'  c*  , 


2a^  +  be      2b'  +  ca      2c'  +  ab 

5.  If  the  square  root  of  the  product  of  two  ^quantities  is 
)-ational,  shew  that  the  square  root  of  the  quotient  obtained  by 
dividing  one  by  the  other  is  also  rational. 
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6.  Extract  the  square  root  of  {\  +  x}  {I  +  x^  +  2  (I  -  x')  Jx], 

7.  Express  in  the  form  of  the  sum  of  two  simple  surds  the 
roots  of  the  equation  x*  —  2ax^  +  i"  =  0. 

8.  Express  in  the  form  of  the  sum  of  two  simple  surds  the 
roots  of  the  equation  ix*  —  4(1  +  ?i^)  a'x^  +  n'a*  —  0. 

9.  By  performing  the  operation  for  extracting  the  square 
root,  find  a  value  of  x  which  will  make  x^  +  Gx^  +  lla;'^+  3a;  +  31 
a  jierfect  square. 

10.  Shew  that  if  x*  +  ax^ +  hx"  +  ex  +  d  be  a  perfect  square, 
the  coefficients  satisfy  the  relations 

8c  =  a  (46  -  a^)  and  (46  -  a')'  =  6id. 

^~     11.      If  the  values  of  a;,  y,  x,  y  be  all  possible,  and       ^ 
\  1 +a;a;'+?/y=  V(l+a;=  +  2/=)^(l  +  a;''  +  2/"),         j 

show  that  x  =  x    and  y  ^  y.  ^ 

12.  Shew  that  the  equation 

dh'  {x  -  x'Y  +  a'h'  {y  -  y'Y  +  (6V  +  aY  -  a'h')  (b'x"  +  ay'--  «'^')  =  0 
is  equivalent  to  the  two  a'b'^  -  a'yy  -  l/xx'  =  0  and  xy' -  x'y  =  0. 

13.  A  man  sells  a  horse  for  £24.  12s.,  and  loses  18  per  cent, 
on  what  the  horse  cost  him  :  find  the  original  cost. 

14.  Divide  the  number  16  into  three  such  parts  that  the  dif- 
ference of  the  two  less  shall  be  the  square  root  of  the  greatest,  and 
the  difference  of  the  two  greater  shall  be  the  square  of  the  least. 


\r      15.     Shew  that 


I 2 i  ^  1 2  j 


is  equal  to  2  if  w  be  a  multiple  of  3,  and  equal  to  -  1  if  n  be  any 
other  integer. 
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Solve  the  following  equations  : 

x+  I      x+2     „£c  +  3 

16.     T  + ^  =  2 -. 

X- I      X  - 2        x  —  3 

19.  x'-Sx^'+Ux'+lGx-lG^O. 

20.  J{2x  -  1)  +  J{3x  -  2)  =  J{ix  -  3)  +  ^(nx  -  4). 

21.  2h{  J{x  +  a)  -  b]  +  2c  { ^/{x  -  a)  +  c}  =  a. 

22.  {J{a  +  x)  -  J  a)  {J  {a  -  x)  +  J  a]  =  nx. 

23.  x  +  y  =  a  -If  h,         — h  -  =  2. 

„,         ax  by         (a+b)c 

24.      +  j-~^^  =  ^ — j-^-  ,       x  +  y  =  c. 

a  +  x      0  +  y      a  +  b  +  c  ^ 

25.    er^-^Us^efU^V 

\y      x)  \x     y) 

20.      X  {be  -xy)  =  y  {xy  -  ac),  xy  {ay  +  bx  -  xy)  ^  abc  {x  +  y-  c), 

27.      (x-?>y+^--\{x^-z)  =  Q,      (x^^Y-^^,      1+14!=^. 
\  '^      zj  ^         '        '      \        z)  y        '      X      y      z      2 


28.  (v  +  a?)  (y  +  2;)  =  5  +  c  —  a, 

{v  +  y)  (z  +  x)  =  c  +  a  -  b, 
{v  +  z){x  +  y)  =  a  -\-  b  —  c, 
v'  4  x^  +  y"  +  z"  =  3{a  +  b  +  c). 
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3G9.  Eatio  is  the  relation  which  one  quantity  bears  to 
another  with  respect  to  magnitude,  tlie  compai'ison  being  made 
by  considering  what  multiple,  part,  or  parts,  the  first  quantity  is 
of  the  second. 

Thus  in  comparing  G  with  3,  we  observe  that  G  has  a  cei-tain 
magnitude  with  respect  to  3,  which  it  contains  twice ;  again,  in 
comparing  G  with  2,  we  see  that  6  has  now  a  different  relative 
magnitude,  for  it  contains  2  three  times  ;  or  6  is  gi'eater  when 
compared  with  2  than  it  is  when  compared  ^v^.th  3, 

370.  The  ratio  of  a  to  6  is  usually  expressed  by  two  points 
placed  between  them,  thus,  a  :  b  ;  and  a  is  called  the  antecedent 
of  the  ratio,  and  b  the  consequent  of  the  ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  the  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.      Thus  the  ratio  of  a  to  6  is  measured 

by  J- ;  then  for  shoii:ness  we  may  say  that  the  ratio  o/  a  to  h  is 

a  .a 

equal  to  - ,  or  is  ,  . 

372.  Hence  we  may  say  that  the  ratio  of  a  to  6  is  equal  to 

the  ratio  of  c  to  a,  when  y  =  , . 
b      a 

373.  If  the  terms  of  a  ratio  be  multiplied  or  divided  b^  the 
same  quantity  the  ratio  is  not  altered. 

For  ?  =  "^,  (Art.  135). 

6      mb     ^ 

374.  "We  may  compare  two  or  more  ratios  by  reducing  the 
fi-actions  which  measure  tliese  ratios  to  a  common  denominator. 


RATIO.  223 

Tlius  suppose  one  ratio  to  be  that  of  a  to  6,  and  another  ratio  to 

be  that  of  c  to  (/ ;    then  the  first  ratio   7=7—7,  and  the  second 
'  0      bd 

c      he 
ratio  -,  =  r-j .     Hence  the  first  ratio  is  gi-eater  than,  equal  to,  or 
a      bd 

less  than,  the  second  ratio,  according  as  ad  is  greater  than,  equal 
to,  or  less  than  he, 

375.  A  ratio  is  called  a  ratio  of  greater  inequality,  of  less 
inequality,  or  of  equality,  according  as  the  antecedent  is  greater 
than,  less  than,  or  equal  to,  the  consequent. 

376.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio 
of  less  inequality  is  increased,  hy  adding  any  quantity  to  both 
terms  of  the  ratio. 

Let  the  ratio  be  -  ,  and  let  a  new  ratio  be  formed  by  adding 

X  to  both  terms  of  the  original  i-atio  :  then  7 is  greater  or  less 

than  ,- ,  according  as  ,  \,  ■ — '-  is  greater  or  less  than  -r\ {  ;  that 

b  b{b  +  x)  b{h  +x) 

is,  according  as  h  {a  +  x)  is  gi-eater  or  less  than  a{b  +  x) ;  that  is, 

according  as  xh  is  gi-eater  or  less  than  xa ;  that  is,  according  as  b 

is  greater  or  less  than  a. 

Z11.  A  ratio  of  greater  inequality  is  increased,  and  a  ratio  of 
less  inequality  is  diminished,  by  taking  from  both  terms  of  the  ratio 
any  quantity  which  is  less  than  each  of  those  terms. 

Let  the  ratio  be      ,  and  let  a  new  ratio  be  formed  by  taking 

X  from  Ijoth  terms  of  tlie  original  ratio  :  then    is  gi'eater  or 

,       ^,        a  ..  hia-x)  .  ,         ,        a{h-x) 

less  than  ,  ,  according  as  i-4i ;  is  greater  or  less  than  rr-f. ,  ; 

b  °        b(b-x)      ^  b{b-x) 

tliat  is,  according  as  b  {a  —  x)  is  greater  or  less  than  a(b  —  x)  ;  that 

is,  acct)rding  as  bx  is  less  or  greater  than  ax ;  that  is,  according  £.3 

b  is  less  or  fcivator  than  a. 
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378.  If  the  antecedents  of  any  ratios  be  niulti})lied  together 
and  also  the  consequents,  a  new  ratio  is  obtained,  which  is  said  to 
be  comjyounded  of  the  former  ratios.  Thus  the  ratio  ac  :  bd  is 
said  to  be  comi^ounded  of  the  two  ratios  a  :  h  and  c  :  d. 

379.  The  ratio  compounded  of  two  ratios  has  sometimes  been 
called  the  sum  of  those  two  ratios.  When  the  ratio  a  :  b  is  com- 
pounded with  itself,  the  resulting  ratio  d"  :  b'  is  sometimes  called 
the  double  of  the  ratio  a  :  b.     Also  the  ratio  a^  :  b^  is  called  the 

trijile  of  the  ratio  a  :  b.     Similarly,  the  ratio  a  :  6  is  sometimes 

1        1 
said  to  be  half  oi  the  ratio  oj'  :  b',  and  the  ratio  a"  :  b"  is  some- 
times said  to  be   -  tli  of  the  ratio  a  :  b. 
n 

This  langaiage,  however,  is  now  not  used  ;  the  following  terms 
are  in  conformity  with  it,  and  some  of  them  are  still  retained. 
The  ratio  a"  :  b^  is  said  to  be  the  d^iplicate  ratio  of  a  :  b,  and 
the  ratio  a^  :  b^  the  triplicate  ratio  of  a  :  b.  Bimilarly,  the  ratio 
Ja   :  Jb  is  called  the  sid)diq)licate  ratio  of  a   :  b,  and  the  ratio 

^a  :   ^b  the  sid)triplicate  ratio  of  a  :  b.     And  the  ratio  a^  :  b^ 
is  called  the  sesquiplicate  ratio  of  a  :  b. 

380.  If  the  consequent  of  the  preceding  ratio  be  the  antecedent 
of  the  succeeding  ratio,  and  any  number  of  such  ratios  be  taken,  the 
ratio  lohich  arises  from  their  composition  is  that  ofthefrst  antece- 
dent to  the  last  consequent. 

Let  there  be  three  ratios,  namely  a  :  b,  b  :  c,  c  :  d ;  then  the 
compound  ratio  is  a  x  b  ^  c  :  b  x  c  x  d  (Art.  378),  that  is,  a  :  d. 
Similarly,  the  proposition  may  be  established  whatever  be  the 
niimber  of  ratios. 

381.  A  ratio  of  greater  inequality  compounded  with  another 
increases  it,  and  a  ratio  of  less  inequality  compounded  with  another 
diminislies  it. 

Let  the  ratio  re :  3/  be  compounded  with  the  ratio  a  -.b;  tlie 
compound  rr.tio  is  xa  :  yb,  and  this  is  greater  or  less  than  the 
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ratio    a   :  h,    accordiucf  as  —-  is  crreater  or  less  than  =-,  that  is, 
°        yh        °  b'  ' 

according  as  x  is  gi-eater  or  less  than  y. 

382.  If  the  difference  hettoeen  the  antecedent  and  the  consequent 
of  a  ratio  be  small  compared  ivith  either  of  them,  the  ratio  of  their 
squares  is  nearly  obtained  by  doubling  this  difference. 

Let  the  proposed  ratio  be  a  +  x:  a,  where  x  is  small  compared 
with  a ;  then  a'  +  2ax  +  x'  :  a'  is  the  ratio  of  the  squares  of  the 
antecedent  and  consequent.  But  x  is  small  comj^ared  with  a,  and 
therefore  a'  or  xxx  is  small  compared  with  2a  x  x,  and  much 
smaller  than  ax  a.  Hence  a^  +  2ax  :  a^  that  is,  a  +  2x  :  a,  will 
nearly  express  the  ratio  (a  +  x)'  :  a'. 

Thus  the  ratio  of  the  square  of  1001  to  the  square  of  1000  is 
nearly  1002  :  1000.  The  real  ratio  is  1002-001  :  1000,  in  wliich 
the  antecedent  diiJers  from  its  approximate  value  1002  only  by 
one-thousandth  part  of  unity. 

383.  Hence  we  may  infer  that  the  ratio  of  the  square  root  of 
a  +  2x  to  the  square  root  of  a  is  the  ratio  a  +  x  :  a  nearly,  when 
X  is  small  comjiared  with  a.  That  is  ;  if  the  difference  of  two 
quantities  be  small  compared  loilh  either  of  them,  the  ratio  of  their 
square  roofs  is  niarly  obtained  by  halving  this  difference. 

In  the  same  manner  as  in  Art.  382  it  may  be  slieAvn  when  x  is 
small  compared  with  a,  that  a  +  ox  :  a  is  neai-ly  equal  to  the  ratio 
(a  +  xf  :  «•',  and  a  +  4x  :  a   is  nearly  equal  to  the  ratio  («  +  x)*  :  a\ 

These  results  may  be  generalised  by  the  student  when  he  is 
acquainted  with  the  Binomial  Theorem. 

384.  "We  will  place  here  a  theorem  respecting  ratios  which 
is  often  of  use. 

Suppose  that  ,  —  -  =:  ^,,  then  each  of  these  ratios  is  equal  to 
b      d     J 

/  pa"  +  qc"  +  re"\\  ,-.■■,    i 

[     T7, — S,. ^n     >  where  p,  q,  r,  n  are  any  quantities  wliatover. 

\ph"  +  qd"Jrrt   /  '  /'   n     1  j   ~i 

\  T.   A.  15 
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For  let  k  =  y  =  ~j=  -r.  ;  then 
0      a     J 

kb  =  a,    kd  =  c,    Jcf=  e ; 

therefore      p  [kb)"  +  q  {kd)"  +  r  [k/)"  =  j^a"  +  qc"  +  re" ; 

7  n     PC'  +  qc  +  re  .     ,       /pa  +  qc  +re   \ - 

therefore  A;  ^-rr, —  -jr. 1^,     and    k^  i      „ j;r-, — 7^    • 

2)b  +  qd  +rj'  '  \pb  +qd  +r/  / 

The  same  mode  of  demonstration  may  be  applied,  and  a  similar 
result  obtained,  when  there  are  more   than  three  ratios -,  -     ^ 

given  equal.     It  may  be  observed  that  2^,  <1,  '*;  ^  are  not  neces- 
sarily positive  quantities. 

As  a  particular  example  we  may  suppose  ?4  =  1,  then  we  see 

that  if  -  =  -  ^  -  each    of   these    ratios   is  equal  to   —, ^^ ■, 

b      d     J  pb  +  qd  +  rf 

and  then  as  a  special  case  we  may  suppose  p-q=r,  so  that  each 

1  J.    a  +  c  +  e 
of  the  given  equal  ratios  is  equal  to     — — -. . 

385.     Suppose  that  we  have  three  unknown  quantities  x,  y,  z 
connected  by  the  two  equations 

ax  +  bi/  +  cz  =  0,     ax  +  b'y  +  c';c;  =  0  ; 
these  equations  are  not  siifficient  to  determine  the  unknown  quan- 
tities, but  they  will  determine  the  ratios  subsisting  between  them. 
For  multiply  the  first  equation  by  c',  and  the  second  by  c,  and 

subtract:  thus 

{ac  -  a'c)  X  +  {be  -  b'c)  y  =  0  ; 

X  y 

therefore  T^^ — rr  —  — 'i ~  • 

be  —  be      ca  —ca 

Again,  multiply  the  first  equation  by  b',  and  the  second  by  b, 

and  subtract:  thus  we  shall  obtain 

X        _         z 

be'  —  b'c      ab'  —  ab  ' 

Hence  we  may  write  the  results  in  this  form  : 

X  y       _        z 

be  —  b'c      ca'  —  c'a      ab'  —  a'b 
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These  results  are  very  important,  and  should  be  carefully  re- 
membered; the  second  denominator  may  be  derived  from  the  first, 
and  the  thii-d  from  the  second,  in  the  manner  explained  in 
Art.  211. 

Denote  the  common  value  of  these  fractions  by  /.; ;  then 

x  —  k[bc  —  b'c),     y=k{ca'  —  c'a),     z  =  k{cih'  —  a'l). 

Now  suppose  that  we  have  also  a  third  equation  connecting 
the  unknown  quantities  x,  y,  z;  then  by  substituting  in  it  for 
X,  y,  z  the  expressions  just  given,  we  shall  obtain  an  equation 
which  will  determine  k :  thus  the  values  of  x,  y,  z  become 
known. 

Suppose,  for  example,  the  third  equation  is 
Ix^  +  7)iy^  +  nz^  =  1, 
then  k  is  determined  by 

k^  {Kbc'-b'cy  +  m{ca'-  c'cif  +  n  (ah'-a'hY]  =  1. 


EXAMPLES    OF    RATIO. 

1.  Write  do^\^^  the  duplicate  ratio  of  2  :  3,  and  the  sub- 
duplicate  ratio  of  100  :  144. 

2.  Writs  down  the  ratio  which  is  compoinuled  of  the  ratios 
3  :  5  and  7  :  9. 

3.  Two  numbers  SA-e  in  the  ratio  of  2  to  3,  and  if  9  be  added 
to  each  they  are  in  the  ratio  of  3  to  4.      Find  the  numbers. 

4.  Shew  that  the  ratio  a  :  6  is  the  duplicate  of  the  ratio 
a  +  c  :  b  +  c  if  c'  =  ab. 

5.  Tliei'e  are  two  roads  from  A  to  B,  one  of  them  14  mik-s 
longer  than  the  other,  and  two  roads  from  B  to  C,  one  of  them 
8  miles  longer  than  the  other.  The  distances  from  A  to  B  and 
from  B  to  G  along  the  shorter  roads  are  in  the  ratio  of  1  to  2, 
and  the  distances  along  the  longer  roads  are  iii  tke  ratio  of  2  to  3. 
Determine  the  distances. 

15—2 
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G.      Solve  the  equations 

ax  +  hy      cs  4-  ax      hy  +  cz 


by 


X  +  y  +  z. 


„      _.  ,1    ,    .,.a+aoX      a,  +  a.x      a^  +  atX  ,       ,    , 

7      Prove  that  if  -^ —  =  -^ ^  =  — — ,  each  of  these 

a^  +  aj/      a.^  +  a,y      a^  +  a,^/ 

\  +  X 
ratios  is  equal  to         '  ,  supposing  a^  +  a,,  +  a.^  not  to  be  zero. 

^.     a-h  h-c  c-a  a+b  +  c        ,,  .       „ 

8.  If ,-  =  , = =  J ,  then  each  of 

ay  +  bx      bz  +  ex      cy  +  az      ax  +  by  ■¥  cz  ~^  /^     ■  - 

1  ^'--i^A^Q 

these  ratios  = ,  sup})oslng  «  +  6  +  c  not  to  he  zero. 

.^av  —  bx      cx-az      bz—cii      .        x      ii      z 

9.  Rhew  that  if  -^ = , —  = ,   then  -  =  "^  =  - . 

c  6  a  a      0      c 

10       If       ,  =  —, — fT,  =  -, ;;  J    then    each    of    these     ratios 

a  -a        b  -b        c  -  c 

ab'—a'b         bc'—h'c         ca'  —  c'a        o  +  6  +  c  —  (a'  + 6' +  c') 


a'b"—a"b'      bc"—b"c'      ca'—ca       a' +b' +c' —{ci" +b"  ■¥  c")' 

11.  Solve  the  equations 

2^  +  7/ -2^  =  0,     7x  +  G2/-9^  =  0,    x' +  y' +  5'=  1728. 

12.  Solve  the  equations 

ax  +  by  +  cz  =  0,    bcx  +  cay  +  abz  =  0,    xyz  +  abc  (a^x  +  b^y  +  c^z)  =  0. 

XXVII.     PROPORTION. 

38G.     Four  quantities  are  said  to  be  proportionals  when  the 
first  is  the  same  multiple,  pai't,  or  parts,   of   the  second,  as  the 

third  is  of  the   fourth;  that   is,   wlien  j-=  -j,  tlie  four  quantities 

a,  b,  c,  d,  are  called  j^i'oportionals.  This  is  usually  expressed  by 
saying,  a  is  to  b  as  c  is  to  d,  and  is  represented  thus,  a  \b  wc  :  d, 
or  thus,  a  :b  =  c  :  d. 
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The  terms  a  and  d  are  called  the  extremes,  and  the  terms 
b  and  c  are  called    the  means. 

387.  When  four  quantities  are  2^'>'oportionals,  the  2^^'oduct  of 
the  extremes  is  equal  to  the  2})'oduct  0/ the  means. 

Let  a,  h,  c,  d  be  the  four  quantities;  then  since  they  are  pro- 
poi-tionals  y  = -^  (Art.  380);  and  by  multiplying  both  sides  of 
the  equation  by  hd,  we  have  ad  =  he. 

Hence  if  the  first  be  to  the  second  as  the  second  is  to  the  third, 
the  product  of  the  extremes  is  equal  to  the  square  of  the  mean. 

388.  If  any  three  terms  in  a  proportion  are  given,  the  fourth 
may  be  determined  from  the  equation  ad  =  he. 

389.  If  the  product  0/  two  quantities  he  equal  to  the  2'>'>'oduct 

of  tioo  others,    the  four    are   ^9j-C7:)oriio?i«Zs/     the    terms    of  either 

product  being  taken  for   the  means,  and   the    terms   of  the  other 

2)roduet  for  the  extremes. 

X      h 
Let  xy  =  ah ;  divide  by  «?/,  thus,  -  =  -  ; 

or  X  :  a  ::  b  :  1/  (Art.  3SG). 

390.  If  ct  :  h  ::  e  :  d,   and  c  :  d  v.  e  :  f,   then 

a  :  h  w  e  :  f. 

Because     t  =   1  ^'^'^^    ^j  =  ";•)    therefore   r  -  -,. ; 
0      d  d     j  h      f 

or  a  -.b  ::  e  -.f 

391.  If  four  quantities  be  2^i'02)ortionals,  thry  are  2>>'02)Ortionals 
when  taken  inversely. 

If         a  :  b  ::  c  '.  d,  then    b  :  a  ::  d  :  c. 

For  -  =  -  ;    divide    unity  by  each   of   these  eqmU  quantities, 

thus   -  =     ;  or  0  :  a  ::  d  :  c. 
a      c 
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392,    If  four  quantities  he  jn'oportioiicds,  they  are  projyortionals 
ivhcn  taken  ;iltei-natelr. 


If         a  :  h  :.  c  :  d,  tlien    a  :  c  ::  h  :  d. 

^       a      c  i,-   1     1      ^     XT        «      ^ 

For  J-  =  7 ;  multiply  by  -  ;  thus  -  =  -. ; 


cr  a  :  c  ::  h  :  d. 

Unless  the  four  quantities  are  of  the  same  kind  the  alter- 
nation cannot  take  place ;  because  this  operation  supposes  the 
first  to  1)6  some  multiple,  i)ai-t.,  or  parts,  of  the  third.  One  line 
may  have  to  another  line  the  same  ratio  as  one  weight  has  to 
another  weight,  but  there  is  no  relation,  with  respect  to  magni- 
tiule,  between  a  line  and  a  weight.  In  such  cases,  however,  if  the 
four  qiiantitics  be  represented  hy  numbers,  or  by  other  quantities 
NS'hich  are  all  of  the  same  kind,  the  alternation  may  take  place. 

393.  Wlteiifour  quantities  are  2yroportionals,  the  first  together 
with  the  second  is  to  the  second  as  the  third  together  with  the  fourth 
is  to  the  fourth. 

If         a  :  h  ::  c  :  d,  then    a  +  h  :  h  ■.:  c  +  d  :  d. 

For       =  -  ■  add  unitv  to  both  sides  ;  thus 
0      d 

a     T       c      ,      ji,.      a  +  b      c  +  d 
^  +  1=-  +  1;  thatis,   -y-=-^-, 

or  a  +  b   :  b   ::  c  +  d   :  d. 

This  oi:)eration  is  called  comjJonendo. 

394.  Also  the  excess  of  the  first  above  the  second  is  to  the 
second  as  the  excess  of  the  third  above  the  fourth  is  to  the  fourth. 

a'       c 

For  y  =  -.  ;   subti'act  iinitv  from  both  sides  :  thus 
0       d 

a.      _       c      ,       ,        .      a-b      c-  d 
--1=^^-1;  that  IS,   -^  =  -^-; 

or  a  —  b:b::c  —  d:d. 

This  operation  is  called  dividendo. 
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395.  Also  the  first  is  to  the  excess  of  the  first  above  the  second 
as  the  third  is  to  the  excess  of  the  third  above  the  fourth. 

T^      ,      ,  .      .,  a  —  b      c  -  d 

By  the  last  Article,       — ; —  =  — r-  : 
"^  b  d    ' 

b       d 
also  ~  ~  -  } 

a      c 

,,        -  a-b      b      c  —  d      d  a-b      c~d 

tnereiore  -  x  -  =  — -—  x  -      or  =5 

bade  a  c 

or  a  —  b   :  a  ::  c  —  d  :  c, 

and  inversely,  a   :  a-b   ::  c   :  c  -  d. 

This  operation  is  called  convertendo. 

396.  When  four  quantities  are  2»'oportionals,  the  sun  of  tfoe 
first  and  second  is  to  their  difference  as  the  sum  of  the  tliird  and 
fourth  is  to  their  difference. 

If         a  :  b  ::  c  :  d,  then    a  +  b  :  a  —  b  ::  c  +  d  :  c  —  d. 

T?      \    J-    one.  a  +  b      c  +  d 

By  Art.  393,  ,--  =  — ,—  , 

•^  b  d     ' 

and  by  Art.  394,  — = —  =  — -~  ; 

•^  b  d     ' 

,,        »  a  +  b       a-b      c  -\-  d       c  -  d 

therefore  — r—  -. r—  =  — ^ ; -—  r 

6  0  d  d 

,,    ,  .  a  +  b      c  +  d 

that  IS,  r  = J : 

a-b      c  —  a 

or  a  +  b   :  a  —  b   ::  c +  d  :  c  —  d. 

397.  Wlien  any  number  of  quantities  are  proportionals,  as  one 
antecedent  is  to  its  consequent,  so  is  the  sum  of  all  tlie  antecedents  to 
the  sum  of  all  the  consequents. 

Let  a  :  b   ::  c   :  d  ■.:  e  :  f ; 

then  a  :  b  ::  a  +  c  +  e  :  b +  d  + f. 


232  piioroirrioN. 

For  ad^bc,  and     af-he,   (Art.  38  G), 

also  ab  —  ba  ;     lience  ab  +  ad  +  af=  ba  +  be  +  be  ; 

that  is,  a{b  +  d+/)  =  b{a  +  c  +  c). 

Hence,  by  Art.  389,     a   :  b   ::  a  +  c  +  e   :  b  +  d  +  f. 

Similarly  the  proposition  may  be  establislied  when  more  qtian- 
tities  are  taken. 

398.  Whe7i  fom'  quantities  are  inoportionals,  if  the  first  and 
second  be  vadtiplied,  or  divided,  by  any  quantity,  as  also  the  third 
and  fourth,  the  residting  quantities  zodl  be  proportionals. 

Let  a  :  b  ::  c  :  d,  then    ina  :  7ub  ::  ')ic  :  7uL 

T^-  a      c      ,,        „        ma      nc 

i  or  ,   =  -, ,    therefore   — r  =  ^-  : 

0       d  1110      nd 

or  ma  :  mb  ::  nc  :  nd. 

399.  If  tJie  first  and  third  be  midtijjlied,  or  divided,  by  any 
quantity,  and  also  the  second  and  fourth,  the  resulting  quantities 
will  be  proportionals. 

Let  a  :  b  ::  c  :  d,  then    ma  :  nb  ::  mc  :  nd. 

a,      c        ,        .        ona      mc  ma      mc 

For  r  ^  ->')   thercioro  —-  =  -j- ,  and  =  — - ; 

0       d  b         d  no       nd 

or  'ina  :  nb  ::  mc  :  nd. 

400.  In  two  ranks  of  projwrtionals,  if  the  corresponding  terms 
be  multiplied  together,  the  i^roducts  loill  be  irroportionals. 

Let  a   :  b   ::  c   :  d, 

and  e   :  f  ::  g  :  h, 

then  ae   :  bf  ::  eg   :  dh. 

_,  a      c        ,  -      ^7      ,1        /.        ae      eg 

For  ,   =--  -,  and    ,.  =  y  ;  therefore  y-.  ^  -„  ; 

b       d  J       l>'  bj      dh 

or  ae  :  bf  ;:  eg  :  dh. 
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This  is  called  compounding  the  proportions.  Tlie  proposition 
is  true  if  applied  to  any  number  of  projioi-tions. 

401.  If  four  quantities  he  projwrtionals,  the  like  j)Oivers,  or 
roots,  of  these  quantities  will  he  'proqwrtionals. 

Let  a   :  h   ■.:  c   :  d,  then    a"    :  h"   ::  c"   :  d". 

For    ■  =--,  therefore  --  =   ,,,  where  n  may  be  whole  or  frac- 
h       d  b"       d  -^ 

tional ;  thus 

a"   :  6"   ::  c"   :  d". 

402.  If   a   :  b   ::  h   :  c,  then    a   :  c   ::  a~   :  V. 

T^       ah  ,  J  •   1      1       f*     J 1        a      a      a      b 

i^or  -    =     ;    muiti])ly  by  — ,   thus   ,    x  -  =  ,    x     , 
bo  ^  •'      •'    b'  b      b      b      c 

a"      a 
that  IS,  "T-  =  -  j 

b'      c 

or  a    :  c   ::  a'    :   b'. 

The  three  quantities  a,  h,  c  are  in  this  case  said  to  be  in 
continued  2»'oj)ortio}i ;  and  b  is  said  to  be  a  mean  propo7-tio7ial 
between  a  and  c. 

403.  Similarly  we  may  shew  that  if  a  :  b  ::  h  :  c  ::  c  :  d,  then 
a  :  d  :'.  a^  :  h°.  Here  the  four  quantities  a,  h,  c,  d  arc  said  to  be 
in  continued  j^roportiun. 

404.  It  is  obvious  from  the  preceding  Articles,  that  if  four 
quantities  are  proportionals,  we  may  derive  from  them  many 
otlior  proportions.      We  will  give  anotlier  example. 

If  a  :  b  ::  c  :  d,   then 

ma  +  nb  :  ^Jct  +  qb  ::  mc  +  nd  :  ^'c  +  qd. 

^  »      c     ^,        ,.        ma     mo 

For  ,  ^-j,  therefore  -       r.  — - ; 

0      d  b        a 
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add  n  to  both  sides  ;  thus 

ma  +  nb      mc  +  nd 

pa  4-  qh      fc  +  qd 


Siniihu-ly 


Hence 


that  is, 


h  d       ' 

ma  +  rth   _  pa  +  qb      mc  +  nd  _  ;>c  +  qd 
6  '         b        "        li         '        d~ 

7na  +  nb      7nc  +  nd 


pa  +  qb        pc  +  qd  ' 
or  ma  +  nb  :  ^^a  +  qb  ::  mc  +  nd  :  pc  +  qd. 

405.  Ill  the  definition  of  I'loportion  it  is  supposed  tliat  one 
quantity  is  some  determinate  multiple,  part,  or  parts,  of  another ; 
or  that  the  fraction  formed  Ly  taking  one  of  the  quantities  as  a 
numeratoi-,  and  tlie  other  as  a  denominator,  is  a  determinate 
fraction.  This  will  he  the  case  whenever  the  two  quantities  have 
any  common  measure  whatever.  For  let  x  be  a  common  measure 
of  a  and  b,  and  let  a  =  mx  and  b  =  nx  ;  then 

a      mx      m 
h      nx      n' 

■where  7)i  and  u  are  whole  numbers. 

406.  But  it  sometimes  happens  that  quantities  are  iiicom- 
7}i€nsHrable,  that  is,  admit  of  no  common  measure  whatever.  If, 
for  example,  one  line  is  the  side  of  a  square,  and  another  line  is 
the  diagonal  of  the  same  squai-e,  these  lines  are  incommensurable. 

In  such  cases  the  value  of  j  cannot  be  expressed  by  any  fraction 

m 

—  where  m  and  n  are  whole  numbers  ;  yet  a  fraction  of  this  kind 

n  '  -^ 

may  be  found  which  will  express  the  value  of  t   to  any  i'equired 

degree  of  accuracy. 
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For    let    b  =  iix,    where    n    is    an    integer*     also    let    a   te 

greater    than    mx    but   less    than    (m  +  1)  x ;    then    ,     is    greater 

than   —  ,  but  less  tlian   .      Thus    the   difference  between    ., 

n  u  b 

and  —  is  less  than  - .     And  since  nx  =  h,  when  x  is  diminished 
n  n 

n  is  increased   and  -    is   diminished.      Hence  by  taking  x   small 
n 

enough,    -    can    be    made    less    than    any  assigned    fraction,    and 
n 

therefore  the   difference  between  —  and  ,-  can  be  made  less  than 

n  b 

any  assigned  fraction. 


407.      If  c  and  d   as  well  as  a  and  h  are    incommensurable, 

and   if  when   ,-   lies  between   —  and  ,  then  -  also  lies  be- 

b  n  u  a 

m        .  VI  +  I  ^  ,  ,  ,  .  , 

tween  —  and however  the  numbers  7n  and  n  are  uicreased, 

a  .  c 

Y  IS  equal  to  -. . 
b  a 

For  if  J  and       are  not  equal,  they  must  have  some  assignable 

7n  tn  +  1 

difference,  and  because  each  of  them  lies  between  —  and  , 

n  n 

this  difference  must  be  less  than   - .      But  since  n  may,  by  sup- 

position,  be  increased  without  limit,  -  may  be  dimmished  without 
limit ;  that  is,  it  may  l)e  uiade  less  than  any  assigned  magnitude  ; 
therefore  j  and   -  have  no  assignrdjle  diffei-ence,  so  that  we  may 

say  that  y  =  ,•  Hence  all  the  propositions  resi^ecting  propor- 
tionals are  true  of  the  four  quantities  a,  b,  c,  i. 
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408.  It  will  be  useful  to  compare  the  definition  of  proportion 
■whicli  lias  been  given  in  this  Chapter  with  that  which  is  given  in 
the  fifth  book  of  Euclid.  The  latter  definition  may  be  stated 
thus ;  four  cpiantities  are  proportionals  when  if  any  equimultiples 
be  taken  of  the  first  and  third,  and  also  any  equimultiples  of  the 
second  and  foui'th,  the  multiple  of  the  third  is  greater  than, 
equal  to,  or  less  than,  the  multiple  of  the  fourth,  according  as  the 
multiple  of  the  first  is  greater  than,  equal  to,  or  less  than,  the 
midtiple  of  the  second. 

We  will  first  shew  that  the  property  involved  in  Euclid's 
definition  follows  from  the  algebraical  definition. 

For  suppose  a  :  h   ::  c   :  d  ;    then  -  =  -  ,    therefore   -,   =  — , . 

h      d  qb       qd 

Hence  pc  is  gi-eater  than,  equal  to,  or  less  than  qd,  according  as 

pa  is  greater  than,  equal  to,  or  less  than  qh. 

409.  Next  we  will  shew  that  the  property  involved  in  the 
algebraical  definition  follows  from  Euclid's.  Let  a,  b,  c,  d  be  four 
quantities  which  are  proportional  according  to  Euclid's  definition  : 

then  shall   ,-  = -, .      For  if  r-    be   not   equal   to    -,,    one    must   be 
0      d  b  '■  d 

gi-eater  than  the  other,  and  it  will  be  possible  to  find  some  fraction 

whicli  lies  between  them.      Suppose  -=  greater  than   -,  ;   and  let  - 

0  d  q 

lie  between   them.     Then    ,    is  greater  than       ;    therefore   a  a   is 

b         °  q'  ^ 

(/reciter  than  pb  :  and  -  is  less  than  -  ;  therefore  qc  is  less  than  pc?. 
Thus  a,  b,  c,  d  are  not  jiropoi'tionals  according  to  Euclid's  defini- 
tion ;  which  is  contrary  to  the  supposition.  Therefore  -  and  - 
cannot  be  unequal ;  that  is  they  are  equal. 

410.  It  is  usually  stated  that  the  common  algebraical  defini- 
tion of  proportion  cannot  he  used  in  Geometry,  because  there  is  no 
method  of  representing  geometrically  the  result  of  the  operation 
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of  division.  Straight  lines  can  be  represented  geometrically,  but 
not  the  abstract  number  wliicL.  expresses  bow  often  one  straight 
line  is  contained  in.  another.  But  it  should  also  be  noticed  that 
Euclid's  definition  is  rigorous  and  can  be  applied  to  incommen- 
surable as  well  as  to  commensurahle  quantities,  while  the  alge- 
braical definition  is,  strictly  speaking,  confined  to  the  latter  quan- 
tities. Hence  this  consideration  alone  would  furnish  a  suflicient 
reason  for  the  definition  adopted  by  Euclid. 


EXAMPLES    OF    PROPOKTIOX. 

1.  The  last  three  terms  of  a  proportion  being  -i,  G,  8,  what  is 
the  fii'st  term  % 

2.  Find  a  third  proportional  to  25  and  400. 

3.  If  3,  X,  1083  are  in  continued  propoii-ion,  find  x. 

4.  If  2  men  working  8  hours  a  day  can  copy  a  manuscript  in 
32  days,  in  how  many  days  can  x  men  woi'king  y  hours  a  day 
cojiy  it  % 

5.  If  X  and  y  be  unequal  and  x  have  to  7/  the  duplicate  ratio 
o{  X  +  z  to  y  +  z,  in'ove  that  «  is  a  mean  proportional  between  x 
and  ?/. 

3  S 


G.      If  a  :  b  ::  j:>  :  fj,   then  a"  +  V  : ::  p^  +  q 


+  b  2^  +  9' 

7.  If  four  quantities  are  proportionals,  and  the  second  is  a 
mean  proportional  between  the  third  and  fourth,  the  third  will  l)e 
a  mean  propoi-tional  between  the  first  and  second. 

8.  If 

{a  +  b  +  c  +  d)  (a  -  b  ~  c  +  d )  =  {a  -  b  +  c  -  d)  {a  +  b  -  c  -  d), 
jjrove  tliat  a,  b,  c,  d  are  proportionals. 

9.  Shew  that  when  four  quantities  of  the  same  kind  are  pro- 
portional, the  sum  of  the  greatest  and  least  is  greater  than  the  sum 
of  the  other  two. 
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10.  Eacli  of  two  vessels  coiitams  a  mixture  of  wine  and 
water ;  a  mixture  consisting  of  equal  measures  from  the  two 
vessels  contains  as  much  wine  as  water,  and  another  mixture 
consisting  of  four  measures  from  the  first  vessel  and  one  from 
the  second  is  composed  of  wine  and  water  in  the  ratio  of  2  :  3. 
Find  the  proportion  of  wine  and  water  in  each  of  the  vessels. 

11.  A  and  i>  have  made  a  bet;  the  money  which  A  stakes 
bears  the  same  proportion  to  all  the  money  A  has  as  the  money 
which  B  stakes  bears  to  all  the  money  B  has.  If  A  wins  he  will 
have  double  what  Jj  will  have,  but  if  he  loses,  £  will  have  three 
times  what  A  will  have.  All  the  money  between  them  being 
.£168,  determine  the  circumstances. 

12.  If  the  increase  in  the  number  of  male  and  female  crimi- 
nals be  1-8  per  cent.,  while  the  decrease  in  the  number  of  males 
alone  is  4'G  j^er  cent.,  and  the  increase  in  the  number  of  females 
is  9*8  ;  compare  the  number  of  male  and  female  criminals  re- 
spectively. 


XXVIII.     VARIATION. 

411.  The  present  Cha2Jter  consists  of  a  series  of  propositions 
connected  with  the  definitions  of  ratio  and  proportion  stated  in  a 
new  phraseology,  which  is  convenient  for  some  purposes. 

412.  One  quantity  is  said  to  vary  directly  as  another  when 
the  two  qiiantities  depend  upon  each  other,  and  in  such  a  man- 
ner that  if  one  be  changed  the  other  is  changed  in  the  same 
proportion. 

Sometimes  for  shortness  we  omit  the  word  directly,  and  say 
simply  that  one  quantity  varies  as  another. 

413.  Thus,  for  example,  if  the  altitude  of  a  triangle  be  in- 
variable, the  ai-ea  varies  as  the  base;  for  if  the  base  be  increased 
or  diminished,  we  know  from  Euclid  that  the  area  is  increased  or 
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diminished  in  the  same  propoi-tion.  We  may  express  this  result 
by  Algebraical  symbols  thus :  let  A  and  a  be  numbers  which 
represent  the  areas  of  two  triangles  having  a  common  altitude,  and 
let  B  and  h  be  numbers  which  represent  the  bases  of  these  tri- 
angles respectively ;    then    -  =  y  •       And    from   this    we    deduce 

A      a 

_  =  -  J  (Art.  392).      If  there  be  a  third  triangle  having  the  same 

altitude  as  the  two  already  considered,  then  the  ratio  of  the  num- 
jjer  which  represents  its  area  to  the  number  which  represents  its 

4 

base  will  also  be  equal  to  y      P^^t  -  =  m,  then  ^—  =  m  and  A  ^  mB. 
0  0  -L> 

Here  A  may  represent  the  area  of  any  one  of  a  series  of  triangles 

which  have  a  common  altitude,    and  B    the  corresponding  base, 

and  m  remains  constant.      Hence    the    statement   that    the   area 

vai'ies  as  the  base  may  also  be  expressed  thus  :    the  area  has  a 

constant  ratio  to  the  base;   by  which  we  mean,  in  accordance  with 

Article  392,  that   the  number  which  represents  the  area  bears  a 

constant  ratio  to  the  nuviber  which  represents  the  base. 

We  have  made  these  remarks  for  the  purpose  of  explaining 
the  notation  and  language  which  will  be  used  in  the  present 
Chapter.  When  we  say  that  A  varies  as  B,  we  mean  that  A 
repi'esents  tlie  numerical  value  of  any  one  of  a  certain  series  of 
quantities,  and  B  the  numerical  value  of  the  corresponding  quan- 
tity in  a  certain  other  series,  and  that  A  =  viB,  where  m  is  some 
number  which  remains  constant  for  every  corresponding  pair  of 
quantities. 

We  will  give  a  formal  proof  of  the  equation  A  =  mB  deduced 
from  the  definition  of  Art.  412. 

414.  //'A  vary  as  B,  t/ien  A  is  equal  to  B  multiplied  by  some 
constant  quantity. 

Let  a  and  b  denote  one  i)air  of  corresponding  values  of  the  two 

A      7? 
quantities,  and  ht  A  and  B  denote  any  other  pair;  then    -  =  - 
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by  defiiiitiou.      Hence  A  -  y  J^  =  inB,    where    m    is   equal  to    the 

constant  ,  . 

0 

415.  The  symbol  cc  is  used  to  express  variation;  thus  A  cc  B 
stajids  for  A  varies  as  B. 

4 1 G,  One  quantity  is  said  to  vary  inversely  as  another  when 
the  first  varies  as  the  reciprocal  of  the  second;  see  Art.  2G3. 

Or  if  ^1  ==      ,  where  m  is  constant,  A  is  said  to  vary  inversely 

as  /;. 

417.  One  quantity  is  said  to  vary  as  two  others  jointly  when, 
if  the  former  is  changed  in  any  manner,  the  product  of  the  other 
two 'is  changed  in  the  same  proportion. 

Or  if  ^  =  mBC,  v.diere  m  is  constant,  A  is  said  to  vary  jointly 
as  B  and  C. 

418.  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  jointly  as  the  second  and  the 
reciprocal  of  the  third. 

Or  if  A  —  — ^  ,  where  m  is  constant^  A  is  said  to  vary  dii'ectly 

Li 

as  B  and  inversely  as  C. 

419.  1/  Ace  B,  and  B  cc  C,  then  A  cc  C, 

For  let  A  =  niB,  and  B  =  nC,  where  7)i  and  ?i  are  constants  ; 
then  A  =  mnC ;  and,  as  mn  is  constant,  A  cc  C. 

420.  7/  A  cc  C,  and  B  cc  C,  then  A  ±  B  cc  C,  and  J{AB)  cc  C. 

For  let  A  -  mC,  and  B  -  nC,  where  m  and  n  are  constants  ; 
then  A  +  B  =^  {m  +  n)  C,  and  A-B  =  {m~  n)  C ;  therefore  A^  B  ccC. 
A  Iso  J{A  B)  =  ^l{mn  C)  =  C  J{vi  7i) ;  therefore  J  {A  B)  =c  C. 

A  -V 

421.  i/Ao.  BO,  <A^w  Boc  —  ,  awe?  Ccc -. 

•^  C  B 
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1   ^  A 

For    let    A  —  mBC,    then    B  =  —  -—■  tlierefore  B  oc  —  .      Simi- 

7?t  (J  C 

larlj  Coo  —  . 

422.  I/AozB,  and  C  oc  D,  then  AC  cc  BD. 

For    let    A=mB,    and  C=^nl),  then  AG  =  mnBD ;    therefore 
ACocBD. 

423.  7/'Ao:B,  i!Ae/i  A"  cc  B". 

For  let  A  =mB,  then  A"  =  iii'B" ;  therefore  A"  cc  B". 

424.  7/' A  oc  B,    then  APocBP,    where   P   is   ani/    quantity 
variable  or  invariable. 

For  let  A  =  mB,  then  AP  =  niBP;  therefore  AP  cc  BP. 

425.  //*  A  oc  B  W6e?i  C  is  invariable,  and  AocG  when  B  is 
invariable,  then  will  A  cc  BG  when  both  B  a7id  C  are  variable. 

The  variation  of  ^1    depends  upon  the  variations  of  the  two 

qviantities   B  and   C;    let   the   variations  of  ths  latter  quantities 

take    i^lace    separately,    and   when   B   is   changed   to  b,   let  A  be 

A      B 
changed    to    a' ;    then,    by   supposition,    —  =  — ,      Now  let   C  be 

changed  to  c,  and  in  consequence  let  a'  be  changed  to  a  ;  then,  by 

a       C       rr-u 
supposition,  —  =  — .      Ihus 


A      a' 
a       a 

BC 
"'he  ' 

that  is, 

A 
a 

BC 

-  be  ' 

therefore  A  cc  BC. 

A  very  good  example  of  this  proposition  is  furnished  iii 
Geometry.  It  can  be  proved  that  the  area  of  a  triangle  varies 
as  the  base  when  the  height  is  invariable,  and  that  the  ai-ea  varies 
as  the  height  when  the  base  is  invariable.     Hence  when  both  the 

T.  A.  16 
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base  and  the,  height  vary,  the  area  vanes  as  the  product  of  tho 
numbers  winch  express  the  base  and  the  height. 

42G.  In  the  same  manner  if  there  be  any  number  of  quan- 
tities B,  C,  D,  &c.  each  of  wliich  varies  as  another  A  when  the 
rest  are  constant ;  when  they  are  all  variable,  A  varies  as  their 
product. 

Take  for  example  three  quantities  B,  C,  D.  When  B  alone 
varies  A  varies  as  B ;  when  C  alone  varies  A  varies  as  G :  thus, 
by  Art.  425,  when  B  and  G  both  vary  A  varies  as  BG.  Again 
when  D  alone  varies  A  varies  as  D,  and  when  BG  varies  A  varies 
as  BG :  thus,  by  Art.  425,  when  D  and  BG  both  vary  A  varies 
as  BGD. 

EXAMPLES    OX    VARIATION". 

"^         1.      Given  that  7/  varies  as  x,  and  that  i/=  3  when  a;  =  1,  find 
the  A  alue  of  y  when  x-  3. 

2.  If  rt  varies  as  h  and  a  =  15  when  6  =  3,  find  the  equation 
between  a  and  b. 

3.  Given  that  z  varies  jointly  as  x  and  ?/,  and  that  z  =  1 
when  x=l  and  y  =  I,  find  the  value  of  z  when  x  =  2  and  y  =  2. 

4.  If  z  varies  as  j>a;  +  y,  and  if  ;:;  =  3  when  x  =  \  and  y  =  2, 
and  z—  5  when  a;  =  2  and  y  =o,  find  j^- 

5.  If  X  varies  directly  as  y  when  z  is  constant,  and  inversely 
as  z  wdien  y  is  constant,   then  if  y  and  z  both  vary,  x  will  vary 

y 

as  •^-  . 

z 

G.  If  3,  2,  1,  be  suuultaneous  values  of  x,  y,  z  in  the  pi-e- 
ceding  Example,  determine  the  value  of  x  when  ?/  =  2  and  z=  i. 

7.  The  wages  of  5  men  for  G  weeks  Ijeing  £14.  5.^.,  how  many 
weeks  will  4  men  work  for  £19  ?      (Apply  Example  5.) 

8.  If  the  square  of  x  vaiy  as  the  cube  of  y,  and  a;  =  2  Avhen 
y  =  S,  find  the  equation  between  x  and  y. 


f 
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9.  Given  that  y  varies  as  the  sum  of  two  quantities,  one  of 
which  varies  as  x  directly,  the  other  as  x  inversely,  and  that 
7/ =  4  when  x  =  l,  and  j' =  5  when  x  =  2,  find  the  equation  be- 
tAveen  x  and  y. 

10.  If  one  quantity  vary  dii-ectly  as  another,  and  the  former 
>)e  I  when  the  latter  is  |,  find  what  the  latter  will  be  when  the 
former  is  9. 

11.  If  one  quantity  vary  as  the  sum  of  two  others  when 
theii'  difference  is  constant,  and  also  vary  as  theii'  diflference  when 
their  sum  is  constant,  shew  that  when  these  two  quantities  vary 
independently,  the  first  qiiantity  will  vaiy  as  the  difference  of 
theix  squares. 

12.  Given  that  the  volume  of  a  sythere  varies  as  the  cube  of 
its  radius,  prove  that  the  volume  of  a  sphere  whose  radius  is 
G  inches  is  equal  to  the  sum  of  the  volumes  of  three  spheres 
whose  radii  are  3,  4,  5  inches. 

13.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  single  circular  plate  one  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

14.  Tliere  are  two  globes  of  gold  whose  radii  are  ?•  and  ?•'; 
they  are  melted  and  formed  into  a  single  globe.      Find  its  radius. 

15.  If  x,  y,  z  be  variable  quantities  such  that  y-vz  —  x  is 
con",tant,  and  that  {x  +  y  -  z)  {x  -\-  z  -y)  varies  as  yz,  prove  that 
a  4-  y  +  3  varies  as  yz. 

IG.  A  point  moves  with  a  speed  which  is  different  in  dift'erent 
miles,  biit  invariable  in  the  same  mile,  and  its  speed  in  any  mile 
varies  inversely  as  the  number  of  miles  travelled  before  it  com- 
mences this  mile.  If  the  second  mile  be  described  in  2  hours, 
find  the  time  occupied  in  describing  the  Ji""  mile. 

17.  Suppose  that  y  varies  as  a  quantity  which  is  the  sum  of 
three  quantities,  the  first  of  which  is  constant,   the  second  vai-ies 

lG-2 
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as  X,  and  the  third  as  x*.  And  suppose  that  when  x  =  a,  2/  =  0, 
when  X  -  2a,  y  —  a,  and  when  x  —  3a,  y  =  da.  Shew  that  when 
X  =^  na,  y  =  {ii-  I)'  a. 

18.  Assuming  that  the  quantity  of  work  done  varies  as  the 
cube  root  of  the  number  of  agents  Avhen  the  time  is  the  same,  and 
varies  as  tlie  sqixare  root  of  the  time  when  the  number  of  agents  is 
the  same ;  find  how  long  3  men  would  take  to  do  one-fifth  of  the 
work  which  24  men  can  do  in  2.5  hoiirs.      (See  Art.  425.) 

XXIX.     SCALES    OF   NOTATION. 

427.  The  student  will  of  course  have  learned  from  Arith- 
metic that  in  the  ordinary  method  of  expi-essing  whole  numbers 
by  figures,  the  number  represented  by  each  particular  figure  is 
always  some  multiple  of  some  power  of  ten.  Thus  in  347  the  3 
represents  3  hundreds,  that  is,  3  times  10";  the  4  represents  4 
tens,  that  is,  4  times  10';  and  the  7  which  represents  7  imits, 
may  be  said  to  represent  7  times  10". 

This  mode  of  representing  numbers  is  called  the  common  scale 
of  notation,  and  10  is  said  to  be  the  base  or  radix  of  the  common 
scale. 

428.  We  shall  now  prove  that  any  positive  integer  greater 
than  vmity  may  be  i;sed  instead  of  10  for  the  radix,  and  shall  shew 
how  to  express  a  number  in  any  proposed  scale.  We  shall  then 
add  some  miscellaneous  projiositions  connected  with  this  subject. 

The  figures  by  means  of  which  a  number  is  expressed  are 
called  digits. 

Wlien  we  speak  in  future  of  any  radix  we  shall  always  mean 
that  this  radix  is  some  positive  integer  greater  than  unity. 

429.  To  sheio  that  any  wJiole  number  inay  be  expressed  in 
terms  of  any  radix. 

Let  X  denote  the  whole  number,  r  the  radix.  Suppose  that 
r'  is  the  highest  power  of  r  which  is  not  greater  than  X;  divide 
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iV  by  r",  and  let  p^^  be  the  quotient  and  iV,  the  remaindei- ;  thus 

Here,  by  supposition,  j^,,  i«  ^^'^'^  than  r ;  also  X^  is  less  than  r". 
Next  divide  xV^  by  r""',  and  let  ^;___,  be  the  quotient  and  X.,  the 
remainder;  thus 

Proceed  in  this  way  until  the  remainder  is  less  than  r ;  thus 
we  find  N  expressed  in  the  manner  indicated  by  the  equation 

X  =  pr"  +p„_,r""'  + 4  2iy  +/','•  +  Po' 

Each  of  the  dir/i(s  ;>__,  7),^_,, 7^,,  p^  is  less  than  r,  and  any 

one  or  more  of  them  after  the  first  mivy  be  zero. 

The  best  practical  mode  of  determining  the  digits  is  given  in 
the  next  Article. 

430.     To  express  a  given  whole  numher  in  any  proposed  scale. 

By  a  given  whole  number  we  mean  a  whole  number  expressed 
in  words  or  else  expressed  by  digits  in  some  assigned  scale.  If 
no  scale  is  mentioned,  we  understand  the  common  scale  to  be 
intended. 

Let  X  be  the  given  numbei-,  r  the  radix  of  the  scale  in  which 

it  is  to  be  expressed.      Suppose  p^,  p,, p>^  to  be  the  required 

digits  by  which  X  is  expressed  in  the  new  scale,  beginning  with 
that  on  the  right  hand  ;  then 

X  —  i^r"  +  7^,, _!?■""'  + +  p.,r^  +  Pi^  +  Pu  J 

we  have  now  to  find  the  value  of  each  digit. 

Divide  X  by  r,  and  let  Q^  denote  the  quotient ;  then  it  is 
obvious  that 


.."-1 


V,  =-l^J        +  P,,-{>'     ■  + +  p./  +  Px^ 

and  that  the  remainder  is  p^^.  He  nee  p^  is  found  by  this  rule  ; 
divide  the  given  numher  hy  tlie  pi-oposed  radix,  and  the  remainder 
in  tlie  first  of  tlie  required  digits. 
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Again,  divide  Q^  T>y  r,  and  lot  Q^  denote  the  quotient ;  then 
it  is  obvious  that 

Q2  =P,f~'  +  /',.-i''"~'  + +  iV 

and  that  the  remainder  is  jh-      Hence  the  second  of  the  required 
digits  is  founl. 

By  proceeding  in  tliis  way  we  sliall  fin;l  in  succession  all  the 
required  digits. 

431.  For  example,  transform  -IST.")!  into  the  scale  of  which 
G  is  the  radix.  The  division  maybe  ])ei-formed  and  the  remainders 
noted  tlius  : 

G;4  3  7  5  1 

6J7  2  9  1 5 

g;  1  2  1  5 1 

C;2  0  2 3 

Q>J?,  3 4 

~"5 3 

Thus  4375 1  ^  5 .  G'  +  3 .  GV  4 .  G'  +  3.  6'  +  1 .  G  +  5, 

so  that  the  number  is  expressed  in  the  new  scale  thus,  534315, 

432.  Again,  transform  43751  into  the  scale  of  which  12  is 
the  radix. 

12;4  3  7  5  1 

12^3  G  4  5 11 

12;  3  0  3 9 

12;  2  5 3 

2 1 

Thus  43751  =2. 12* +  1.12' +  3. 12- +  9. 12 +  11. 

In  expressing  the  number  in  the  new  scale  we  shall  require 
a  single  symbol  for  eleven ;  let  it  be  e  ;  then  the  number  is  ex- 
pressed in  the  new  scale  thus,  2139e. 
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We  cannot  of  coiu-se  use  1 1  to  express  eleven  in  tlie  new  scale, 
because  11  now  represents  1.12  +  1,  that  is,  thirteen. 

433.  We  will  now  consider  an  example  in  which  a  number  is 
given,  not  in  the  common  scale. 

A  number  is  denoted  by  t'iile  in  the  scale  of  which  twelve  is 
the  radix,  it  Ls  required  to  express  it  in  the  scale  of  which  eleven 
is  the  radix. 

Here  t  stands  for  ten,  and  e  for  eleven. 

e  J  t  3  i  7  e 

e2  7  3 2 

The  process  of  division  by  eleven  is  performed  thus.  First 
e  is  not  contained  in  t,  for  eleven  is  not  contained  in  ten,  so  we 
ask  how  often  is  e  contained  in  i3  ?  here  t  stands  for  ten  times 
twelve,  that  is  one  hiindred  and  twenty,  so  that  the  question  is, 
how  often  is  eleven  contained  in  one  himdred  and  twenty-three  ] 
the  answer  is  eleven  times,  with  two  over.  Next  we  ask  how 
often  is  e  contained  in  24  ;  that  is,  how  often  is  eleven  contained 
in  twenty-eight  ?  the  ansvrer  is  twice,  with  six  over.  Then  liow 
often  is  e  contained  in  G7  ;  that  is,  how  often  is  eleven  contained 
in  seventy-nine  ]  the  answer  is  seven  times,  Avitli  two  over. 
Last,  how  often  is  e  contained  in  2e ;  that  is,  how  often  Ls 
eleven  contained  in  thii-ty-five  ?  the  answer  is  three  times,  "s^dth 
two  over. 

Hence  2  is  the  first  of  the  requii'ed  digits. 

The  remainder  of  the  process  we  will  indicate;  the  student 
shovdd  carefully  work  it  for  himself,  and  tlien  compare  his  result 
with  that  here  given. 

e  ;  e  2  7  3 

e;  1  0  2  t 1 

77m 2 

7;  1  2 6 

1 3 
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Hence  the  given  number  is  equal  to 

l.e'+3.e-  +  G.e'  +  2.e-  +  l.e  +  2; 
that  is,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  13G212. 

434.  The  process  of  transformmg  from  one  scale  to  another 
may  be  effected  also  in  another  manner.  Suppose  for  example 
that  we  have  to  transform  to  the  common  scale  24G13  which  is  in 
the  scale  of  seven.     We  have  in  fact  to  calculate  the  vah;e  of 

2x'  +  4a;'  +  Ga;'  +  re  +  3, 
when  x  =  1.     "We  may    adopt  the  method  which  is  explained  in 
the  Theory  of  Equations,  Art.  5. 

2+    4+      G+      1  +        3 
14  +  12G  +  924  +  G475 


18  +  132  +  925  +  G478 

The  result  is  G478.  This  method  is  advantageous  when  we 
liave  to  transform  from  any  otlier  scale  into  the  common  scale. 

435.  It  will  be  easy  to  form  an  unlimited  number  of  self- 
vei'ifying  examples.  Thus,  take  two  numbers  expressed  in  tlie 
common  scale  and  obtain  their  prod\ict,  then  transform  this  pro- 
duct into  any  proposed  scale  ;  next  transform  the  two  numbers 
into  the  proposed  scale,  and  obtain  their  product  in  this  scale ; 
the  result  should  of  course  agree  with  that  already  obtained.  Or, 
take  any  number,  square  it,  transform  this  square  into  any  pro- 
posed scale,  and  extract  the  square  root  in  this  scale ;  then  trans- 
form the  last  result  back  to  the  original  scale. 

43G.  Next  let  it  be  required  to  transform  a  gixQiix  fraction 
from  one  scale  to  another.  This  may  be  effected  by  transforming 
separately  the  numerator  and  denominator  of  the  given  fraction 
by  the  method  of  Art.  430.  Thus  we  obtain  a  fraction  identical 
with  the  proposed  fraction,  having  its  numerator  and  denominator 
expressed  in  the  new  scale. 

437.  "We  stated  in  Art.  427,  that  in  the  common  scale  of 
notation,  each  digit  which  occurs  in  the  expression  of  any  integer 
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by  figui'es  represents  some  multiple  of  some  poiver  of  ten.  Tliis 
statement  may  be  extended,  and  we  may  assert  that  if  a  number 
be  expressed  in  tbe  common  scale,  and  tbe  number  be  an  integer, 
or  a  decimal  fraction,  or  jyartly  an  integer  and  jyarthj  a  decimal 
fraction,  then  each  digit  represents  some  mtdtiple  of  some  power 
of  ten.     Thus  in   347'958  the  3,  the  4,  and  the  7,  have  the  vahies 

9 
assigned    to    them    in    Art.   427;    the    9   represents    Ya  ,  that  is, 

9  times  10~' ;  the  5  represents  ry— ,  that  Ls,  5  times  10"'';  and 

g 
the  8  repi-esents  — — -  ;  that  is,  8  times  10"^. 

It  may  therefore  naturally  occur  to  us  to  consider  the  follow- 
ing problem  :  i-equired  to  express  a  given  fraction  by  a  series  of 
fractions  in  anv  proposed  scale  analogous  to  decimal  fractions  in 
the  co^nmon  scale.  We  will  speak  of  such  fractions  as  radix- 
fractions. 

438.  Required  to  express  a  given  fraction  hy  a  scries  of  radix- 
fractions  in  any  piroposed  sccde. 

By  a  given  fraction  we  mean  a  fraction  ex^iressed  in  words 
or  expressed  by  figures  in  any  given  scale. 

Let  F  denote  the  given  fi-action,  r  the  radix  of  the  pro- 
posed scale.  Suppose  t^,  t,,,  ...  the  numerators  of  the  required 
radix  fractions  beginning  from  the  left  hand;  thus 

r      r-      r 

where  t^,  i. ,  t^,  are  to  be  found. 

Midtiply  both  membei'S  of  the  equation  by  r  ;  thus 

Fr==t.+^'  +S+ 

1      r       r' 

The    right-hand    member    consists    of  an    integer    <,    and    an 

additional  fractional  part.     Let  I^  denote  the  integi*al  part  of  Fr, 

and  F^  the  fractional  remainder ;  then  we  must  have 


/,  =  <„      F,=  *-^+l^,+ 
r      r 
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Thus,  to  ol)taiii  tlie  first  numerator,  ti,  of  the  series  of  radLx- 
fractious,  we  have  this  rule ;  multiply  the  given  fraction  hy  the 
proposed  radix  ;  then  the  greatest  integer  in  the  2>roduct  is  the  first 
of  the  requirrd  numerators. 

Again,  multiply  Fi  hy  r ;  let  h  he  the  integral  part  of  the 
product,  and  F ,  the  fractional  remainder  ;   then 

i,  =  t..   /:,=  '^+^:  + 

ITcnce  <„,  the  second  of  the  required  numerators,  is  ascertained. 
By  proceeding  in  this  way  we  shall  determine  the  required  nu- 
merators in  succession.  If  one  of  the  products  which  occur  on 
the  left-hand  side  of  the  eqiiations  be  an  exact  integer,  the  j^rocess 
then  terminates,  and  the  proposed  fraction  is  expressed  by  a  finite 
series  of  radbz-fractions.  If  no  integral  product  occur,  the  process 
never  terminates,  and  the  pi'oposed  fraction  can  only  be  expressed 
by  an  infinite  series  of  the  required  radix-fractions;  the  numera- 
tors of  the  radix-fi-actions  will  recur  like  a  recurring  decimal. 

123  .  .  . 

439.  For  example,  express  — -^  bv  a  series  of  radix-fractions 

in  the  scale  S. 

123  .123  .    ^     11 

Multii)lv  --.-^z-,  bv  8  :  thus  we  obtain  -y~,  that  is  7  -i-  ^  ^  . 
'■  •'    rlS    "  lb  10 

Multiidy  —:  by  8 ;  thus  we  obtain  -~  .   that  is  5  +  -^ . 

Multiply  -  l\v  8;  thus  ^\•e  obtain  4. 

123      7       5       4 
Hence   ^^=^^-^^. 

440.  "We  may  remark  that  the  radix  ten  is  not  only  the  base 
of  the  common  mode  of  expressing  numbers  by  figures,  but  is  in 
fact  assumed  as  the  base  of  our  language  for  numbers.  This  will 
be  seen  by  observing  at  what  stage  in  counting  xipwards  from 
unity  new  loords  are  introduced.  For  example,  all  numbers 
between  twenty-one  and  twenty-nine,  both  inclusive,  are  exjn-essed 
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by  means  of  -woi'ds  that  have  ali'eady  occuiTed  in  counting  up 
to  twenty;  then  a  new  word  occurs,  namely  thirty,  and  we  can 
count  on  without  an  additional  new  word  as  far  as  thii-ty-nine ; 
and  so  on. 

The  nvimber  ten  has  only  two  divisors  different  from  itself 
and  unity,  namely  2  and  5;  the  number  twelve  has  four  divisors, 
namely  2,  3,  4,  and  6.  On  this  account  tvrelve  would  have  been 
more  convenient  than  ten  as  a  radix.  This  may  be  illustrated  by 
reference  to  the  case  of  a  shilling ;  smce  a  shilling  is  equivalent  to 
twelve  pence,  the  half,  the  third,  the  fourth,  and  the  sixth  of  a 
shilling,  each  contains  an  exact  number  of  pence;  if  the  shilling 
vrere  equivalent  to  ten  pence,  the  half  and  fifth  of  a  shilling  would 
be  the  only  submultiples  of  a  shilling  containing  an  exact  number 
of  pence.  Similarly,  the  mode  of  measuiing  lengths  by  feet  and 
inches  may  be  noticed. 

441.  AVe  may  observe  that  if  two  be  adopted  as  the  radix  of 
a  scale,  the  operations  of  Aiithmetic  are  in  some  respects  much 
simplified.  In  this  scale  the  oiAj  figures  which  occur  are  0  and  1, 
so  that  each  separate  step  of  a  series  of  arithmetical  operations 
would  Ije  an  addition  of  1,  or  a  subtraction  of  1,  or  a  midtiplica- 
tion  by  1,  or  a  division  by  1.  The  simplicity  of  each  opei'ation  is 
however  comiterbalanced  by  the  disadvantage  arising  from  the 
increased  number  of  such  operations. 

We  give  in  the  follo\\'ing  two  Articles  two  problems  connected 
\n.t\\  the  present  subject. 

442.  Determine  which  of  the  series  of  weights   1  lb.,   2  lbs., 

2^  lbs.,  2"  lbs.,  2Mbs., must  be  used  to  balance  a  given  weiglit 

of  ^Y  lbs.,  not  more  than  one  weight  of  eacli  kind  being  used. 

It  is  obvious  that  this  question  is  the  same  as  the  following; 
express  the  number  X  in  the  scale  of  which  the  radix  is  2. 
Hence  it  follows  from  Art.  429  that  the  problem  can  always 
be  solved. 

44.3.  Suppose  it  required  to  determine  which  of  the  weights 
1  lb.,  3 lbs.,  3"lb.s.,  3^ lbs.,...  must  be  selected  to  weigh  Tibs.,  nut 
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more  tliau   one  of  each   kind  being  used,  but  in  clUter  scalcpan 
that  may  be  necessary. 

Divide  N  by  3,  then  the  remainder  must  be  zero,  or  one,  or 
two.  Let  ^Vj  denote  the  quotient ;  then  in  tlie  first  case  we  have 
N=2)N'^,  in  the  second  case  N -'dN'^  +  l,  and  in  the  third  case 
N=ZN^  +  2.  In  the  first  or  second  case  divide  JV^  by  3;  in  the 
third  case  we  may  write  ^V=  3  (JV^ -i- 1)  -  1,  then  we  should 
divide  ^^  +  1  by  3.  Proceed  thus,  and  we  shall  finally  have  a 
result  of  the  following  form, 

^^q,r  +  qn-,^''-'+ +'7,3  +  '7o. 

where  each  of  the  quantities  q^,  q^, q^  is  either  zero,   or  +  1, 

or  —  1.     Thus  the  problem  is  solved. 

44-I-.  /?i  a  scale  of  notation  o/ which  the  radix  is  v,  the  sum  of 
the  digits  of  any  whole  number  divided  hy  r—  1,  or  by  any  factor  of 
r  —  1,  will  leave  the  same  remainder  res2yectively  as  the  tchole  number 
divided  by  v  —  \  or  by  the  factor  of  v  —  1. 

Let  N  denote  the  whole  number,  ;^^,  ^>^, 2'>a  the  digits  be- 
ginning with  that  in  the  units'  place;   then 

iV  =  Pi^  +  Pj  7'  + +  ;;„?•" 

+  p,ir-l)+2\,(:r'-\)+ +^,,^(,."-1); 

therefore =  -^ — ^-^ — 

r-l  r-  \ 

+  2'i+7>^(r+l)4- +2,J-I--, 

r"  -  1   . 
But  - —      is  an  integer  whatever  positive  integer  7i  may  be; 

thvis  —  =  some  mte^er  +  —  — ^ —  . 

7-  —  1  r-l 

Next  let  2^  he  a  factor  of  r—l,  say  that  r~l  —  2^q-  Then 
multiplying  the  last  result  by  q  we  have 

—  —  some  integer  +  -^ — . 

P  P 

This  establishes  the  jiroposition. 
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4i5.  In  a  scale  of  notation  in  loluch  the  radix  is  r  let  any 
whole  number  he  divided  hy  r  +  1  ;  and  let  the  difference  between 
the  sum  of  the  digits  in  the  odd  flaces  and  the  sum  of  the  digits  in 
the  even  jjlaces  be  divided  by  r  +  1  ;  then  either  the  remainders  ivill 
be  equal  or  their  sum  loill  he  r  4-  1. 

With  tlie  same  notatiou  fts  in  the  preceding  proj^osition  we 
have 

^^  =  1\   +  ;','•  +  P/  + +  PnT" 

=  Po-l\-^l\-l\  + +  (-  !)>« 

+;'.('■  + 1)  +p-.{-'"-  - 1)  +pA-r'+  !)  +  •••  +i',.K  -  (- 1)"}. 

Thus ^  =  some  mtefrer  +^-^ — -^ r ^^ LL:\ 

r  +  1  °  r  +  1 

First,  suppose  ^'q  — i^i +  ;'2— ••■  +  (— 1)";',,  to  be  positive,  and 
denote  it  by  D  ;  then 

N  .  ,  D 

=  some  mtearer  4 : 

r  + 1  *         r+1 

thxis  when  X  and  D  are  divided  by  r  +  1  tlie  remainders  are  equal. 

Secondly,  supjwse  Pg- Pi  + P-2  ~  ■■■  +  {-^''Pn  to  be  negative, 
and  denote  it  hj  —  J)  ;  then 

F  .  D 

some  luteijer  — 


r+1  «         r  +  1 ' 

,       .  N         D 

that  IS, H =  some  integer  ; 

'  r  +  1      r  +  1  °     ' 

thus  when  X  and  D  are  divided  by  r  +  1  the  sum  of  the  I'emain- 

ders  must  be  r+1,  unless  either  remainder  is  zero,  and  then  tho 

other  remainder  also  is  zero. 

For  example,  suppose  r=  10  and  iy=2G3419.     Here 
9-1  +  4- 3 +  6-2  =  13  =  i>; 
and  X  and  D  when  divided  by  11  each  leave  the  remainder  2. 
Again,  suppose  r  =  1 0  and  3'=  C15372.     Here 
2-7  +  3-5.+  l-6=-12--/>j 
and  X  and  D  when  divided  by  11  leave  the  remaindei-s  10  and  1 
rcspectiA  ely. 
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44G.  It  appears  from  Art.  444  that  a  niimbcr  is  divisible  by 
9  when  the  sum  of  its  digits  is  divisible  by  9  ;  and  that  when  any 
number  is  divided  by  9,  the  remainder  is  the  same  as  if  the  sum 
of  the  digits  of  that  number  were  divided  by  9.  And  as  3  is  a 
factor  of  9  a  number  is  divisible  by  3  when  the  sum  of  its  digits 
is  divisible  by  3  ;  and  when  any  numl>er  is  divided  by  3  the  re- 
mainder is  the  same  as  if  the  sum  of  the  digits  of  that  number 
were  divided  by  3. 

It  appears  from  Art.  445  that  a  number  is  divisibhi  l)y  11 
when  the  difference  Ijetween  the  sum  of  the  digits  in  the  odd 
places  and  the  sum  of  the  digits  in  the  even  places  is  divisible 
by  11. 

447.  From  the  property  of  the  number  9,  mentioned  in  the 
preceding  Article,  a  rule  may  be  deduced  which  will  sometimes 
detect  an  error  in  the  multiplication  of  two  numbers. 

Let  9rt+  X  denote  the  multi})licand,  and  ^b  -\-y  the  multiplier; 
then  the  product  is  81«5  +  %x  +  'day  +  xy.  If  then  the  sum  of 
tlie  digits  in  the  multiplicand  be  divided  by  9,  the  remainder  is  x ; 
if  the  sum  of  the  digits  in  the  multiplier  be  divided  by  9,  the 
]-emainder  is  y ;  and  if  the  sum  of  the  digits  in  the  product  be 
divided  by  9,  the  remainder  oiight  to  be  the  same  as  when  xy 
is  divided  by  9,  and  will  be  if  there  be  no  mistake  in  the 
operation. 

EXAMPLES    ox    SCALES    OF    XOTATIOX. 

Transform  the  following  sixteen  numbers  fi'om  the  scales  in 
which  they  are  given  to  the  scales  in  which  they  are  required : 

1.  12345G  from  the  scale  of  ten  to  the  scale  of  seven, 

2.  1 357531  from  the  scale  of  ten  to  the  scale  of  five. 

3.  357234  from  the  scale  of  ten  to  tlie  scale  of  seven, 

4.  333310  from  the  scale  of  ten  to  the  scale  of  eleven. 

5.  5 15  from  the  scale  of  six  to  the  scale  of  ten. 
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6.  4444  from  the  scale  of  five  to  tlie  scale  of  ten. 

7.  3413  from  tlie  scale  of  six  to  the  scale  of  seven. 

8.  40234  from  the  scale  of  five  to  the  scale  of  twelve, 

9.  G4520  from  the  scale  of  seven  to  the  scale  of  eleven. 

10.  15951  from  the  scale  of  eleven  to  the  scale  often. 

11.  15  75  from  the  scale  of  ten  to  the  scale  of  eight. 

13.  31402-125  from  the  scale  often  to  the  scale  of  eight. 

13.  221  "248  from  the  scale  often  to  the  scale  of  five. 

14.  444'44  from  the  scale  of  five  to  the  scale  often. 

15.  1845-3125  from  the  scale  of  ten  to  the  scale  of  twelve. 

16.  30G5-263  from  the  scale  of  eight  to  the  scale  often. 

17.  Express  in  the  scale  of  seven  the  numbers  which  are 
expressed  in  the  scale  of  ten  by  231  and  452  ;  miTltiply  the  num- 
Iters  together  in  the  scale  of  seven,  and  reduce  to  the  scale  often. 

18.  Divide  17832126  by  4685  in  the  scale  of  nine. 

19.  Extract  the  square  root  of  33224  in  the  scale  of  six. 

20.  Extract  the  square  root  of  123454321  in  the  scale  of  six. 

21.  Extract  the  square  root  of  3445-44  in  the  scale  of  six,  and 
reduce  the  result  to  the  scale  of  three. 

22.  Subtract  20404020  from  103050301  in  the  scale  of  eiglit, 
j'.nd  extract  the  sqiiare  root  of  the  result. 

23.  Extract  the  square  root  of  1 1000000100001  in  the  binary 
scale. 

24.  Extract  the  square  root  of  07556^21  in  the  scale  of 
twelve. 

25.  Express  -  in  a  series  of  radix-fractions  in  the  scale 
of  twelve. 

26.  Find  in  what  scale  95  is  denoted  by  137. 

27.  Find  in  what  scale  2704  is  denoted  by  20304. 

28.  Find  in  what  scale  1331  is  denoted  by  1000. 
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29.  Find  in  what  scale  16000  is  denoted  by  1003000. 

30.  A  number  is  represented  in  the  denary  scale  by  35^  and 
in  another  scale  by  55  "5,  find  the  radix  of  the  latter  scale. 

31.  Find  in  what  scale  of  notation  sixteen  hundred  and  sixty- 
four  ten-thousandths  of  unity  is  i-epresented  by  "0404. 

32.  Shew  that  12345654321  is  divisible  by  12321  in  any 
scale  ;  the  radix  being  supposed  greater  than  six. 

33.  Shew  that  144  is  a  perfect  square  in  any  scale ;  the  radix 
being  supposed  greater  than  four. 

34.  Shew  that  1331  is  a  perfect  cube  in  any  scale ;  the  radix 
being  sujiposed  greater  than  three. 

35.  Find  which  of  the  weights  1,  2,  4,  8, 2"  poiuids  must 

be  selected  to  weigh  1719  pounds. 

36.  Find  which  of  the  weights  lib.,  3  lbs.,  3^  lbs., must 

be  selected  to  weigh  1027  lbs.,  not  more  than  one  of  each  kind 
being  used,  but  in  either  scale  that  is  necessary. 

37.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  7 1 G  lbs. 

38.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  475  lbs. 

39.  Find  by  operation  in  the  scale  of  twelve  what  is  the 
height  of  a  parallelepiped  which  contams  94  cubic  feet  235  cubic 
inches,  and  whose  base  is  24  square  feet  5  square  inches. 

40.  Express  2  feet  10|^  inches  linear  measure,  and  5  feet 
73^  inches  square  measure,  in  the  scale  of  t^velve  as  feet  and 
duodecimals  of  a  foot ;  and  the  latter  quantity  being  the  area 
of  a  rectangle,  one  of  whose  sides  is  the  former,  find  its  other 
side  by  dividing  in  the  scale  of  twelve. 

41.  If  ?'(,)  i?,)  P^j ^6  the  digits  of  a  number  beginning 

with  the  units,  prove  that  the  number  itself  is  divisible  by  eight 
if  Pg  +  2p^  +  ip^  is  divisible  by  eight. 
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42.  Prove  that  the  diflference  of  two  numbers  consisting  of 
the  same  figures  is  divisible  by  nine. 

43.  Find  the  gi'eatest  and  least  numbers  ^T.th  a  given  number 
of  digits  in  any  proposed  scale. 

44.  Prove  that  if  in  any  scale  of  notation  the  sum  of  two 
numbers  is  a  multiple  of  the  radix,  then  (1)  the  digits  in  which 
the  squares  of  the  numbers  tenninate  are  the  same,  and  (2)  the 
sum  of  this  digit  and  of  the  digit  in  which  the  product  of  the 
numbers  terminates  is  equal  to  the  radix. 

45.  A  certain  number  when  represented  in  the  scale  two  has 
each  of  its  last  three  digits  (counting  from  left  to  right)  zero,  and 
the  next  digit  different  fi-om  zero  ;  when  represented  in  either  of 
the  scales  three,  five,  the  last  digit  is  zero,  and  the  last  but  one 
different  from  zero ;  and  in  every  other  scale  (twelve  scales  ex- 
cepted) the  last  digit  is  different  from  zero.  What  are  these 
twelve  scales,  and  what  is  the  number  1 
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448.  Quantities  are  said  to  be  in  Aiithmetical  Progi-ession 
when  they  increase  or  decrease  by  a  common  difference. 

Tlius  the  following  series  are  in  Arithmetical  Progression  : 

1,  o,  5,   t,  y,   

40,  36,  32,  28,  24,   

a,  a  +  b,  a  +  2b,  a  +  ob,   

a,  a  —  b,  a  —  2b,  a  —  3b,   .. — 

In  the  first  example  the  common  difference  is  2,  in  the 
second  —  4,  in  the  third  b,  in  the  fourth  —  b. 

449.  Let  a  denote  the  fii'st  tenn  of  an  i\_i-ithmetical  Progres- 
sion, b  the  common  difference ;  then  the  second  term  is  a  +  6, 
the  third  term  is  a  +  2b,  the  fourth  term  is  a  +  35,  and  so  on. 
Thus  the  n""  tenn  is  a  +  (w  -  1)  6. 

T.  A.  17 
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450.  To  find  the  sum  of  a  given  number  of  quantities  in  Aritlir- 
metical  rrogression,  tlie  first  term  and  the  common  difference  being 
supposed  knoivn. 

Let  a  denote  the  first  term,  b  the  common  difference,  n  the 
number  of  terms,  I  the  last  tei-m,  s  the  sum  of  the  tenns. 
Then 

s  =  ffi  +  (a  +  S)  +  («  +  2b)  + 4-  ?. 

And,  hj  writing  the  series  in  the  reverse  order,  we  have  also 

s  =  l  +  {l-b)  +  {l-2b)+ +«. 

Therefore,  by  addition, 

2s  =  {l  +  a)  +  (l+a)+ to  n  tei-ms 

=  m  (/  +  a) ; 

therefore  s  =  -{I  +  a) ( 1 ). 

Also  l^a+{n-\)h  (2), 

01/ 

thus  s  =  ~{2a  +  {n-\)b] (3). 

The  equation  (3)  gives  the  value  of  s  in  terms  of  tlic  quan- 
tities which  were  supjiosed  laiown.  Equation  (1)  also  gives  a  con- 
venient expression  for  s,  and  furnishes  tlie  following  rule  :  the  sum 
of  any  number  of  terms  in  Arithmetical  Progression  is  equal  to 
the  product  of  the  number  of  the  terms  into  half  the  sutn  of  the 
first  and  last  terms. 

451.  In  an  Arithmetical  Progression  the  sum  of  any  tioo 
terms  equidistant  from  the  beginning  and  the  end  is  equal  to  the 
sum  of  the  first  and  last  terms. 

The  truth  of  this  has  already  been  seen  in  tlie  course  of 
the  preceding  demonstration ;  it  may  be  shewn  formally  thus  : 
Let  a  be  the  first  term,  b  the  common  diffei'ence,  I  the  last  term ; 
then  the  r***  tenn  from  the  Ijeginniiig  is  a  +  {r  -\)b  and  the  r*^ 
term  from  the  end  is  I  —  {r  —  V)b,  and  the  sum  of  these  terms 
is  therefore  I  +a. 
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452.  To  insert  a  given  nv,inber  of  arithmetical  means  hetivpfn 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is,  that  we  are  to 
find  TO  +  2  terms  in  Arithmetical  Progression,  a  being  the  first 
term,  and  c  the  last  term.     Let  h  denote  the  common  diflference ; 

then  c  —  a  +  ln  +  \)h;  therefore  h=  r^.     This  finds  h,  and  the 

n  +  l 

n  requii'ed  terms  are 

a  +  b,         a+  2b,         a  +  3b,  ...  ...  a  +  nb. 

453.  In  Art.  450  we  hare  five  quantities  occurring,  namely, 
a,  b,  I,  n,  s,  and  these  are  connected  by  the  equations  (1)  and 
(2),  or  (2)  and  (3)  there  established.  The  stiident  will  find  that 
if  any  three  of  these  five  quantities  are  given,  the  other  two  can 
be  found ;  this  will  furnish  some  useful  exercises.  We  give  one 
as  an  example. 

454.  Given  the  sum  of  an  Arithmetical  Progression,  the  first 
term,  and  the  covimon  difference  ;  required  the  number  of  terms. 

Here  s  = -^{2a +  {n-\)b]; 

therefore  25  =  n'b  +  (2a  —  b)  n. 

By  solving  this  qtiadratic  in  n  we  ol>tain 

b-2a^J{{2a-bY+^sb] 

455.  It  will  be  seen  that  two  values  are  found  for  n  in  the 
preceding  Ai-ticle ;  in  some  cases  both  A-alues  are  applicable,  as  will 
appear  from  the  following  example.  Suppose  a  =  ll,  6  =  -2, 
8^2T ;  we  obtain  n=Z  or  9.     The  arithmetical  progi-ession  is 

11,  9,  7,  5,  3,  1,  -1,  -3,  -5,  &c., 

and  it  is  ob\dous  that  the  sum  of  the  first  three  terms  is  the  same 
as  the  sum  of  the  first  nine  terms. 

17—2 
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456.     Again,  suppose  a  =  4,  6  =  2,  s  =  18  ;  we  obtain  n  =  3  or 

—  6.  The  sum  of  three  terms  beginning  with  4  is  4  +  6  +  8  or 
1 8.     If  we  put  on  terms  before  4  we  obtain  the  series 

-2  +  0  +  2  +  4  +  6  +  8, 

and  the  sum  of  these  six  terms  is  also  18.  From  this  example  we 
may  conjecture  that  when  there  is  a  negative  integral  value  for 
the  number  of  terms  as  well  as  a  positive  integral  value,  the 
following  statement  will  be  true :  begin  from  the  last  term  of 
the  series  which  is  furnished  by  the  positive  value,  and  count 
backwards  for  as  many  terms  as  the  negative  value  indicates, 
then  the  result  will  be  the  given  sum.  The  truth  of  this  conjec- 
tui'e  may  be  shewn  in  the  following  manner. 

The  quadratic  equation  in  n  obtained  in  Art.  454  is 

2s  =  w'6  +  (2a  -  6)  7^ (1 ). 

Suppose  a  series  in  which  the  first  term  is  h  -  a,  the  common 
dijQTerence  6,  the  number  of  tenns  m,  and  the  sum  s ;  then 

2*  =  m'6  +  (26-2«-^6)w (2). 

The  roots  of  (1)  and  (2)  are  of  equal  values  but  of  opposite 
signs  (Ai-t.  340);  so  that  if  the  roots  of  (1)  are  denoted  by  n^  and 

—  «2,  those  of  (2)  \\'ill  be  n^  and  —n^.  Hence  n„  terms  of  a  sei-ies 
which  begins  Avith  h  —  a  and  has  the  common  difference  b,  -ndll 
amount  to  the  given  sum  s.  The  last  term  of  the  series  which 
begins  with  a  and  extends  to  Uy^  terms  is  «+  (wi-  1)&;  we  have 
therefore  to  shew  that  if  we  begin  with  this  term  and  coim.t 
backwards  for  n^  terms,  we  arrive  at  b  —  a.  This  amounts  to 
shewing  that 

a  +  («i  —  1)  6  -  (??2  —  V)b  =  b  -a; 


that  is,  that 

a  +  {n^-n^b  =  b  —  a. 

Now 

n,     n,=     ^Y^   (^'■*-  ^^^)> 

therefore 

a  +  (?i,  -  ?i  J  h  —  a  —  (2a  -b)-b  -  a. 
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457.  Another   point   may  be   noticed   in  connexion  with  a 

negative  integral  vahie  of  n. 

Let  -  Wj  be  a  negative  integral  value  of  n  which  satisfies  the 
eqiiation 

then  s= --^{2a-nfi-b]. 

Therefore  -  s  =  ^  {2(a  -  6)  +  {n^  -  1)  (-  h)}. 

This  shews  that  if  we  count  backwards  n^  terms  beginning 
^vith  a  -  b,  the  sum  so  obtained  will  be  —  s. 

For  example,  taking  the  case  in  Art.  456,  by  beginning  at  2 
and  counting  backwards  for  six  teiTQS  we  obtain 

2  +  0-2-4-6-8, 
that  is,  — 18. 

458.  In  some  cases,  however,  only  one  of  the  values  of  n 
found  in  Art.  454  is  an  integer.  Suppose  a=ll,  6  =  —  3,  s  =  24; 
we  obtain  ?i=3  or  5^.  The  value  5^  suggests  to  us  that  of  the 
two  numbers  5  and  6,  one  will  correspond  to  a  sum  greater  than 
24,  and  the  other  to  a  sum  less  than  24.  In  fact  the  sum  of  5 
teiTus  is  25,  and  the  sum  of  6  teiTas  is  21. 

We  may  notice  the  following  point  in  connexion  with  a  frac- 
tional value  of  71. 

Suppose  -  a  fractional  value  of  n  which  satisfies  the  equation 

s  =  '^^ka^{n-\)b\; 

then  s  =  l\2aJP-l)b]=P^^'^^,-'-] 

p(2a     b      h      ,        ,,6)      ;>  fo/«      ^        ^\,/        i\  ^l 
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This  slicwis  tiiat  s  is  chjuuI  to  the  sum  of  p  terms  of  an  Arith- 
metical  Proi^rcssion  in  which  the  first  term  is      — ^  +  -,— „   and 

q       -Zq       -Iq- 

the  common  lUffei'ence  is  -^ . 


16 
:ample  given  above  -—i>^  = 

q^Z.     And 


In  the  example  given  above  -  =  5^  =  —  ;  so  that   p=\(j  and 


q       2q^  2q'~    3    ^2       G~      '     q'~~3' 
thus  24  is  the  sum  of  IG  terms  of  an  Arithmetical  Progi-ession  in 

which  the  first  tei'm  is  4  and  the  common  difference  is  —  - . 

o 

459.     The  results  in  the  following  two  simple  examples  are 
worthy  of  notice. 

To  find  the  sum  o/n  terms  of  the  series  1,  2,  3,  4,... 

Here  the  n^^  term  is  n  ;  thus,  by  Art.  450, 

6'  =  ^  («  +  1). 

To  find  the  sum  o/n  terms  of  the  series  1,  3,  5,  7, ... 
Here  a  =  1,   h^2;  thus,  by  Art.  450, 

6-  =  5{2  +  2(7i-l)}  =  '-'x2?i-n^ 

We  add  two  similar  questions  which  lead  to  important  results, 
although  not  very  closely  connected  with  the  present  subject. 

^  460.      To  find  the  sum  of  the  squares  of  the  first  u  natural 
numbers. 

Let  s  denote  the  required  sum ;  then 

s=  1"  +  2"+  3"+ +n^, 

n(n  +  l)(2n+l) 
and  we  shall  prove  that    s  = ^ . 
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We  have 

n'' -  {)i  -  If  =--  3/i,'-3/t+  1, 

(«  -  1)^  _  (,i  _  2)^  =  3  {n  -  ly  -3{n-l)  +  1, 

{ii-2Y-(n--df^3{n-2y-3(n-2)  +  l, 


3'- 2'=  3.  3^-3.  3  +  1, 
2^-1^=3.2'^- 3.  2  +  1, 
V-Q'=3.  P-3.  1  +  1. 
Hence,  hj  addition, 

?i^=3{r+2^+ +  n'}-3{l  +  2  + +  7i}  +  n, 

-         .  3       „         3/1  (?t  +  1 ) 

that  IS,  TO  —OS -^-^ +  n. 

Therefore     3.  =  ....^"<7 '>-..."<"" 'f"^ ') , 

461.     To  find  the   sum   of  the,    cubes   of  the  first  n  natural 
numbers. 

Let  s  denote  the  required  sum ;  then 

s-r+2='  +  3'+ +n', 

and  we  shall  prove  that  s  =  l        ^ — -  [ . 

We  have 

n'  -{n-  1/  =  hi'  -  Gn'  +  in  -  1, 

(n  -  iy-{n-2y=^i  (n-  ly  -6{n-  1)^+4  («-  1)  -  1, 

{n  -  2y  -  {n  -  3)*  -  4  (ri  -  2)="  -6{n-  2y  +  i{n-2)-l, 


3'  -  2^  =  4 .  3'  -  6  .  3-V  4 .  3  -  1, 
2'-r.:4.2'-G.2^'  +  4.2-l, 
V-0*  =  i.V-6.  r  +  4.1-1. 
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Hence,  by  addition, 

n'  =  4{V+2'+ +  u'\-6{V+2'+ +  n'} 

+  4{1  +  2  + +n}  -oi; 

that  is,  n*  =  4s  - ?i  (?i  +  1)  (2n  +  1)  +  2n  {n  +  l)-n. 

Therefore      4s  =  n*  +  in^  +  n". 

Hence,  by  Ait.  459,  we  have  the  following  result :  the  sum  of 
the  cubes  of  the  first  n  natural  numbers  is  equal  to  the  square  of 
tlis  sum  of  the  nurahers. 

EXAMPLES   OF   ARITHMETICAL   PROGRESSION. 

1.  Sum  to  20  terms  2,   6,   10,   14,... 

2.  Sum  to  32  terms  4,  --  ,    -  ,    —-,... 

4        2        4 

1  3 

3.  Sum  to  24  terms  -^  ,  —  -r,   -  2,  ... 

2  4 

4.  Sum  to  20  terms  5,   -^  ,    -5-  ,  ... 

4 

5.  Sum  to  10  terms  1|,   1^,   -  ,  ... 

6.  Sum  to  12  terms  1,  If,   2i,  ... 

7.  Sum  to  21  terms  ^t  ,    ^  ,    ^  ,  ... 

1       2 

8.  Svim  to  50  terms  -,    ^r-,   1,  ... 

o       o 

9.  Sum  to  30  terms  116,   108,  100,  ... 

10.  Sum  to  ?i  terms  9,   11,   13,   15,... 

5      2 

11.  Sum  to  n  terms  1,  7; ,    ^  ,  ... 

D       3 
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12.  Fiiid  an  A.  p.  such  that  the  sum  of  the  first  five  terms 
is  one-fourth  the  sum  of  the  following  five  tei-ms,  the  fii'st  term 
being  unity. 

13.  The  first  term  of  a  series  being  2,  and  the  fifth  temi 
being  7,  find  how  many  terms  must  be. taken  that  the  sum  may 
be  63. 

14.  Given  a  =  16,  h  —  i,  s  =  88,  find  n. 

1 5.  If  the  sum  of  vi  terms  of  an  a.  p.  be  always  to  the  sum 
of  n  tei-ms  in  the  ratio  of  m^  to  n^,  and  the  first  term  be  unity, 
find  the  w"'  term. 

16.  The  sum  of  a  certain   number    of  terms   of  the  series 

21  +  19  +  17  + is  120:  find  the  last  term  and  the  number  of 

terms. 

17.  What  is  the  common  difference  when  the  first  term  is  1, 
the  last  50,  and  the  sum  204  ? 

18.  Insert  6  ai-ithmetical  means  between  1  and  29. 

19.  If  '2n+  1  terms  of  the  series  1,  3,  5,  7,  9, be  taken, 

then  the  sum  of  the  alternate  termc  1,  5,  9, will  be  to  the 

sum  of  the  remaining  terms  3,  7,  11, as  w  +  1  to  n. 

20.  Find  the  sum  of  the  fii-st  ri,  numbers  of  the  form  4r  +  1. 

21.  Find  how  many  terms  of  1+3  +  5  +  7+ amount  to 

1234321. 

22.  Find  how  many  terms  of  16  +  24  +  32  +  40  -i- amount 

to  1840. 

23.  On  the  ground  are  placed  ?i  stones ;  the  distance  be- 
tween the  first  and  second  is  one  ysu'd,  between  the  second  and 
third  three  yards,  between  the  third  and  fourth  five  yards,  and 
so  on.  How  far  will  a  person  have  to  travel  who  shall  bring 
them,  one  Ijy  one,  to  a  basket  placed  at  the  first  stone  ? 

24.  The  14th,  134th,  and  last  terais  of  an  a.  P.  are  66, 
666,  and  6666  respectively  :  find  the  first  term  and  the  number 
of  terms. 
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25.  Find  a  series  of  aritlimetical  means  between  1  and  21, 
suck  that  tlieii-  sum  has  to  the  sum  of  the  two  greatest  of  them 
the  naio  of  11  to  4. 

26.  The  sum  of  the  terms  of  an  a.  p.  is  28 g,  the  fii'st  term 
is  —  1 2,  the  common  difference  is  |.     Find  the  number  of  terms. 

27.  Find  how  many  terms  of  the  series  3,  4,  5, must  be 

taken  to  make  25. 

28.  Find  how  many  terms  of  the  series  5,  4,  3, must  be 

taken  to  make  14. 

29.  Shew  that  a  certain  number  of  terms  of  an  A.  P.  may 
be  found  of  which  the  algebraical  sum  is  equal  to  zero,  provided 
twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  according  as  the  fii'st  term  is 
negative  or  positive. 

30.  If  the  Jii,^^  tei-m  of  an  A.  p.  be  n  and  the  n'^  term  m,  of 
how  many  terms  will  the  sum  be  ^  (wi  +  n)  [in  +  n  —  l),  and  what 
will  be  the  last  of  them  1 

31.  If  s  -  72,  a  =  24,  &  -  -  4,  find  n. 

(    32.      If  s  =  i)n  +  qi^   whatever    be    the    value   of  ?i,    find    the 
m""  term. 

/     33.     If  /S'„  represent   the   sum  of  n  of  the   natural  numbers 
beginning  with  «,  prove  that  ^'3„+„_i  =  3*S'„. 

^  34.  Prove  that  the  sqiiares  of  x^  —  2x  —  1,  x^  +  1,  and 
a;^  +  2«  —  1   are  in  A.  p. 

i  35.  The  common  difference  of  an  a.  p.  is  equal  to  the  differ- 
ence of  the  squares  of  the  first  and  last  terms  divided  by  twice  the 
sum  of  all  the  terms  diminished  by  the  first  and  last  term. 

^36.  The  sum  of  m  terms  of  an  A.  p.  is  n,  and  the  sum  of 
n  terms  with  the  same  first  term  and  the  same  common  difference 
is  in.      Shew  that  the  sum  of  in  +  n  terms  is  -  {in  +  ii)  and  the 

sum  of  in  —  n  terms  is  \tn  —  ii)\\-\ . 

\         tn  J 
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37.  Find  the  niiinber  of  aritlimetical  means  between  1  and  19 
when  the  second  mean  is  to  the  hxst  as  1  to  6. 

38.  How  many  terms  of  the  natiu'al  numbers  commencing 
with  4  give  a  sum  of  5350  ? 

39.  In  a  series  consisting  of  an  odd  munber  of  terms,  the  sum 
of  the  odd  terms  (tlie  first,  tliird,  &c.)  is  44,  and  the  sum  of  the 
even  terms  (the  second,  foiu'th,  &,c.)  is  33.  Find  the  middle  term 
and  the  number  of  terms. 

d  o  o  »  .  Ill 

'40.     If   a',  h",  C,  be  in  A.  p.,   then    = ,    ,    7    are 

'  h  -\-  c      c  +  a      a  +  b 

in  A.  p. 

^41.  Sum  to  n  terms  the  series  whose  r*^  term  is  2r  -  1. 

■^ 42.  Siuu  to  n  terms  1  —  3+5-7+ 

43.  Sum  to  n  terms  1-2  +  3  —  4  + 

44.  Given  the  2^^^  term  P,  and  the  q^  term  Q  of  a  series 
ill  A.  p.,  express  the  sum  of  n  terms  iu  terms  of  P,  Q,  p,  q,  n. 

1 45.  The  y^,  5"",  and  r^^  terms  of  an  A.  p.  are  x,  y,  z,  re- 
specti\-ely  ;  prove  that  if  x,  y,  z  be  positive  integers,  there  is  an 
A.  p.  whose  a;"',  y"',  s"'  terms  are  p^  q,  r,  respectively ;  and  that  the 
product  of  the  common  differences  of  the  progi'essions  is  unity. 

f  46.  The  interior  angles  of  a  rectilinear  figure  are  in  A.  P.; 
the  least  angle  is  120"  and  the  common  difference  5".  Required 
the  number  of  sides. 

t^  47.     Find  the  sum  to  n  terms  of  1.2  +  2. 3  +  3. 4  +  4.5+... 

48.  If  the  second   term   of  an  A.  p.  be  a  mean  proportional 
/   between  the  first  and  the  foiu-th,   shew  that  the  sixth  term  will 

be  a  mean  proportional  between  the  foiu'th  and  the  ninth. 

49.  If  <^(n)  be  the  sum  of  ?i  tenns  of  an  A.  p.,  find  ^  (?i)  in 
terms  of  n  and  the  first  two  terms. 

Also  shew  that  <j!>  (>«.  +  3)  -  3<^  (n  +  2)  +  3<f>  {a  +  \)  -  cji  (/t)  =  0. 
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50.  Slim  to  n  terms  tlie  series  whose  ??i*''  tenn  =  5  —  -^  . 

51.  Divide  unity  into  four  parts  in  A.  p.  of  whicli  the  sum  of 

the  cubes  shall  be  y^  • 

.  52.  A  servant  agrees  for  certain  wages  the  first  month,  on 
the  understanding  that  they  are  to  be  raised  a  shilling  every 
subseqiient  month  until  they  reach  £3  a  month.  At  the  end  of 
the  first  of  the  months  for  which  he  receives  £3,  he  finds  that  his 
wages  during  his  time  of  service  have  averaged  48  shillings  a 
month.     How  long  has  he  served  ? 

53.  A  sets  out  from  a  place  and  travels  5  miles  an  hour. 
B  sets  out  41  hours  after  A,  and  travels  in  the  same  dii-ection 
3  miles  the  first  hour,  3|^  miles  the  second  hour,  4  miles  the  thii'd 
hour,  and  so  on.      Find  in  how  many  hoiu'S  B  will  overtake  A. 

54.  A  number  of  persons  were  engaged  to  do  a  piece  of  work, 
which  would  have  occupied  them  m  hours  if  they  had  commenced 
at  the  same  time ;  but  instead  of  doing  so  they  commenced  at 
equal  intervals,  and  then  continued  to  work  till  the  whole  was 
finished  :  the  payment  being  proportional  to  the  work  done  by 
each,  the  fii'st  comer  received  r  times  as  much  as  the  last.  Find 
the  time  occupied, 

55.  A  number  of  three  digits  is  equal  to  26  times  the  sum 
of  its  digits;  the  digits  are  in  arithmetical  progi-ession ;  if  396  be 
added  to  the  number  the  digits  are  reversed  :  find  the  number. 

56.  Shew  that  the  sum  of  any  In  +  1  consecutive  integers  is 
divisible  by  2n  +  1. 

XXXI.     GEOMETRICAL  PROGRESSION. 

462.  Quantities  are  said  to  be  in  Geometrical  Progression 
when  each  is  equal  to  the  product  of  the  preceding  and  some 
constant  factor.  The  constant  factor  is  called  the  common  ratio 
of  the  series,  or  more  shortly,  the  ratio.     Thus  the  following  series 
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are  in  Geometrical  Pi-ogi-essiou  : 

1,     2,     4,      8,      16,   

'     3'    9'    27'    81' 

a,    ar,   ai'^,    ar^,    a  ?•*, 

In  tlie  fii-st  example  the  common  ratio  is  2,  in  the  second  ^,  in 
the  thii'd  r. 

463.  Let  a  denote  the  first  term  of  a  Geometrical  Progression, 
r  the  common  ratio,  then  the  second  tei"m  is  ar,  the  thii'd  term 
is  ar',  the  fourth  term  is  ar^,  and  so  on.  Thus  the  n}^  term 
is  ar"~\ 

464,  To  find  the  sum  of  a  given  numher  of  quantities  in 
Geometrical  Progression,  the  first  term  and  the  common  ratio  being 
supposed  known. 

Let  a  denote  the  first  term,  r  the  common  ratio,  n  the  number 
of  terms,  s  the  sum  of  the  terms.      Then 

s  =  a  +  ar+  ar"  +  ar^  + +  ar"^'^ ; 

therefore       sr  —        ar  +  ar^  +  ar^  + +  «?•""'  +  ar". 

Hence,  by  subtraction, 

sr  -  s  =  ar""  —  a  ; 

<*(^"— 1)  /i\ 

therefore  s=  -^ ^-^ (1). 

r  -  1 

If  I  denote  the  last  tei-m,  we  have 

l=ar-^  (2), 

hence  s^ (3). 

r—\  ^  ' 

Equation  (1)  gives  the  value  of  s  in  terms  of  the  quantities 
which  are  supposed  known.  Equation  (3)  is  sometimes  a  con- 
venieut  form. 
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4G5.     Wc  may  write  the  value  of  5  thus. 

1  —  r 

ISTow  suppose  r  less  than   unity ;    then  the  larger  n  is  the 

smaller  will  r"  be,  and  by  taking  n  large  enough  r"  can  be  made 

as  small  as  we  please.     If  then  n  be  taken  so  large  that  r"  may 

be  neglected  in  comparison  with  unity,  the  value  of  s  reduces  to 

, ; .     We  may  enixnciate   the   result  thus  :    hj  taking  n   large 

enough,  the  sum  of  n  terms  of  the  Geometrical  Progression  can  he 

made  to  differ  as  little  as  we  please  from  y- — .     Tliis  statement  is 

sometimes  abbre\'iated  into  the  following  :  the  sum  of  an  infinite 

number  of  terms  of  the  Geometrical  Progression  is ;  but  it 

must  be  remembered  that  it  is  to  be  considered  as  notliing  more 
than  an  abbreviation  of  the  preceding  statement. 

The  preceding  remarks  suppose  that  r  is  less  than  unity.  In 
future,  both  in  the  text  and  in  the  examples,  when  we  sj)eak  of 
an  infinite  Geometrical  Progression  we  shall  always  suppose  that  r 
is  less  than  unity. 

"We  may  apply  the  preceding  remai'ks  to  an  example.  Con- 
sider  the   series   1,    A,    \,   |, ;    hei'e   a  =  1,    r  =  ^;    thus    the 

sum   of  n  terms  is   ^j j  (l  -  —  j ,   that   is,    2  -  ^—r .     Now  by 

taking  n  large  enough,  2"~'  can  be  made  as  large  as  we  please,  and 

therefore  -^r^—i  as  small   as  we  please.     Hence  we   may  say  that 

hy  talcing  n  large  enough,  the  sum  of  n  te7'ms  of  the  series  can  he 
tnade  to  differ  from  2  hy  as  small  a  quantity  as  we  please.  This  is 
abbreviated  into  the  following  :  the  sum  of  an  infinite  number  of 
terms  of  this  series  is  2. 

4:G6.  In  a  geometrical  2Jrogression  continued  to  infinity  each 
term  hears  a  constant  ratio  to  the  sum  of  all  which  folloio  it;  the 
common  ratio  heing  supposed  less  than  unity. 
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Let   the   series  be   a  +  ar  +  ar^  -{-  ar^  +  ...  ;   then   the  n^^  term 
is  ar"~'  ;  the  sum  of  all  the  terms  which  follow  this 


ar 
r 


-  a?-"  (1  +  r  +  r^  +  ...)  =  — 

The  ratio  of  the  n^^  tenn  to  tlie  sum  of  all  which  follow  it  is 

_ ,        w^" 

ar      ^-- , 

1  —  r 

.     1-r 
that  is  .      This  is  constant  whatever  n  may  be. 

If  we  \vish  to  determine  r  so  that  this  ratio  may  have  a  given 

1-r  1 

value  p  we  put =  p  ;  therefore  r  = . 

r  1  +p 

467.  Recurring  decimals  are  cases  of  what  are  called  infi- 
nite Geometrical  Progressions.     Thus,  for  example,  •2343434 

^        .         2         34        34        34  -.r  .^        ^  ^2 

denotes    —  +  -^  +  -r—^  +  r—  + Here    the    terms    after   — 

constitute   a  Geometrical  Progression,  of  which  the  first  term  is 

34  1 

~-5,  and  the  common  ratio  is  y—.      Hence  we  may  say  that  the 

sum  of  :in  infinite  number  of  tenns  of  this  series  is  y^g  -^  <  1  —  y a,  r , 

34  .  .      2        34 

that  is,   jYnn"      Therefore  the  value    of  the  decimal  is  ^j^  "^'cuTTT- 

We  %\all  now  investigate  a  general  iiile  for  such  examples. 

468.  To  find  the  value  of  a  recurring  decimal. 

Let  P  denote  the  figures  which  do  not  recnr,  and  suppose 
them  p  in  number  ;  let  Q  denote  the  figures  which  do  recur, 
and  suppose  theni  q  in  mnnljcr.  Let  s  denote  the  value  of  the 
recurring  decimal ;  then 

s=-PQQQ , 

10"s  =  F-QQQ , 

W^''.'^ -.  PQ-QQQ ; 

by  subtraction,  (10''^'  -  10'')s  =  PQ-P. 
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Now  10''*'' -10''  =  (10' -l)!^;  and  1 0' -  1  when  expressed 
by  figures  in  the  usual  way  will  consist  of  q  nines.  Hence  we 
deduce  the  usual  rule  for  finding  the  value  of  a  recurring  decimal : 
subtract  the  integi^al  number  consisting  of  tlie  non-recurring  figures 
from  the  integral  number  consisting  of  the  non-recumng  and 
recui'ring  figures,  and  divide  by  a  number  consisting  of  as  many 
nines  as  there  are  recurring  figvires  followed  by  as  many  cy])hers 
as  there  are  non-recurring  figures. 

469.  To  insert  a  given  number  of  Geometrical  means  between 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n+  2  terms  in  Geometrical  Progression,  a  being  the  first  term 
and  c  the  last.     Let  r  denote  the  common  ratio  ;  then  c  =  ar""^' ; 

thus  r  =  y-y^^.     This  finds  r,  and  the  requii'ed  terms  are  ar,  ar'^, 


470.  In  Art.  464  we  have  five  quantities  occurring,  namely, 
a,  r,  I,  n,  s;  and  these  are  connected  by  the  equations  (1)  and  (2)> 
or  (2)  and  (3),  there  given.  "We  might  therefore  propose  to  find 
any  two  of  these  five  quantities  when  the  other  three  are  given ; 
it  will  however  be  seen  that  some  of  the  cases  of  this  problem 
are  too  difiicult  to  be  solved.  The  following  four  cases  present  no 
drfficulty  :  (1)  given  a,  r,  n;  (2)  given  a,  n,  I;  (3)  given  r,  n,  I; 
(4)  given  r,  n,  s. 

471.  Suppose,  however,  that  a,  s,  n  are  given,  and  therefore 
r  and  I  are  to  be  found.  Then  r  would  have  to  be  found  from 
the  equation 

«  (r  —  1)  =  a  (r"—  1); 

we  may  divide  both  sides  by  r—  1,  and  then  we  shaU  have  an 
equation  of  the  [n  —  l)""  degree  in  the  unknown  quantity  r,  which 
therefore  cannot  be  solved  by  any  method  yet  giv^en,  if  n  be 
greater  than  3.  Similar  remarks  will  hold  in  the  case  where  I,  s,  n 
are  given,  and  therefore  a  and  r  are  to  be  found. 
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472.  Four  cases  of  the  problem  remain,  namely,  those  foui*  in 
which  n  is  one  of  the  quantities  to  be  found.  Suppose  a,  r,  I 
given,  and  therefore  s  and  7i  are  to  be  found.  Here  n  would  have 
to  be  found  from  the  equation  I  —  ar"~\  where  the  unkno^Ti  quan- 
tity n  occurs  as  an  exponent;  nothing  has  been  said  hitherto  as  to 
the  solution  of  such  an  equation. 


^, 


473.     To  find  the  sum  o/n  terms  of  the  following  series; 

a,    {a  +  b]  r,    {a  +  '2b]  r',     {a  +  3b}r^, 

Let  s  denote  the  sum;  then 
s=a  +  {a  +  b}r  +  {a  +  2b}r-  + +{a  +  {n-l)  b}i-'"\ 

rs=  ar  +  {a+    b}r^  + +  {a  +  {n  -  2)  b]  r"~^ 

+  {a  +  (71-1)6}?-". 
By  subtraction 

s{\  -  r)  =  a  +  br  +  br'  -- +  Sr""'  -  {a  +  (n-l)  b}  r" 

=  a  +  — ^^j — - — -  -  {a  +  [n  -  l)b} r  , 


therefore 


a- 


{a  +  {n-l)b]r''      br{l-r"-') 


1-r  {l-ry 
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.         r.  •  8        8        40 

1.  Sum  to  SIX  tei-ms  k+o+'q""^ 

2.  Sum  to  ten  tenns  2  -  2"  +  2^  -  2*  + 

4 

3.  Sum  to  n  tenns  3  +  2  +  ^+ 

2      13 

4.  Sum  to  n  terms  0  +  9+0"*" 

.   ^   .      2      4       8 

5.  Sum  to  mnnity  o  +  n  +  07  ■*" 

4  3 

6.  Sum  to  infinity  K  +  l  +  y-i- 

6  4 

T.  A.  18 
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...        1       1       1         1 

7.  Sum  to  infinity  o  +  7  +  o  +  i  r-  + 

4 

8.  Sum  to  infinity  3  +  2+ k+ 

.  .      .     12     36 

9.  Sum  to  infinity  4+-3-  +  ^„  + 

10.  Sum  to  infinity  1+^+^7.  + 

...  r         1  1  1 

11.  Sum  to  infinity  5  -  _^  +  ^-  qaa  + 

..,111 

12.  Sum  to  mfinity  ^  -  n  +  j  —  o+ 

...      3      2       8 

13.  Sum  to  infinity  q  -  ..  +  97  - 

...       1        1  1 

14.  Sum  to  mfinity  g -—  + ^  - 

15.  Sum  to  infinity  9"~i  +  q~T7'  + 

...       J2+1           1  1 

«  1 G.     Sum  to  mfimty  ^ — r  +  ^ -rr  +  5  + 

...      2      3       2       3 

1 7.  Sum  to  mfinity  ,;  +  ^o  +  ^  +  ^4  + 

o      *y       o       *y 

1 8.  Sum  to  n  terms  r  +  2?-^  +  3r'''  +  47-"  + 

2       3       4 

1 9.  Sum  to  n  terms  1  +  t,  +  92  +  9 3  + 


3      5      7 

20.  Sum  to  n  terms  1+k+t  +  o  + 

2  4b 

3  5      7 

21.  Sum  to  n  terms  1—  ,  +-7  —  0  + 

2      4      8 

22.  Find  tlie  sum  of  any  number  of  terms  in  G.  P.  whose  first 
and  third  terms  are  given. 
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23.  If  the  common  ratio  of  a  g.  p.  is  -  3,  find  the  common 
ratio  of  the  series  obtained  by  taking  every  fourth  term  of  the 
original  series. 

24.  The  sum  of  £700  was  divided  among  four  persons,  whose 
shares  were  in  G.  p. ;  and  the  difference  between  the  greatest  and 
least  was  to  the  difference  between  the  means  as  37  to  12.  Find 
their  respective  shares. 

~  25.     Sum  to  n  terms  the  series  whose  m"*  term  is  (—  1)'"^^*". 

26.     If  P  be  the  sum  of  the  series  1  +r''+r*P+r^  + ad  inf., 

and  Q  be  the  sum  of  the  series    1  +  r*  +  r^'  +  r**  + ad    inf., 

prove  that  P«(^  -  l)*"  =  Q''{P  -  1)'. 
-27.     Shew  that  V(-444 )  = -666 

28.  A  person  who  saved  every  year  half  as  much  again  as  he 
saved  the  previous  year  had  in  seven  yeax'S  saved  £102.  19^.  How 
inuch  did  he  save  the  first  year  ] 

29.  In  a  G.  p.  shew  that  the  product  of  any  two  terms  equi- 
distant fi-om  a  given  term  is  always  the  same. 

30.  In  a  G.  p.  shew  that  if  each  term  be  subtracted  from  the 
succeeding,  the  successive  differences  are  also  in  g.  p. 

—  31.  The  square  of  the  ai'ithmetical  mean  of  two  quantities  is 
equal  to  the  arithmetical  mean  of  the  arithmetical  and  geometrical 
means  of  the  squares  of  the  same  two  quantities. 

32.  Find  a  g.  p.  continued  to  infinity,  in  which  each  term  is 
ten  times  the  sum  of  all  the  terms  which  follow  it. 

V  33.      If  S^  represent  the  sum  of  n  terms  of  a  given  G.  P.,  find 
the  siun  oi  S^+  S^  +  S^+ +  *S'^. 

34.  If  n  geometrical  means  be  found  between  two  quantities 

n 

a  and  c,  their  product  will  be  (ac)*. 

35.  Let  s  denote  the  sum  of  n  tei-ms  of  the  series  a,  ar, 
or',  ...;  lot  s'  denote  the  sum  of  «  terms  of  the  series  a,  ar~\ 
ar'",  ...;  and  let  I  denote  the  last  term  of  the  first  series ;  then 
will  as  --=  Is'. 

18—2 
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36.     If  a,  h,  c,  d  be  in  g.p., 

(«'  +  6^  +  C-)  {h-  +  c-  +  tr)  =  {lib  +  6c  +  cc7)^ 

*  37.     If  a,  h,  c,  d  be  in  G.  p., 

{a  -  df  ={h-  cy  +  (c  -  af  +  (d  -  bf. 

"  38.     The  sum  of  the  first  three  terms  of  a  G.  p.  =  21,  and  the 
sum  of  the  first  four  terms  =  45  :  find  tlie  series. 

39.     Sum  to  n  terms  (  r  -  -  j   +  (r^  -  -A   + 


if-? 

40.     Sum  to  n  terms  5  +  55  +  555  + 


'  41.     Prove  that  the  two  quantities  between  which  A  is  the 
arithmetical  and  G  the  geometrical  mean,  are  given  by  the  formula 

A^J{{A  +  G){A  -G)}. 

42.  There  are  four  numbers,  the  first  three  of  which  are  in 
G.P.,  and  the  last  three  in  A.  p,  ;  the  sura  of  the  first  and  last  is  14, 
and  the  sum  of  the  second  and  third  is  1 2 :  find  the  numbers. 

43.  Three  numbers  whose  sum  is  15  are  in  A.  p.  ;  if  1,  4,  and 
19  be  added  to  them  respectively  the  results  are  in  G.  p.  Deter- 
mine the  nximberSi 

44.  If  a,  b,  c  be  in  A.  p.  shew  that 

2 

-{a  +  b  +  cf  =  a^b  +  c)  +  ¥  (c  +  a)  +  c*  (a  +  &)  ; 

if  they  be  in  G.  P.  shew  that 

a'b^c-  ^-g  +  p  +  -A  =  a^  +  h^  +  c*. 

45.  Find  the  sum  of  the  infinite  series 

«r  +  (a  +  ab)  r^  +  {a  +  ab  +  ab^)  r^  +  ... 
r  and  br  being  each  less  than  unity. 
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XXXII.     HARMONICAL   PROGRESSION. 

474.  Three  quantities  a,  h,  c,  are  said  to  be  in  Harmonical 
Progression  when  a  :  c  •:  a  —  h  :  b  —  c. 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progi-ession  when  every  three  consecutive  quantities  are  in,  Har- 
monical Progression. 

475.  The  recijirocals  of  quantities  in  Harmonical  Progression 
are  in  Arithmetical  Progression. 

Let  a,  h,  c  be  in  Harmonical  Progression ;  then 

a  :  c  ::  a  —  b  :  h  —  c, 

therefore  a(b  —  c)  =  c  (a  —  b). 

Divide  by  abc,  thus 

1      1      1  _1 
c      b      b      a' 
This  proves  the  proposition. 

476.  The  definition  in  Art.  474  is  sometimes  expressed  in 
words  thus  :  three  quantities  are  in  harmonical  progression  when 
tike  first  is  to  the  third  as  the  difference  of  the  first  and  second  is  to 
the  difference  of  the  second  and  third.  But  it  must  be  remembered 
then  that  the  differences  are  to  be  formed  in  the  same  order :  that 
is  by  subtracting  the  second  from  the  first,  and  the  third  from  the 
second ;  or  by  subtracting  the  first  from  the  second,  and  the  second 
from  the  third.  It  would  not  be  correct  to  subtract  the  first  from 
the  second,  and  the  third  from  the  second.  The  definition  by  the 
aid  of  symbols  has  the  advantage  in  brevity  and  exactness  over 
the  definition  in  words. 

Sometimes  tlie  property  demonstrated  in  Art.  475  is  taken  as 
the  definition  of  harmonical  progression,  which  is  stated  thus : 
quantities  are  said  to  he  in  harmonical  2)'>'ogression  tohen  their 
reciiyrocals  are  in  arithmetical  2>rogression. 
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The  term  harmonical  is  derived  from  a  fact  witli  regard  to 
musical   sounds.     Let  there  be   a  series   of  striaigs  of  the  same 

substance,  tlie  lengths  of  which  are  proportional  to  1,  - ,  - ,  —  , 

- ,  and  - ;  and  suppose  these  strings  stretched  tight  with  equal 
0  0 

force.     Then  if  any  two  of  the  strings  are  sounded  together  the 

effect  is  found  to  Ije  harmonious  to  the  ear. 

There  is  no  formula  for  the  sum  of  any  number  of  quantities 
in  Harmonical  Progression  ;  the  property  established  in  the  pre- 
ceding Article  will  however  enable  vis  to  solve  some  questions 
relating  to  Harmonical  Progression. 

477.  To  insert  a  given  number  of  harmonical  means  between 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  tenns  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n+2  terms  in  Harmonical  Progression,  a  being  the  first  teiTu 
and  c  the  last.     Hence  the  problem  is  reducible  to  the  following  : 

to   insert  n  arithmetical  vieans  between  -  and  - .     Let  b  denote 


the  common  difference  ;  then 


11/  1X7. 

-  =-  +  (n+  l)b, 
c      a 


therefore  b  = 


{n  +  l)ac" 
The  Arithmetical  Progression  is 

1  1         A        1  OA  1^1 

-,    ~  +  b,    ~  +  2b,  +  nb.    - 

a      a  a  a         '    c 

that  is, 

1      c(/i  +  l)4-a-c      c(w  +  1)  +  2  (a-c) 


ac{n+\)       '  ac(n  +  \) 

c  [n  +  \)-¥n{a  —  c)      1 
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Therefore  the  Harmonical  Progression  is 

ac  (n  +  1)  ac  (n+  \) 

'     c{n+l)  +  a-c'     c  (m+ 1)+ 2(a- 6-)' 

ac  (n  +  1) 


c  {n  +  1)  +  71  {a  —  c)  ^ 

478.  Let  a  und  c  be  any  two  quantities ;  let  A  be  theii' 
arithmetical  mean,  G  theii"  geometrical  mean,  I{  their  harmonical 
mean.     Then 

A—  a  =  c  -  A  ;  therefore  A  =  -^  (a  +  c).  , 

a  :  G  ::  G  :  c ;  therefore  G  =  J{ac). 

a  :  c  ::  a  —  II  :  H -c  ;  therefore  H  — . 

a  +  c 

It  follows  that  G^^AH;  therefore  A  :  G  ::  G  :  H.  Thiis  G 
lies  in  magnitude  between  A  and  H ;  and  A  is  greater  than  H,  for 

A-H^-Ua^c)~^-  =  ^"'-'\, 
^^        '     a  +  c      2  (a  +  c) ' 

that  is,  ^  —  ^  is  a  positive  quantity. 

479.  "We  may  observe  that  the  three  quantities  a,  b,  c,  are  in 
Arithmetical,  Geometrical,  or  Harmonical  Progression,  according 

a—h      a  a  a  .     , 

as  , =  - ,  or  =  V  5  or  =  - ,  respectively. 

h-c      a  h  c  ^  -^ 

For  in  the  first  case  -z =  1,  therefore  b  =  I  (a  +  c). 

0  -  c  z  \  / 

In  the  second  case  b  (a  —  b)  =  a  (b  —  c) ;  therefore  6*  =  ac. 

The  tliird  case  is  obvious  by  definition. 

EXAMPLES    OF    HAKMONICAL    PKOGRESSION. 

1.  Continue  the  series  3  +  _  +  -  for  two  terms. 

5      4 

2.  Insert  18  harmonical  means  between  1  and  ^n  • 
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3.  Fiiid  the  n^^  term  of  an  h.  p.,  of  which  a,  b,  are  respectively 
the  first  and  second  terms, 

<    4.     Find  the  (;?  +  9)'^  tenn  of  an  h.  p.,  of  which  P  is  the  jo"* 
term,  and  Q  the  g-*  term. 

5.  Find  what  quantity  must  be  suljtracted  from  each  of  three 
given  quantities  that  the  three  results  may  Ije  in  h.  p. 

6.  Three  quantities  are  in  h.  p.  ;  if  half  the  middle  term  be 
subtracted  from  each,  shew  that  the  three  remainders  are  in  g.  p. 

7.  Shew  that  b'  is  gi'eater  than,  equal  to,  or  less  than  ac, 
according  as  a,  b,  c,  are  in  A.  p.,  G.  p.,  or  h.  p. 

8.  The  arithmetical  mean  of  two  numbers  Ls  3,  and  the  har- 
monical  mean  Ls  | :  find  the  numbers. 

9.  The  geometrical  mean  of  two  numbers  is  also  the  geo- 
metrical mean  between  the  arithmetical  mean  of  the  two  numbei-s 
and  theii-  harmonical  mean.  Tlie  arithmetical  mean  miinus  the 
harmonical  mean  is  equal  to  the  square  of  the  difference  of  the 
two  numbers  divided  by  twice  their  sum. 

10.  If  2;  is  the  harmonical  mean  between  a  and  6, 

1  111 

+ 7   =-+T- 

z  —  a     z  -  b      a      0 

11.  There  are  three  numbers  in  h.  p.,  such  that  the  gi'eatest 
is  the  product  of  the  other  two,  and  if  one  be  added  to  each  the 
greatest  becomes  the  sum  of  the  other  two.     Find  the  numbers. 

29 

12.  The  sum  of  two  contiguoiis   terms  in  h.  p.  is  -fwi,  arid 

their  product  is  -— .     Find  the  series. 

13.  If  between  two  numbers  there  be  inserted  two  arith- 
metical means  A^  and  A,,  and  two  harmonical  means  H^,  H^\ 
and  between  A^  and  A^  there  be  inserted  an  harmonical  mean,  and 
between  H^  and  H^  an  arithmetical  mean  j  then  the  geometrical 
mean  between  these  is  equal  to  the  geometrical  mean  between  the 
original  quantities. 
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14.  The  aritlimetical  mean  of  two  quantities  x  and  3/  is  ^  ; 
the  geometrical  mean  is  G ;  the  liamionical  mean  is  H.  If 
A-G  =  a  and  A-  H  -h,  find  x  and  y  in  terms  of  a  and  h. 

15.  If  a,  5,  c  be  in  A.  p.;  a,  fS,  y  in  h.  p.  ;  aa,  b(3,  cy  in  g. P.  ; 
then  will 

a     y      a     c 

-  +  -  =  -  +  - . 
y      a      c       a 

16.  If  a,  b,  c  are  in  h.  p.,  shew  that 

1  1  4         1      1 

a-6      b  —  c     c  —  a     c      a' 

17.  If  a,  b,  c  are  in  h.  p.,  shew  that are 

b  +  c     c  +  a    a  +  b 

also  in  h.  p. 

18.  If  w  arithmetical  and  the  same  number  of  harmonical 
means  be  inserted  between  two  quantities  a  and  b,  and  a  series  of 
n  teiTQS  be  found  by  dividing  each  arithmetical  by  the  correspond- 
ing hannonical  mean,  the  sum  of  the  series 

,.     n  +  2  (a-bY 


w  +  1      %ab 

19.  Any  whole  number  of  the  form  3a^  — 6*,  where  a  is 
greater  than  6,  may  be  divided  into  three  others  in  H.  p.,  of  which 
the  sum  of  the  squares  shall  be  Sa*  +  6*. 

20.  The  first  of  a  series  of  n  quantities  in  H.  p.  is  unity,  and 
the  sum  of  the  products  of  every  (n  -  1)  terms  is  to  the  product  of 
aU  the  terms  as  In  is  to  1 :  find  the  progi'ession. 

XXXIIL     MATHEMATICAL  INDUCTION. 

480.  We  shall  in  the  subsequent  pai'ts  of  this  book  have 
occasion  to  use  a  method  of  proof  which  is  called  mathematical 
induction  or  demonstrative  induction,  and  we  shall  now  exemplify 
the  method, 

481.  Su[)pose  the  following  assertion  made  :  the  stim  of  n 
terms  of  the  series  1,  3,  5,  7, is  n^     This  assertion  we  can 
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see  to  be  true  in  some  cases ;  for  example,  the  sum  of  two  terms  is 
1  +  3  or  4,  that  is,  2^ ;  the  sum  of  three  terms  is  1  +  3+5  or  9, 
that  is,  3';  we  wish  however  to  prove  the  theorem  universally. 

Supi)Ose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n ;   that  is,  suppose  for  this  value  of  n  that 

1+3  +  5+ +(2n-l)  =  n'; 

add  2n  +  1  to  both  sides ;  then 

1  +  3  +  5  + +(2w-l)  +  (2w  +  l)  =  w'  +  29i+l  =  (w+l)^ 

Tlius,  if  the  sum  of  n  tei-ms  of  the  series  =n^,  the  sum  of 
n  +  1  terms  will  =  [n  +  l)^  In  other  words,  if  the  theorem  is 
trae  when  we  take  a  certain  number  of  tenns,  whatever  that 
number  may  be,  it  is  true  when  we  increase  that  nimiber  by  one. 
But  we  see  by  trial  that  the  theorem  is  true  when  3  terms  are 
taken,  it  is  therefore  true  when  4  terms  are  taken,  it  is  therefore 
true  when  5  terms  are  taken,  and  so  on.  Hence  the  theorem 
must  be  universally  true. 

482.  "We  will  now  take  another  example ;  we  propose  to 
establish  the  truth  of  the  following  formula  : 

P  +  2^  +  3^+ ^,,.^M!^±1)(2-HJ)^ 

D 

We  can  easily  ascertain  by  trial  that  this  formula  holds  in 
simple  cases,  for  example,  when  ?^  =  1,  or  2,  or  3  ]  we  wish,  how- 
ever, to  establish  it  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n ;  add  (?i  +  1  )^  to  both  sides ;  then 

r  +  2'+3-+ +n'+{n  +  l)-=— '-^ -^+(n+iy. 

Bat  —5^ '-^ +  {n  +  Vf=  {n  +  1)  j  -^ ^  +  n  +  l\ 

=  -^—  {2w*  +  7n+  6} 

n  +  l  ,        „,  ,^        .,.      m(m+ l)(2??i  + 1) 
=  —^  (n  +  2)  (2h  +  3)  =  -^ p ^ ,  where  m  =  n  +  1. 
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Thus  we  obtain  the  same  formula  for  the  sum  of  n+  1  terms 

of  the  series  V,  2',  3" as  was   supposed  to  hold  for  n  terms. 

In  other  woixls,  if  the  foiinula  holds  when  we  take  a  certain 
nimiber  of  terms,  whatever  that  number  may  be,  it  holds  when  we 
increase  that  number  by  one.  But  the  formula  does  hold  when 
3  tenns  are  taken,  therefore  it  holds  when  4  tei"ms  are  taken, 
therefore  it  holds  when  5  tenns  are  taken,  and  so  on.  Hence  the 
formula  must  hold  imiYersally. 

483.  The  two  theorems  which  we  have  proved  by  the  method 
of  induction  may  be  established  otherwise.  The  fii'st  theorem  is 
an  example  of  an  Arithmetical  Progi'ession,  and  the  second  has 
been  investigated  in  Ai"t.  460.  There  are  many  other  theorems 
which  are  capable  of  easy  proof  by  tlie  method  of  induction ;  for 
example,  that  in  Ai-t.  461. 

The  theorems  asserted  in  Art.  69,  respecting  the  di\T.sibility  of 
x"  ±  a"  by  x^a,  may  be  proved  by  induction.     For 

x"  —  a"       „_,      «(«""'  — a"~') 

=  x    ^  +  -^ ' ; 


hence  x"  —  a"  is  divisible  by  x  —  a  when  a;""'  —  a"~'  is  so.  Now  we 
see  that  x  —  a  is  divisible  by  x  —  a,  therefore  x^  —  a"  is  divisible 
by  x  —  a,  therefore  again  a?  —  o?  is  divisible  by  x  —  a,  and  so  on ; 
hence  a;"  —  a"  is  always  divisible  by  a;  —  a  when  w  is  a  positive  in- 
teger. Similarly  the  other  cases  may  be  established.  As  another 
example  the  student  may  consider  the  theorems  in  Art.  225. 

484.  The  method  of  mathematical  induction  may  be  thus 
described  :  We  prove  that  if  a  theorem  is  true  in  one  case,  what- 
ever that  case  may  be,  it  is  true  in  another  case  which  we  may 
call  the  nexi  case;  we  prove  by  trial  that  the  theorem  is  tnie  in  a 
certain  case ;  hence  it  is  time  in  the  next  case,  and  hence  in  the 
next  to  that,  and  so  on ;  hence  it  must  be  true  in  every  case  after 
that  with  which  we  began. 

485.  It  is  possible  that  this  method  of  proof  may  be  less 
satisfactoiy  to  the  student  than  a  more  direct  proceeding;  it  may 
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appeal"  to  him  that  he  is  rather  compelled  to  believe  propositions 
so  proved  than  shewn  why  they  hold.  But  as  in  some  cases  this 
is  the  only  method  of  proof  which  can  be  used,  the  student  must 
accustom  himself  to  it,  and  should  not  pass  over  it  when  it  occurs 
until  he  is  satisfied  of  its  validity. 

486.  We  may  remark  that  the  student  of  natural  philosophy 
will  find  the  word  induction  used  in  a  difierent  sense  in  that  sub- 
ject; the  word  is  there  applied  to  the  assumption  or  conjecture 
that  some  law  holds  generally  wliich  is  found  to  be  true  in  certain 
cases  that  have  been  examined.  There,  however,  we  cannot  be 
sure  that  the  law  holds  for  any  cases  except  those  which  we  have 
examined,  and  can  never  arrive  at  the  conclusion  that  it  is  a 
necessary  truth.  In  fict,  induction,  as  used  in  natural  philosophy, 
is  never  absolutely  demonstrative,  often  far  from  it  ;  whereas  the 
method  of  mathematical  induction  is  as  rigid  as  any  other  process 
in  mathematics. 

MISCELLANEOUS    EXAMPLES. 

1.  Transform  221*342  from  the  scale  with  radix  ten  to  the 
scale  with  radix  five. 

2.  If  the  radix  of  a  scale  be  ^:m  +  2  the  square  of  any  num- 
ber whose  last  digit  is  2»i  +  1  or  1m -^  2  will  terminate  with  that 
digit. 

3.  A  digit  is  written  down  once,  twice,  thrice,  up  to  n 

times  respectively,  so  as  to  form  n  numbers  consisting  of  one,  two, 

three, ...  w,  places  of  figures  respectively.     If  a  be  the  first  and 

h  the  last  of  the  numbers,  and  r  the  radix  of  the  scale,  the  sum  of 

rh  —  na 


the  niimbers  is 


r-1 


4.  If  wi,  n  be  any  two  numbers,  g  their  geometrical  mean, 
a  ,  h  the  arithmetical  and  harmonical  means  between  m  and  g,  and 
a  ,  7*2  the  arithmetical  and  harmonical  means  between  g  and  n, 
prove  that  a^i^  =  9'  —  f^o^i-, . 
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5.  If  between  b  and  a  there  be  inserted  n  arithmetical  means, 
and  between  a  and  b  there  be  inserted  n  hartnonical  means,  the 
sum  of  the  series  composed  of  the  products  of  the  corresponding- 
terms  of  the  two  series  is  (n  +  2)  ab. 

6.  If  n  harmonical  means  are  inserted  between  the  two  posi- 
tive quantities  a  and  b,  shew  that  the  diiference  between  the  first 
and  the  last  bears  to  the  difference  between  a  and  6  a  less  ratio 
than  that  oi  n—1  to  n  +  1. 

7.  A  sets  out  from  a  certain  place  and  travels  one  mile  the 
fii'st  day,  two  miles  the  second  day,  three  the  third,  four  the  fourth, 
and  so  on.  B  sets  out  five  days  after  A  and  travels  the  same  road 
at  the  rate  of  12  mUes  a  day.  How  far  will  A  travel  before  he  is 
overtaken  hj  £  1 

8.  From  256  gallons  of  \vine  a  certain  number  are  drawn  and 
replaced  with  water ;  this  is  done  a  second,  a  thii'd,  and  a  foiu-th 
time,  and  81  gallons  of  wine  are  then  left.  How  miich  was  ch-awn 
out  each  time  1 

9.  A  and  B  have  made  a  bet,  the  amount  of  the  stakes  being 
£90,  and  the  sum  staked  by  each  being  inversely  proportional  to 
all  the  money  he  has.  If  A  wins  he  \%t11  then  have  five  times 
what  B  has  left ;  if  B  wins  he  will  then  have  double  what  A  has 
left.     Wliat  sum  of  money  had  each  ? 

10.  If  {a  +  b  +c)(a  +  b  +  d)  =  {c  +  d  +  a){c  +  cl  +  b),  prove  that 
each  of  these  quantities  is  equal  to 

{a-c){a-d){b-c)  (b-d) 
{a  +  b-c-dy 

11.  If  the  roots  of  ax^  +  2bx  +  c  =  0  be  possible  and  different, 
those  of  (a  +  c)  (ax'  -{■  2bx  +  c)  =  2  (ac  -  b^)  {x^  +\)  will  be  impossi- 
ble ;  and  vice  versd. 

12.  1{  a  +  b  +  c  =  0,  x  +  ^/  +  z  +  io  =  0,  then  the  two  equations 
J(ax)  +  J{by)  +  J{cz)  =  0,  J{bx)  -  J  {ay)  +  J{cw)  =  0,  are  deducible 
the  one  from  the  other. 
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XXXIY.     PERMUTATIONS  AND  COMBINATIONS. 

487.  The  different  orders  in  which  any  things  can  be  arr 
ranged  are  called  theii'  pen^mtations. 

Thus  the  permutations  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  ah,  ba,  ac,  ca,  be,  cb. 

488.  The  combinations  of  things  are  the  different  collections 
that  can  be  formed  out  of  them,  without  regarding  the  order  in 
which  the  things  are  placed. 

Thus  the  combiiiations  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  ab,  ac,  be;  ab  and  ba  though  different  permutations 
forming  the  same  combination. 

489.  We  may  observe  that  a  difference  of  language  occurs  in 
books  on  this  subject;  what  we  have  cSiWeiX  permutations  are  called 
variations  or  a/rra,nyements  by  some  wi'itei's,  and  they  restrict  the 
word  permutations  to  the  case  in  which  all  the  things  are  used 
at  once ;  thus  they  speak  of  the  variations  or  arrangements  of  four 
letters  taken  two  at  a  time,  or  three  at  a  time,  but  of  the  permuta- 
tions of  them  taken  all  together. 

490.  To  find  the  number  of  permutations  of  n  things  taken  r 
at  a  time. 

Suppose  there  to  be  n  letters  a,  b,  c,  d, ;  we  shall  first 

find  the  number  of  permutations  of  them  taken  two  at  a  time. 
Put  a  before  each  of  the  other  letters  ;  we  thus  obtain  n—\ 
permutations  in  which  a  stands  first.  Next  put  b  before  each  of 
the  other  letters  ;  we  thus  obtain  n—\  permutations  in  which 
h  stands  first.  Similarly  there  are  n-\  permutations  in  which 
c  stands  first ;  and  so  on.  Thus,  on  the  whole,  there  are  n{n-\) 
permutations  of  n  letters  taken  two  at  a  time. 

We  shall  now  find  the  number  of  permutations  of  the  n  letters 
taken  three  at  a  time.     It  has  just  been  shewn  that  out  of  n  letters 
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we  can  form  n{n  —  l)  permutations  each  of  two  letters;  hence  out 
of  the  n—1  letters  b,  c,  cl, we  can  form  (n  —  1)  (ji  —  2)  per- 
mutations each  of  two  letters ;  put  a  before  each  of  these  and  we 
have  (n—l){n—2)  permutations  each  of  three  letters  in  which 
a  stands  first.  Similarly  there  are  (n-  1)  (n  —  2)  permutations 
each  of  three  letters  in  which  b  stands  first.  Similarly  there  are 
as  many  in  which  c  stands  first ;  and  so  on.  Thus  on  the  whole 
there  are  n(n—l){n  —  2)  permutations  of  n  letters  taken  three  at 
a  time. 

From  these  cases  it  might  be  conjectured  that  the  number  of 
permutations  of  n  letters  taken  r  at  a  time  is 

n{n-l){n-2) (n-r+l), 

and  we  shall  prove  that  this  is  the  case.  For  suppose  it  true  that 
the  number  of  permutations  of  n  letters  taken  o-  —I  at  a  time  is 

n{n-l) {n-(r-l)  +  l}, 

we  shall  shew  that  a  similar  formula  will  give  the  number  of  per- 
mutations of  the  letters  taken  r  at  a  time.  For  out  of  the  ?i  —  1 
letters  b,  c,  cl, we  can  form 

{n-l){n-2) {n-l-(r-l)  +  l} 

permutations  each  of  r  —  1  letters;  put  a  before  each  of  these, 
and  we  obtain  as  many  permutations  each  of  r  letters  in  which  a 
stands  first.  Similarly  we  have  as  many  in  which  b  stands  first, 
as  many  in  which  c  stands  first,  and  so  on.  Thus  on  the  whole 
there  are 

n  (n  —  l)(n  -  2) (?i  -  r  +  1) 

permutations  of  n  letters  taken  r  at  a  time. 

If  then  the  formula  holds  when  the  letters  are  taken  r  —  1  at 
a  time,  it  will  hold  when  they  are  taken  r  at  a  time ;  but  it  has 
been  proved  to  liold  when  they  are  taken  three  at  a  time,  therefore 
it  holds  when  they  are  taken  four  at  a  time,  therefore  it  holds 
when  they  ax'e  taken  five  at  a  time,  and  so  on;  thus  it  holds 
universally. 
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491.  Hence  tlie  number  of  permutations  of  n  things  taken 
all  together  is  n  (n-l)  (n  -^2) 1, 

For  the  sake  of  brevity  n  (n  -  1)  (?t  —  2) 1  is  often  denoted 

hy  \n ;  thus  \n  denotes  the  product  of  the  natural  numbers  from 
1  to  w  inclusive.      The  symbol  \n  may  be  read,  yac^on'a/  n. 

492.  The  formula  for  the  number  of  permutations  of  ?i  things 
taken  r  at  a  time  may  also  be  obtained  in  another  manner. 

Let  F  denote  the  number  of  permutations  of  n  letters  taken 
r  —  1  at  a  time.  To  form  the  permutations  of  n  letters  taken  r 
at  a  time  we  may  proceed  thus :  take  any  one  of  the  P  pel-muta- 
tions, and  place  at  the  end  of  it  any  one  of  the  n  —  r  +  1  letters 
which  it  does  not  involve.  Thus  the  whole  number  of  the  per- 
mutations of  the  n  letters  taken  r  at  a  time  will  be  (n  —  r+l)  P. 

Now  the  number  of  the  permutations  of  n  letters  taken  one  at 
a  time  is  n ;  therefore  the  nimiber  taken  two  at  a  time  is  n(n-l); 
therefore  the  number  taken  three  at  a  time  is  7i(n -I)  {n- 2); 
and  so  on. 

493.  Any  combination  of  r  things  will  produce  \r  permuta- 
tions. For,  by  Article  491,  the  r  things  which  form  the  given 
combination  can  be  arranged  in  \r  different  ways, 

494.  To  find  the  number  of  combinations  of  n  things  taken 
r  at  a  time. 

The  number  of  combinations  of  n  things  taken  r  at  a  time  is 

n{n-l){n-2) {n-r+l) 

|r 

For  the  number  of  permutations  of  n  things  taken  r  at  a 

time   is   n(n-l){n-2) {n-r+1),  by  Ai-t.  490;   and  each 

combination  produces  \r  permutations,  by  Art.  493  ;    hence  the 
number  of  combinations  must  be 

n{n-l){n-2) (n-r+l) 
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If  we  multiply  both  numerator  and  denominator  of  this  ex- 

pression  by  \n  —  r'\\>  becomes  -. — r= . 

' \r\n  —  r 

495.     Tlie  number  of  combinations  of  n  things  taken  r  at  a 
time  is  the  sarne  as  the  number  of  tJiem  taken  n  —  r  at  a  time. 

Tlie  mimber  of  combinations   of  n  things  taken  n  —  r  at  a 
time  is 

n{n  —  l){n-2) {n  —  {n  —  r)  +  \} 


that 


n{n-l){n~2) (^  +  1) 


Multiply  both  numerator  and  denominator  by  [r  and  we  ob- 

\n 

tain  — ■ — — ■    which,  by  Art.  494,  is  the  number  of  combinations 

\r^\n  —  r  -^  ' 

of  n  things  taken  r  at  a  time.  ' 

The  proposition  which  we  have  thus  demonstrated  will  be 
evident  too  if  we  observe  that  for  every  combination  of  r  things 
which  we  take  out  of  n  things,  we  leave  one  combination  oi  n  —  r 
things.  Hence  every  combination  of  r  tilings  corresponds  to  a 
combination  oi  n  —  r  things  which  contains  the  remaining  things. 
Such  combinations  are  called  complementary. 

490.  To  find  for  V)hat  value  of  r  the  nurnher  of  combinations 
of  n  things  taken  r  at  a  time  is  greatest. 

Let  (n)^  denote  the  number  of  combinations  of  n  things  taken 
r  at  a  time, 

(**)r-i  ^^1^  number  of  combinations  of  n  things  taken  r  —  1 
at  a  time, 

,  ,       n  —  r  +  1  .   . 
then  [n)^  = ^ (w)r_i  • 

1^^ ^  ^  2  7i  -I-  1 

The  factor  may  bo  written 1,  which   shews 

r  r 

that  it  decreases  as  r  increiuses.      By  giving  to  r  in  succession  the 

T.  A.  19 
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values  1,  2,  3, the  number  of  combinations  is   continually 

increased  so  long  as —  1  is  greater  than  unity. 

„.                                            ,       „         ,         2m  + 1      T    .  , 

First  suppose  n  even  and  =  zm,   then  ^ 1   is  greater 

than  1  until  r^m  inclusive,  and  when  r  =  m+l  it  is  less  than  1. 
Hence  the  greatest  number  of  combinations  is  obtained  when  the 

things  are  taken  m  at  a  time,  that  is,  ^  at  a  time. 

2f}i  +  1  +  1 
Next    suppose  n  odd    and  =2m+l,    then ; 1    is 

equal  to  unity  when  r  =  vi  +  l.  Hence  the  greatest  number  of 
combinations  is  obtained  when  they  are  taken  m  at  a  time  or 
m  +  1  at  a  time,  the  result  being  the  same  in  these  two  cases, 

^-1  ^  7?/  +   1 

that  is,  when  they  are  taken  — - —  at  a  time,  or  — - —  at  a  time. 

497.  To  find  the  number  of  2)ermutations  qfn  things  taken  all 
together  which  are  not  all  different. 

Let  there  be  n  letters  ;  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  h,  r  of  them  to  be  c,  and  the  rest  to  be  unlike ;  the 
number  of  permutations  of  them  taken  all  together  will  be 

\n 

For  let  N  represent  the  requu-ed  number  of  permutations. 
If  in  any  one  of  the  permutations  the  p  letters  a  were  changed 
into  p  new  letters  different  from  any  of  the  rest,  then  without 
altering  the  situation  of  any  of  the  remaining  letters,  we  could 
from  the  single  permutation  produce  |p  different  permutations ; 
and  so  if  the  p  letters  a  were  changed  into  j9  different  letters,  the 
whole  number  of  permutations  would  he  N  x\p.  Similarly,  if  the 
q  letters  h  were  also  changed  into  q  new  letters  different  from  any 
of  the  rest,  the  whole  number  of  permutations  Ave  could  now  ob- 
tain would  he  N  x'\p  x\q  ;  and  if  the  r  letters  c  were  also  changed, 
the  whole  number  would  be  N  x\p  x\q  y.\r.  But  this  n\imber 
must  be  equal  to  the  number  of  permutations  of  n  dissimilar  things 
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taken  all  together,  that  is,  to  [n. 

Thus  iVx|j;x[£x[r  =  [TC; 


therefore  iV 


p\q\r' 
And  similarly  any  other  case  may  be  treated. 

498.  There  is  another  mode  in  which  the  result  of  the  pre- 
ceding Article  may  be  obtained  which  will  be  instructive  for  the 
student.  We  will  explain  it  for  simplicity  by  the  aid  of  a  par- 
ticular example  ;  but  the  reasoning  is  perfectly  general  iii  cha- 
racter. Suppose  we  have  10  letters;  suppose  2  of  them  to  be  a, 
3  of  them  to  be  b,  and  5  of  them  to  be  c  :  reqiiired  the  number  of 
permutations  of  the  10  letters  taken  all  together. 

We   may  consider   that  we   have   10  places  which  are  to  be 

occupied  by  the  10  letters.     Choose  any  2  of  the  places  and  put  a 

10.  9 
in  each ;  this  can  be  done  in     ^         ways.     Choose  any  3  of  the 

remaining   8   places,    and   put   b   iir    each ;    this   can   be    done   in 

8    7    fi 

y-^—    ways.     Then  put   c  in  each   of  the  remaining  5  places ; 

,    ,      5.4.3.2.1       ,^        ,, 
this   can  be   done  m    1   way;    and    1  =  ^^ — 9,    '\    I    ^'  '^ 

product  of  the  results  thus   obtained  will  obviously  give  the  total 

|10 
number  of  permutations  :  this  number  therefore  is  .^  ,„  ,  _  . 

499.  If  there  be  n  things  not  all  different,  and  we  require 
the  number  of  permutations  or  of  combinations  of  them  taken  r  at 
a  time,  the  operation  will  be  more  complex;  we  will  exempKfy 
the  method  in  the  following  case  : 

,2V-     T/iere  are  n  things  of  which  p  are  alike  and  the  rest  unlike  ; 
required  the  number  of  comhinations  of  them  taken  r  at  a  time. 

We  shall  suppose  r  less  than  ?i  - p,  and  put  n-p^q.  Con- 
sider first  tlie  number  of  combinations  that  can  be  foiined  without 

19—2 


292  PERMUTATIONS   AND   COMBINATIONS. 

using  any  of  tlie  p  like  things  ;  thLs  is  the  number  of  combinations 

\q 
of  a  thines  taken  r  at  a  time,  that  is,  -. — r-^ —  .     Next  take  one  of 
^         ^  \r\q  -  r 

the  p  things  and  r  - 1  of  the  q  things ;  the  number  of  ways  in 
which  combinations  can  thus  be  formed  is  the  same  as  the  num- 
ber of  combinations  of  q  things  taken  r  —  \  at  a  time,  that  is, 

\q 
■ — r-= T  •    Next  take  two  of  the  «  things  and  combine  them 

|r-  1  \q  -  r  +1 

.        .  k 

with  r  —  2  of  the  q  things  ;  this  can  be  done  in  ■. —. 

\r-  2\q  -  r  +  2 

ways.  Pi'oceed  thus,  and  add  the  number  of  combinations  so 
obtained  together,  which  will  give  the  whole  number  of  combi- 
nations. 

If  however  r  is  not  less  than  q  we  should  consider  first  the 
case  in  which  r  —  q  things  are  taken  from  the  p  like  things,  and 
q  things  are  taken  from  the  q  unlike  things  ;  this  can  be  done  in 
only  one  way.  Next  take  r  —  q+l  things  from  the  p  things,  and 
q—  1  from  the  q  things ;  this  can  be  done  in  q  ways.    And  so  on. 

If  the  number  of  2yermutations  be  required,  we  have  only  to 

observe  that  each  combination  of  r  things  in  which  s  are  alike  and 

[r 
the  rest  unlike,  will  produce  r—  permutations  (Art.  497),  and  thus 

the  whole  number  of  permutations  may  be  found, 

500.  By  the  following  method  the  fonnula  for  the  number  of 
combinations  of  n  things  taken  r  at  a  time  may  be  found  ^vithout 
assuming  the  formula  for  the  number  of  permutations. 

Let  (n)r  denote  the  number  of  combinations  of  n  things  taken 
r  at  a  time.  Suppose  n  letters  a,  b,  c,  d,  ;  among  the  com- 
binations of  these  r  at  a  time,  the  number  of  those  which  contain 
the  letter  a  is  obviously  equal  to  the  number  of  combinations  of 
the  remaining  n~l  letters  r-  1  at  a  time,  that  is,  to  {n  -  l),._i. 
The  number  of  combinations  which  contain  the  letter  b  is  also 
(n—l\_^,  and  so  for  each  of  the  letters.     But  if  we  form,  first  all 
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the  combinations  which  contain  a,  then  all  the  combinations 
which  contain  b,  and  so  on,  each  particular  combination  will  ap- 
pear r  times ;  for  if  r  =  3,  for  examjjle,  the  combination  abc  will 
occur  among  those  containing  a,  among  those  containing  5,  and 
among  those  containing  c.     Hence 

In  this  formula  cl^ange  n  and  r  first  into  n-\  and  r  —  1 
respectively,  then  into  w  -  2  and  r  —  2  respectively,  and  so  on  j 
thus 


(«-r4-2)^- 2 {n-r  +  l),. 

Multiply,  and  cancel  like  terms,  and  we  obtain 

,       n{n  —  \) {n-r+2){n-r-¥\) 

(")^  =         —  ^  ' 

for  {n-r  +  l)^  =  n-r  +  \. 

501.      To  find  the  whole  7iumber  of  permutations  of  n  things 
wJien  each  may  occur  once,  twice,  thrice, up  to  r  times. 

Let  there  be  n  letters  a,  b,  c, First  take  them  one  at  a 

time  j  this  gives  the  number  n.  Next  take  them  two  at  a  time ; 
here  a  may  stand  before  a,  or  before  any  one  of  the  remaining 
letters ;  similarly  6  may  stand  before  b,  or  before  any  one  of 
the  remaining  letters ;  and  so  on  ;  thus  there  are  n*  different  per- 
mutations of  the  letters  taken  two  at  a  time.     Similarly  by  jiut- 

ting  successively  a,  b,  c,  before  each  of  the  permutations  of 

the  letters  taken  two  at  a  time,  we  obtain  n^  permutations  of  the 
letters  taken  thx-ee  at  a  time.  Thus  the  whole  number  of  permu- 
tations when  the  letters  are  taken  r  at  a  time  will  be  n^. 
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502,  Since  the  number  of  combinations  of  n  things  taken  r 
at  a  time  must  be  some  integer,  the  expression 

n  {n  —  \) (w  -r  +  1) 

must  be  an  integer.  Hence  we  see  that  the  product  of  any 
r  successive  integei's  must  be  divisible  by  [r.  We  shall  give  a 
more  direct  proof  of  this  proposition  in  the  Chapter  on  the  theory 
of  numbers. 

EXAMPLES    OP    PERMUTATIONS    AND    COMBINATIONS. 

1.  How  many  different  permutations  may  be  made  of  the 
letters  in  the  word  Caraccas  taken  all  together  1 

2.  How  many  of  the  letters  in  the  word  Ueliopolis  ? 

3.  How  many  of  the  letters  in  the  word  Ecclesiastical  ? 

4.  How  many  of  the  letters  in  the  word  Ifississipjn  ? 

5.  If  the  number  of  permutations  of  n  things  taken  4  toge- 
ther is  equal  to  twelve  times  the  number  of  permutations  of 
n  things  taken  2  together  ;  find  n. 

6.  In  how  many  ways  can  2  sixes,  3  fives,  and  5  twos  be 
thrown  with  10  dice? 

7.  If  there  are  twenty  pears  at  three  a  penny,  how  many 
different  selections  can  be  made  in  buying  six-pennyworth  1  In 
how  many  of  these  will  a  particular  pear  occur  1 

8.  From  a  company  of  soldiers  mustering  96,  a  picket  of  10 
is  to  be  selected  ;  determine  in  how  many  ways  it  can  be  done, 
(1)  so  as  always  to  include  a  particular  man,  (2)  so  as  always 
to  exclude  the  same  man. 

9.  How  many  parties  of  12  men  each  can  be  formed  from 
a  company  of  60  men  1 

^  10.  If  the  number  of  combinations  of  n  things  r  —  r'  toge- 
ther be  equal  to  the  number  of  combinations  of  ti  things  r  +  r' 
together,  find  n. 
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11.  In  how  many  ways  can  a  party  of  six  take  their  places 
at  a  round  table  ? 

12.  In  how  many  different  ways  may  n  persons  form  a  ring] 

13.  How  many  different  nimibers  can  be  foi-med  with  the 
digits  1,  2,  3,  4,  5,  6,  7,  8,  9  j  each  of  these  digits  occtin-iag  once 
and  only  once  in  each  number  1  How  many  with  the  digits  1,  2,  3, 
4,  5,  6,  7,  8,  9,  0,  on  the  same  supposition  1 

14.  Out  of  12  conservatives  and  16  reformers  how  many 
different  committees  could  be  formed  each  consisting  of  3  con- 
sei'vatives  and  4  reformers  ? 

15.  If  there  be  x  things  to  be  given  to  n  persons,  shew  that 
n  will  represent  the  whole  number  of  different  waya  in  which 
they  may  be  given. 

1 6.  Suppose  the  number  of  combinations  of  n  things  taken  r 
together  to  be  equal  to  the  number  taken  ?•  +  1  together,  and 
that  each  of  these  equal  numbers  is  to  the  number  of  com- 
binations of  n  things  taken  r—\  together  as  5  is  to  4,  find  the 
vahies  of  n  and  r. 

17.  Given  m  things  of  one  kind,  and  n  things  of  a  second 
kind,  find  the  number  of  permutations  that  can  be  fonned  con- 
taining r  of  the  first  and  s  of  the  second. 

\  18.  Find  how  many  different  rectangular  parallelepipeds  there 
are  satisfying  the  conditions  that  each  edge  shall  be  eqiial  to  some 
one  of  n  given  straight  lines  all  of  different  lengths ;  and  that  no 
face  of  a  parallelepiped  shall  be  a  square. 

19.  The  ratio  of  the  number  of  combinations  of  hi  things 
taken  2n  together,  to  that  of  In  things  taken  n  together  is 

1.3.5 {in-l)     _     ih. 

{1.3.5 {2n-l)Y'  "  "^ 

20.  Out  of  17  consonants  and  5  vowels,  how  many  words  can 
be  formed,  each  containing  two  consonants  and  one  vowel  1 

21.  Out  of  10  consonants  and  4  vowels,  how  many  words  can 
be  formed  each  containini;  3  consonants  and  2  vowels  1 
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22.  Find  the  nuuiber  of  words  which  can  be  forined  out  of 
7  letters  taken  all  together,  each  word  being  auch  that  3  given 
letters  are  never  separated. 

23.  With  10  flags  representing  the  10  numerals  how  many- 
signals  can  be  made,  each  representing  a  number  and  consisting  of 
not  moi'e  than  4  flags  '{ 

24.  How  many  words  of  two  consonants  and  one  vowel  can 
be  forined  from  6  consonants  and  3  vowels,  the  vowel  being  the 
middle  letter  of  each  word  1 

25.  How  many  words  of  6  letters  may  be  formed  with  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  jilaces  ? 

26.  A  boat's  crew  consists  of  8  men,  3  of  whom  can  only  row 
on  one  side  and  2  only  on  the  other.  Find  the  number  of  ways 
in  which  the  crew  can  be  arranged. 

27.  A  telegi'aph  has  m  arms,  and  each  arm  is  capable  of  n 
distinct  jjositions  :  find  the  total  number  of  signals  which  can  be 
made  with  the  telegraph,  supposing  that  all  the  arms  are  to  be 
used  to  fonn  a  signal. 

28.  A  pack  of  cards  consists  of  52  cards  marked  differently: 
in  how  many  different  ways  can  the  cards  be  arranged  in  four  sets, 
each  set  containing  1 3  cards  1 

29.  How  many  triangles  can  be  formed  by  joining  the  angular 
points  of  a  decagon,  that  is,  each  triangle  having  three  of  the 
angular  points  of  the  decagon  for  Us  angular  points  ? 

30.  There  are  «  points  in  a  plane,  no  three  of  which  are  in 
the  same  straight  line  with  the  exception  of  p,  which  aj'e  all  in 
the  same  straight  line:  find  the  number  of  straight  lines  which 
result  from  joining  them. 

31.  Find  the  number  of  triangles  which  can  be  formed  by 
joining  the  points  in  the  preceding  Example. 

32.  There  are  n  points  in  space,  of  which  p  are  in  one  plane, 
and  there  is  no  other  plane  which  contains  more  than  three  of 
them:  how  many  planes  are  there,  each  of  which  contains  three 
of  the  points  1 
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\r-  33.  If  u  points  in  a  plane  be  joined  in  all  possible  ways  by 
indefinite  straight  lines,  and  if  no  two  of  the  straight  lines  be 
coincident  or  parallel,  and  no  three  pass  thi-ough  the  same  point 
(with  the  exception  of  the  n  original  points),  then  the  number  of 
points  of  intersection,  exclusive  of  the  71  points,  will  be 

n{n-l){n-2){n-3) 
8 

34.  There  are  fifteen  boat-ckibs  ;  two  of  the  clubs  have  each 
three  boats  on  the  rivei',  five  others  have  two,  and  the  remaining 
eight  have  one  :  find  an  expression  for  the  number  of  ways  in 
which  a  list  can  be  formed  of  the  order  of  the  24  boats,  obseiwing 
that  the  second  boat  of  a  club  cannot  be  above  the  first. 

35.  A  shelf  contains  20  books,  of  which  4  are  single  vohxmes, 
and  the  others  form  sets  of  8,  5,  and  3  volumes  respectively  :  find 
in  how  many  ways  the  books  may  be  arranged  on  the  shelf,  the 
volumes  of  each  set  being  in  theii-  due  order. 

36.  Find  the  number  of  the  permutations  of  the  letters  in  the 
word  examination  taken  4  at  a  time. 

37.  Find  the  number  of  the  combinations  of  the  letters  in  the 
word  proportion  taken  6  at  a  time. 

38.  There   are  n—\  sets   containing  2a,   3a, na  things 

respectively  :    shew  that  the  number  of  coml^inations  which  can 

be  formed  by  taking  a  out  of  the  first,  2a  out  of  the  second,  and 

\na 
so  on  for  each  combination,  is  -t==--  . 

h) 

39.  Fmd  the  siau  of  all  the  numbers  which  can  be  formed 
with  all  the  digits  1,  2,  3,  4,  5,  in  the  scale  of  10. 

40.  The  sum  of  all  numbers  that  are  expressed  by  the  same 
digits  is  divisible  by  the  sum  of  the  digits. 
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XXXV.  BINOMIAL  THEOREM.    POSITIVE  INTEGRAL 
EXPONENT. 

503.  We  have  already  seen  that  (x  + af  =  x' +  2xa  +  a',  and 
that  (x  +  a)^  =  x^  +  3x^a  +  3xa' +  a^ ;  the  object  of  the  pi'esent 
Chapter  is  to  find  an  expression  equal  to  (x  +  a)"  where  n  is  any 
positive  integer, 

504.  By  ordinary  multiplication  we  obtain 

(x  +  ftj)  (x  +  a^)  =  x'  +  (ttj  +  a,^)x  +  a^a^, 
(x  +  tti)  (x  +  «„)  {x  +  ftg)  =  x^  +  (a J  +  «2  +  "a)^^ 

+  {«!«„  +  cc.,a^  +  a^ajx  +  a^a^a^, 
{x  +  «i)  {x  +  rtv.)  {x  +  rtg)  {x  +  a^  =  as''  +  {a^  +  «„  +  «3  +  a^oi? 

+  («i«.2  +  «/<3  +  a/<4  +  a^«3  +  a2^4  "^  ^^3^4)  ** 

+  (rt^a/fa  +  a^a./c^  +  a^a/t.^  +  a./i./i^x  +  a^a^a^a^. 

Now  in  these  results  we  see  that  the  following  laws  hold  : 

I.  The  number  of  terms  on  the  right-hand  side  is  one  more 
than  the  number  of  the  binomial  factors  which  are  multiplied 
together. 

II.  The  exponent  of  a;  in  the  fii-st  term  is  the  same  as  the 
number  of  binomial  foctors,  and  in  the  succeeding  terms  each 
exponent  is  less  than  that  of  the  preceding  term  by  imity. 

III.  The  coefficient  of  the  first  term  is  unity;  the  coefficient 
of  the  second  term  is  the  sum  of  the  second  terms  of  the  biaomial 
factors;  the  coefficient  of  the  third  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  two  at 
a  time ;  the  coefficient  of  the  fourth  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  three  at 
a  time ;  and  so  on ;  the  last  term  is  the  product  of  all  the  second 
terms  of  the  binomial  factors. 

We  shall    now  prove    that  these  laws  always  hold  whatever 
be  the  nrunber  of  binomial   factors.     Suppose  the  laws  to  hold 
when  n  —  \  factors  are  multiplied  together ;  that  is,  suppose 
{x+a^){x  +  a^)...{x  +  a^_^)^x"-'  +  p^x"-^  +  p^x''-^  +  p.jx;'-*  +  ...+p^_.„ 
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where  p^  —  the  sum  of  the  terms  a^,  a^, »„_ij 

2)^  —  the  sum  of  the  products  of  these  terms  taken  two  at 
a  time, 

p^  =  the   sum  of  the  products  of  these  terms  taken  three 
at  a  time, 


/>„_!  =  the  product  of  all  these  terms. 

Multiply  both  sides  of  tliis  identity  by  another  factor  x  +  a„  ; 
thus 

(x  +  a^  (a;  +  a.,) (*"  +  f*n)  =  aj"  +  (p^  +  a,)  a;"~ '  +  {2h  +  i^/*»)  *""" 

Now  p^  +  a„  =  «!  +  a^  +  "  •  •  •  +  «,i-i  +  (^n 

=  the  sum  of  all  the  tei"ms  a^,  o.^,  a„ ; 

P2  +  Pi'-''"-  —Pi^  ^"  ("^'l  +  ^-^2  + +  f'-.-l) 

=  the  sum  of  the  products  taken  two  at  a  time  of 
all  the  terms  a^,  a.^, a„ ; 

=  the  sum  of  the  products  taken  three  at  a  time 
of  all  the  terms  a^,  a^, a„. 


Pn-i.C'n  =  the  product  of  all  the  terms  Oj ,  o., , a„. 

Hence  if  the  laws  hold  when  7i  -  1  factors  are  multiplied 
together,  they  hold  when  n  factors  are  multiplied  together;  but 
they  have  been  proved  to  hold  when  4  factors  are  multiplied 
together,  therefore  they  hold  when  5  factors  are  multiplied  toge- 
ther, and  so  on;  thus  they  hold  universally. 

"We  shall  write  the  result  for  the  multipKcation  of  n  factors 
thus  for  abbreviation, 

(x  +  a) {x  +  «„)  ...{x  +  a„)  =  x"  +  q^x"'^  +  q.;pc:"~'  +  q.pf     +  ...  +q„. 

The  number  of  terms  in  qi  is  oV)viously  7i;  the  number  of 
terms  in  (7    is  the  same  as  the  number  of  combinations  of  the 
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n  things  a^,  a.,, a„,   taken  two  at  a  time,  that  ia,  — Hj — -r-^; 

the  number  of  terms  in  q.^  is  the  same  as  the  number  of  combina- 
tions of  the  n  things  a^,  a.^, a„  taken  three  at  a  time,  that  is 

n(n—  I)  in-  2)  ,  „ 

— ^^ — - — ^-^ -;    and    so    on.      JNow    suppose    a^,   a.-^,  a.^ a„ 

each  =  a;  thus  q^  becomes  na,  and  q„  becomes  — ^j — „— ^ct^,    and  so 

on ;  and  we  obtaiii 

{x  +  a)"  =  a;"  +  wax"-'  +     V         '  a'a;"""  +  — ^ — ^^ -a^x"^  + 

n(n  —  l)„,,         „  , 
H ^j — —-  a"^  X  +  mC^  X  +  a". 

This  formula  is  called  the  Binomial  Theorem;  the  series  on 
the  right-hand  side  is  called  the  expa)isio7i  of  (a;  +  a)",  and  when 
we  put  this  series  in  the  place  of  (x  +  a)"  we  are  said  to  expand 
(x  +  a)".     The  theorem  was  discovered  by  Newton. 

505.     For  example,  take  {a;  +  a) °;  herew  =  5, 

n{n-l)  _5.4:_         n{n-l)(n-2)      5  .  4: .  3 
1.2     "1.2""     '  1.2.3         ~1.2.3~      ' 

n(n-l){n-2){n-3)  _5.i.3.2 

1.2.3.i  "1.2.  3.4~'^ 

thus  (x  +  ay  -  x^  +  5x-*a  +  IGujV  +  10x~a^  +  5xa*  +  a'. 

Again,  suppose  we  requii-e  the  expansion  of  (c^  +  yzY ;  we 
have  only  to  write  c^  for  x  and  yz  for  a  in  the  preceding  identity; 
thus 

(c^  +  yzY  ^  (cj  +  5  (cy  yz  +  lO  (c^  {yzy  +  10  (cy  {yzf 

+  5c'(yzy  +  {yzr 
=  c">  +  5c"yz  +  lOcVV  +  lOc^V  +  5cYz'  +  y'z\ 
Similarly, 
{c'  +  2yy  =  {cy  +  5  (c^)^  2y^  +  10  (c^)^  {2yy  +  10  (cy  {2yy 

+  5c^2yy  +  {2yy 

=  c'"  +  lOcy  +  iOcY  +  socy  +  socy  +  32^'". 
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506.  The  Binomial  TJieorem  is  so  very  important  that  the 
student  should  pay  close  attention  to  the  demonstration  of  it. 
Three  laws  are  observed  to  hold  when  we  multiply  together  a 
small  number  of  binomial  factors ;  and  it  is  shewn  strictly  by 
induction  that  these  laws  will  hold  whatever  be  the  number  of 
binomial  factors  multiplied  together. 

The  inductive  demonstration  depends  mainly  on  the  following 
principle  :  suppose  that  we  have  formed  all  the  combinations  of 
n  —  1  letters  taken  r  at  a  time,  and  that  a  new  letter  is  introduced ; 
the  combinations  of  the  n  letters  taken  r  at  a  time  consist  of  the 
combinations  of  the  n—1  letters  r  at  a  time,  together  with  the 
combinations  obtained  by  combining  the  new  letter  with  all  the 
combinations  of  the  old  letters  r  —  1  at  a  time.     This  principle  is 

applied  in  succession  to  the  cases  r  =  l,  r  =  2,  r  =  3, up  to 

r  =  n~l. 

But  even  without  the  inductive  process  the  universal  truth  of 
the  laws  will  be  ob\dous  on  due  consideration.     Suppose  we  have 

to  multiply  together  n  binomial  factors  x  +  a^,  x  +  a„,  ,  a;  4-  a^  ; 

when  the  multiplication  is  effected  every  term  in  the  result  is  a 
product  fomied  by  taking  07ie  letter  out  of  each  binomial  factor. 
Thus  if  we  require  the  tenn  which  involves  a.-""^  we  must  multiply 
together  the  second  letter  in  any  two  binomial  foctors  and  the  first 
letter  in  the  remaining  n  —  2  binomial  factors  ;  hence  the  coefficient 
of  a;"~*  must  consist  of  the  sum  of  the  products  of  every  two  of  the 
letters  a  ,  a  ^  ...  a  ;  and  the  number  of  these  products  will  be  the 
same  as  the  number  of  combinations  of  n  things  taken  two  at 
a  time.  Similarly  we  may  determine  the  coefficient  of  any  other 
power  of  X,  as  x"'*  for  example. 

The  Binomial  Theorem  may  also  be  demonstrated  in  the  fol- 
lowing manner :  We  can  verify  by  trial  that  the  Theorem  holds 
for  small  values  of  n  as  2,  3,  4  ;  assiune  then  that 

/         \„       „  n-i     n(n-l)    a  „_2     n(n-l){n-2)    3  „_3 

(x  +  «)"  =  a;"  +  nax"  '  +  — I— «-  «  «      +  — ^   .,     ^\ -'  ax      +  ...; 

multiply  both  sides  by  x-^a  ;  thus 
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/         Nn+i       „  +  i  n     n{n-l)    2  „_,     n(n-l)(n-2)    .  „_„ 

„         2  n-1     n(n- 1)    3  „_„ 
+  ax  +  nax      +  --^j — — ^  aV     + .. . 

Hence,  by  putting  togetlier  like  terms,  we  have 
(a;  +  a)      =  cc      +  (h  +  1)  ax"  +  — — ^  a  V 

(n  +  l)7Z-(^-l)  , 

1.2.3  "^  ^••■' 
that  is,  we  obtain  for  (x  +  a)""^'  a  series  of  the  same  form  as  that 
for  {x  +  a)",  having  w  +  1  in  the  phxce  of  n.  This  shews  that  if  the 
Binomial  Theorem  is  true  for  any  exponent  it  is  also  true  when 
that  exponent  is  increased  by  unity.  But  the  Theorem  is  true 
when  the  exponent  is  4  ;  therefore  it  is  true  when  the  exponent 
is  5  ;  therefore  it  is  tnie  when  the  exponent  is  6 ;  and  so  on. 
Thus  the  Theorem  is  true  for  any  positive  integral  exponent. 

507.  In  the  expansion  of  {x  +  a)"  suppose  a;  =  1  ;  thus 

/I        \n      1  01(71-1)    2     n(n-l)(n-2)    3 

(1  +  a)"  =  1  +  na  +  -~ — ^  a^  +  —^— — ^^ '-  a^  + +  a" ; 

since  this  is  true  whatever  a  may  be,  we  may  write  x  for  a ;  thus 

/I        \n      1  n(n-l)    „     n  {n  - 1)  (n  -  2)    3 

(1  -ra;)"  =  1  +nx+     \     ^   ^  x^  +     ^         ^^\ '- x^  + +33". 

The  coefficient  of  the  second  term  in  the  expansion  of  (1  +  ic)" 

is  n  ;   the  coefficient  of  the  third  term  is    -4j — ^r— ^ ;   and  generally 

the  coefficient  of  the   (?'  +  1)""  term,   Iseing  the  niimber  of  com- 
binations of  n  things  taken  r  at  a  time  is,  by  Art.  494,  equal  to 

n{n-\)ln-2) [n-r  +  l)     .  i,-  1   •       u  j-i,  i. 

— ^^ '-^ — ■ — 7 ^^ ;   by  multiplying  both  numerator 

\n 

and  denominator  by  |  w  —  r  this  becomes  , — j . 

^  I \v  \^n  —  r 

508.  In  the  expansion  of  {\  +  x)"  the  coefficient  of  the  r***  term. 
from  the  beginning  is  equal  to  the  coefficient  of  the  r*  term  from 
the  end. 
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The  coefficient  of  the  r**^  term  from  the  beginning  is 
n(n-l){n-2) (n  -  r  +  2) 


by  multiplying  both  numerator  and  denominator  by  \n~r  +  l  this 


becomes 


r  —  1  Ui  — r  +  1 


> 


The  r*  term  from  the  end  is  the  (?i  —  r  +  2)*  from  the  begin- 
ning, and  its  coefficient  is 

n{n-l) {n  —  {n-r  +  2)  +  2}        _  n{n—l) r 

\n  —  r  +  l  '  \n-r  +  l        ' 

and  this  also   =  . r-j^= z^ . 

\r  —  1  \n  —  r+  I 


509.     It  appears  from  the  preceding  Ai-ticle  that  the  coeffi- 

cient  of  the  j-**"  term  may  be  wa-itten  thus,  , ^n — ■ r  •     If  we 

''  \r  -l\n  —  r+l 

apply  this  to  the  last  term  for  which  r  =  n  +  1,  this  expression 

\n 
takes  the  form  , — ttt  •      The  symbol  i  0  has  had  no  meaning  hitherto 

\n\0  -^  ^-  ° 

assigned  to  it;  if  we  agree  to  consider  it  equivalent  to  1,  then 
the  general  expression  will  hold  true  for  the  last  term. 


510.     To  find    the    greatest   coefficient   in   the   expansion    of 
(1  +  x)". 

This  has  been  investigated  in  the  Chapter  on  Permutations  and 

Combinations  (Art.  496)  ;  it  is  there  shewn  that  when  n  is  even, 

n 
the  gi'eatest  coefficient  is  found  by  putting  ^  for  r  in  the  expression 

\n 

— ;  when  n  is  odd  the  greatest  coefficient  is  found  by  put- 


[r  \n^ 

ting  — jr—   or  — jr—  for  r  in  the  expi'ession,  the  result  being  the 

same  in  the  two  cases. 


304      BINOMIAL   THEOREM.      POSITIVE   INTEGRAL   EXPONENT. 

f 

511.     To  find  the  greatest  term  in  the  expansion  of  (x  +  a)". 

m       th  J.           i?j.i                 •       •    n(n-l)  ...(n-r  +  2)    „__,,  ^_, 
The  r^"  term  or  the  expansion  is  — ^^ 'r ^ x        a      \ 

\r  —\  ' 

the  (r  +  1)"'  term  may  be  obtained  by  multiplying  the  r"'  term  by 

7?.  —  r  +  1    a    ,,    ^  .     ,      /w+  1        \  a       _,,  .  ,  .  ,.       •,.     .    .  , 
.  - ,  tliat  IS,  by  ( M  ~  •     ^"^^  multiplier  diminishes 

as  r  increases,  and  ( 1  j  -  is  greater  than  1  only  so  long  aa 

1    is  greater   than   - ,    that    is,   only  so    long   as    is 

r  a  r 

greater  than  -  +  1 ,  that  is,  only  so  long  as  r  is  less  than  . 

a  X      , 

-  +  1 
a 

If    ^  be  an  integer,  then,  denoting  tliis  integer  by  p,  the 

-4-1 

a 
2)^^   term    of   the    expansion    is    equal   to   the  (p  +  iy^  term,   and 

tlaese    terms    are    greater    than    any    other    tei'in ;    but    if    — ^— t 

"  +  i 

a 

be  not  an  integer,  then  the  greatest  term  is  the  (5'+!)"',  where 

q  IS  the  integral  part  01    — — . 
-  +  1 


512.  In  the  theorem  for  expanding  [x  +  a)",  as  a  may  have 
any  value,  we  may  suppose  it  negative  if  we  please ;  thus  25iit  —  c 
for  a  and  we  have 

[x  —  c)   =  X  —  ncx       H ^j — ^r-^  ex      — 

1  .  J 


+  n{—cf  'a;  +  (-c)". 

We  may  observe  that  the  expansion  of  a  binomial  can  always 
be  reduced  to  the  case  in  which  one  of  the  two  quantities  is 
unity.      For 

{x  +  a)"  =  x"  i\  +  -  )  =  x"  (1  +  yY,  if  y  =  -  ■ 
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We  may  then  expand  (1  +  y)"  and  multiply  each  term  by  x",  and 
thus  obtain  the  expansion  of  (x  +  a)". 

513.  To  find  the  sum  of  the  copfficierUs  of  the  terms  in  the 
expansion  o/"  (1  +  xf. 

The  theorem 

/I  \n  1  W(W-I)       2  ^_1  „ 

(1  +  «)   =  1  +  wiK  -1 — ~-  X  + +  nx      +  X 

is  tnie  for  all  values  of  x ;  put  x-\;  thus 

2"  =  1  +  w  +  — ^j — ^  + +  ?4  +  1. 

That  is,  the  sum  of  the  coefficients  =  2". 

514.  The  sum  of  the  coefficients  of  the  odd  terms  in  the  expan- 
sion of  {\  +  x)"  is  equal  to  tlie  sum  of  the  coefficients  of  the  even 
terms. 

Put  a;  =  —  1  in  the  expansion  of  (1  +  a;)" ;  thus 

u_i_74  +  -^_-^  17273       ^ 

=  sum  of  the  odd  coefficients  —  sum  of  tlie  even  coefficients. 

Since  then  the  sums  are  equal,  by  the  preceding  Article  each 

2" 
must  =—  ;  that  is,   2"  \ 

515.  The  result  in  Art.  513  gives  a  theorem  relating  to 
Combinations.  For  suppose  there  are  n  things ;  then  we  can 
take  them  singly  in  n  ways,  we  can   take  them  two  at  a  time 

n{n  —1) 


1.2 


ways,    we   can    take    them    three    at    a    time    in 


— ^ — ^-^ '  ways,  and  so  on.     Hence  by  Art.  513  the  total 

number  of  ways  of  taking  n  things  is  2"-  1.  This  theorem  was 
obtained  by  the  early  wi'iters  on  Algebra  before  the  Binomial 
Theorem  was  known ;  the  proof  is  a  simple  example  of  mathe- 
matical induction  which  is  deserving  of  notice.  We  have  to 
T.  A.  20 
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shew  that  if  unity  be  added  to  the  total  number  of  ways  of 
taking  ?i  things,  the  result  is  2".  Suppose  we  have  four  letters 
a,  h,  c,  d;  form  all  the  possible  selections  and  prefix  unity  to 
them.     Thus  we  have 

1, 

a,  b,  c,  d, 

ah,  ac,  ad,  he,  hd,  cd, 

ahc,  ahd,  acd,  hcd, 

ahcd. 

Here  the  total  number  of  symbols  is  16,  that  is,  2*.  Now 
take  an  additional  letter  e;  the  corresponding  set  of  symbols  will 
consist  of  those  already  given,  and  those  which  can  be  formed 
from  them  by  affixing  e  to  each  of  them.  The  number  will  there- 
fore be  doubled;  that  is,  it  will  be  2°.  The  mode  of  i-easoning  is 
general,  and  shews  that  if  the  theorem  is  tnxe  for  ?i  things,  it  is 
true  for  n+  I  things. 

EXAMPLES   OF   THE   BINOMIAL   THEOREM. 

1.  Write  down  the  3^^  term  of  (a  +  6)". 

2.  Write  down  the  49"^  term  of  («  -  xf'. 

3.  Write  down  the  d'""  term  of  (a'  -  &=)'^ 

4.  Write  down  the  200P'  term  of  (a^  +  x'^Y"". 

5.  Write  down  all  the  terms  of  (5  —  4a;)^ 

6.  Write  down  the  5"^  term  of  (3a;^  -  4y-')'. 

7.  Write  down  the  6'"  term  of  (2a^  -  &-)'"• 

8.  Write  down  all  the  terms  of  [  5  —  ^ )  . 

9.  Write  down  the  middle  term  of  (a  +  x)'". 
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10.  Write  down  the  two  middle  terms  of  (a +  03)'. 

1 1.  Expand  {a  +  ^{(1^  -  1)}"  +  {a-  J{a^  -  \)Y  in  powers  of  a. 

12.  Write  down  the  coefficient  of  y  in  the  expansion  of 

13.  If  yl  be  the  sum  of  the  odd  terms  and  B  the  sum  of  the 
even  terms  in  the  expansion  of  {x  +  a)",  prove  that 

14.  Prove  that  the  difference  between  the  coefficients  of 
x*"^'  and  x"  in  the  expansion  of  (1  +a;)""^'  is  equal  to  the  differ- 
ence between  the  coefficients  of  x''^^  and  a;'*"'  in  the  expansion  of 
(1  +  x)\ 

15.  Shew  that  the  middle  term  in  the  expansion  of  (1  +  ic)''" 

1  .3.5  ...  (2?^-l)„„  „ 

= i — ^^ 2"a;". 

\n 

16.  Find  the  binomial  expansion  of  which  four  consecutive 
tei-ms  are  2916,  4860,  4320,  2160. 

17.  Prove  that   if  the   term  x''  occurs  in  the  expansion  of 


(-.) 


1\"  .  1^* 

the  coefficient  of  the  term  = 


\{n-r)\^{n  +  r)' 

18.  Write  down  the  coefficient  of  aj^'"^'  in  the  expansion  of 

19.  Find  the  r^^  term  from  the  beginning,  the  r*^  term  from 
the  end,  and  the  middle  term  of  (  a; 1   . 

20.  li  t^,  t^,  t^,  t.^, represent  the  teiTas  of  the  expansion 

of  (a  +  scf,  show  that 

(t,-t^+t,- Y+{t,-h+t,- y=^{a'  +  xy. 

20—2. 
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XXXVI.     BINOMIAL  THEOREM.     ANY  EXPONENT. 


516.     We  have  seen  that  when  w  is  a  positive  integer 
(1  +x)''=l+nx+  -^ — ~x  + 


"We  now  proceed  to  shew  that  this  relation  holds  when  n  has 
any  value  positive  or  negative,  integral  or  fractional,  that  is,  we 
shall  prove  the  Binomial  Theorem  for  any  exponent.  We  shall 
make  some  observations  on  the  proof  after  gi\Tng  it  in  the  usual 
form. 

517.     Suppose  m  and  n  axe  positive  integers;  then  we  have 

/I        \m     1               m(m-l)    ,     m(m-l)(m-2)    3  ,^. 

(1  +  xY=  1  +  mx  +  — \ — ~  X-  +  — ^^ ^ '  x^  +  (1), 

(1  +xY  =1  +nx-\-  -^ — ^  x^  +  —^ -^ -'  X  +  (2). 

But  (1  +  x)'"  X  (1  +  a;)"  =  (1  +  a;)"'+" ; 

hence  the  product  of  the  series  which  form  the  right-hand  mem- 
bers of  (1)  and  (2)  must  =  (1  +  «)'""^";  that  is, 

,       ,           ,        {m  +  n^im  +  n—V)    „ 
1  -f-  (m  +  n)x  4-  ^ -^ — ^ X- 


1.2 


{r)i -\- n)  (m  +  n—1)  (ni  +  n  —  2)    3 
+  ^  X  + 


^ 


m(m  —  l)    „     m (m  —  1)  (ni  —  2)    , 

l+mx  +  — ^  '  x^  +  — ^ -p x^  + 


Tt                *^  ('^  -1)2     n  (n  -1)  (n-  2)    g              ) 
xJ^l  +nx  +  -\. — —'  x^  +  -~^ p~^ x^+ V > (3). 

Equation  (3)  has  been  proved  on  the  supposition  that  ??i  and  n 
are  positive  integers ;  but  the  product  of  the  two  series  which  occur 
on  the  right-hand  side  of  (3)  must  be  of  the  same  form  whatever 
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m  and  n  may  be ;  we  tlierefore  infer  that  (3)  must  be  true  what- 
ever m  and  n  may  be.  We  shall  now  use  a  notation  that  will 
enable  us  to  express  (3)  briefly.     Let  /{m)  denote  the  seiies 

m  (m  —  1 )    2     VI  (m  —  I)  (m  —  2) 
1+VIX+      ^     ^    '  x^  +  —^ ^ '-x^  + 

whatever  m  may  be ;  then  f{n)  will  denote  what  the  series 
becomes  when  ?i  is  put  for  ni;  and  f{vi  +  n)  will  denote  what  the 
series  becomes  when  m  +  w  is  put  for  m.  And  when  m  is  any 
positive  integer  f{m)  =^  (1  +  xy ;  also  /(O)  =  1.  Thus  (3)  may  be 
written 

f{^m  +  n)=f{m)^f{n)  (4). 

Similarly,       f{Tn  +  n  +  j^)  =/("^  +  ^)  ^  f{p) 

Proceeding  in  this  way  we  may  shew  that 

f{vi  +  n  +  'p  +  q+ )=/{ni)x/{n)  x/Q;)  xf{q)x (5). 

s 
Now  let  m  =  n  =  p  =  q= =  - ,  where  s  and  r  are  positive 

T 

integers,  and  suppose  the  number  of  terms  to  be  rj  then  (5) 
becomes 

therefore  l/(^)}'=/Q- 

But  since  5  is  a  positive  integer  /  (s)  =  (1  +  x)',  and  therefore 
{f{s)j  =  {l+xy; 


.■>      ^  + 


therefore  ( 1  +  r/;)'-  =  J  (  -  j  =  1  +  -  «  +  — j— ? 

This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
2)ositive  quantity. 
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Again,  in  (4)  put  -  n  for  ni ;  thus 

therefore  Tr\=fi-  n). 

But  if  n  be  any  positive  quantity,  f{n)  =  (1  +  xf ;  hence 

that  is,        (1  +  a;)-"  =  l+{-n)x+^~  ''^j'~^  ~  ^K' + 

This  proves  the  Binomial  Theorem  when  tlie  exponent  is  any 
negative  quantity. 

518.  The  proof  of  the  Binomial  Tlieoi'em  for  any  exponent 
contained  in  the  preceding  Article  was  first  given  by  Euler ; 
although  difficult  and  not  altogether  satisfactory,  it  is  a  valuable 
exercise  for  the  student.  We  shall  now  offer  some  remarks 
upon  it. 

The  first  point  we  have  to  notice  is  the  mode  of  proving 
that  y(m  + n)  =/(?«)  x /(^i).  The  student  shou.ld  for  an  exercise 
write  down  three  or  four  terms  of  the  series  for  f{m),  and  also 
of  the  series  for  f{n),  and  multiply  them  together;  if  the  pro- 
duct be  arranged  according  to  powers  of  x,  it  will  be  found  that 
so  far  as  it  has  been  completely  formed,  it  will  agree  with  the 
series  for  fivi  +  n).  But  from  knowing  what  f{in)  and  f{n) 
represent  when  m  and  n  are  positive  integers,  we  infer  without 
the  trouble  of  actual  multiplication,  that  the  law  which  is  expressed 
^jf{m  +  n)=f(m)xf{n)  must  hold.  The  mode  of  estabHshiiig 
this  law  in  the  simple  case  in  which  m  and  n  are  positive  integers 
is  a  valuable  and  important  algebraical  artifice. 

But  the  way  in  which  we  infer  that  f  {pi  +  n)  =  f  [m)  x/(n), 
whatever  m  and  n  may  be,  is  still  more  important.  The  principle 
is  merely  this  :  the  form  of  any  algebraical  product  is  the  same 
whether  the  factors  represent  whole  numbers  or  fractions,  positive 
or  negative  numbers;  thus,  for  example, 

{a  +  b)  (a  +  c)  =  a^  +  {b  +  c)  a+bc 
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is  true  whatever  a,  h,  and  c  may  be.  Hence  we  infer  tliat 
f  {m)  ^/(n)  >\T.ll  have  the  same  /or}7i  in  all  cases,  whether  m 
and  n  be  positive  integers  or  not. 

The  student  may  also  notice  the  proof  of  this  I'esult  which  is 
given  in  the  Theoiy  of  Equations,  Chapter  xxiv. 

519.  The  most  difficult  point  however  to  be  considered  is  the 
meaning  of  the  sign  =  in  the  assertion 

/I        \r,     1               n(n—\)    2  /i\ 

(1  +xY=l-hnx+     ^     2  ^  + (1)- 

Suppose,  for  example,  that  ti  =  -  1,  then  the  above  becomes 
{l+x)-'=l-x  +  x^-x''+ (2). 

Now    we   know    that    the    sum    of    r    terms    of    the    series 

\  -x-\-  x^  —  x^  + is  — r— ^ — -  ;    hence  when  x  is  numerically 

\  +x 

less  than  unity,  by  taking  enough  terms    of  the    series,  we  can 

obtain  a  result  diffeiing  as  little  as  we  jjlease  fi-om and  thus 

1  +  x 

we  can  in  this  case  understand  the   assei'tion  in  (2).      But  when 

X  is  numerically  greater  than  unity,   there  is  no  such  numerical 

approximation  to  the  value  of  ^j obtained  by  taking  a  large 

number  of  tenns  of  the  series  1  —  x  -h  x"  —  x^  + 

"We  shaU  see  in  the  Chapter  on  the  Convergence  of  Series,  that 
when  X  is  numerically  less  than  unity,  we  can  form  a  definite 
conception  of  the  series  on  the  right  of  (1)  whatever  n  may  be. 
In  this  case  there  is  no  difficulty  in  the  assertion 

f(m  +  7i)=/{m)  x/{n); 

each  of  the  three  series  which  it  involves  is  aritlunetically  intelli- 
gible. But  when  x  is  numerically  greater  than  unity,  we  cannot 
give  an  arithmetical  meaning  to  the  series  or  to  the  assertion;  all 
wo  ought  to  say  is,  that  if  we  foi*m  the  product  of  the  first  r 
terms  of  f{m)  and  the  first  r  temis  of  /(n),  the  first  r  terms  of  the 
result  will  agree  with  the  first  r  terms  of  /(?/4  +  n) ;  but  this  will 
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not  justify  us  ill  writing  f  {rti  +  n)  =  f  [m)  x/{n).  The  case  in 
which  X  is  numerically  equal  to  unity  would  require  special  in- 
vestigation which  would  be  out  of  place  here.    See  Art  777- 

On  the  whole  then  we  may  conclude  that  the  Binomial  Theo- 
rem for  the  expansion  of  (1  +  a;)"  gives  a  result  which  is  arithme- 
tically intelligible  and  true  when  x  is  numerically  less  than  unity; 
in  what  sense  the  result  is  true  when  x  is  numerically  greater 
than  unity  has  not  yet  been  explained  in  an  elementary  manner. 
The  subject  of  the  expansion  of  expressions  is  however  properly 
a  portion  of  the  Differential  Calculus,  to  which  the  student  must 
be  referred  for  a  fuller  consideration  of  the  difficulties. 

'*J~  520.     To  find  the  numerically  greatest  term  in  the  expansion 

of  (1  +  xf. 

We  consider  x  as  positive. 

I.     Suppose  n  a  positive  integer. 

The  (r  + 1)"'  tei-m  may  be  formed  by  multiplying  the  ?-'^  term 

by x,  that  is,  by  f —\\x;  and  this  multiplier  di- 
minishes as  r  increases.     Put 


( 1  )  x  =  1,     therefore  ^5  = 


CC  +  1 

If  2'>  ^-"S  ^I'l  integer,  two  terms  of  the  expansion  are  equal, 
namely,  the  ^;"'  and  the  {2^  +  l)'^  f*^i^d  these  are  greater  than  any 
other  term.  If  2^  be  not  an  integer,  suppose  q  the  integral  part  of 
jP,  then  the  (5'  +  l)*""  tenn  is  the  greatest. 

II.     Suppose  n  positive  but  not  integi-al. 

As  before,  the  (?•  +  l)""  tenn  may  be  formed  by  multiplpng  the 

r''^  term  by  ("'^  -  1 

If  then  x  be  greater  than  unity,  there  is  no  gi^eatest  term;  for 
the  above  multiplier  can,  by  increasing  r,  be  made  as  near  to  —  a; 
as  we  please;  that  is,  each  term  from  and  after  some  fixed  term 
can  be  made  as  nearly  as  we  please  numerically  x  times  the  pre- 
ceding term,  and  thus  the  terms  increase  without  limit. 
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But  if  a;  be  not  greater  tlian  unity  tliere  will  he  a  greatest  term ; 

In  +  l^jc 
for  if  jo  =  ^^ Y~  '  ^^^^  ^^  ^^^'^o  ^^  **  ^s  ^^ss  than  p  tlie  multiplier 

is  greater  than  imity,  and  the  terms  go  on  increasing ;  but  when  r 
is  gi'eater  than  p  the  multiplier  is  less  than  unity,  and  so  long  as 
it  continues  positive  it  diminishes  as  r  increases;  and  when  the 
multiplier  becomes  negative  it  is  still  numerically  less  than  unity; 
so  that  each  tenn  after  r  has  passed  the  value  p  is  numerically  less 
than  the  preceding  tei-m.  Hence,  as  in  the  first  case,  if  p)  be  an 
integei",  the  p^^  term  is  equal  to  the  {p+  l)**"  term,  and  these  are 
greater  than  any  other  term ;  if  2'>  be  not  an  integer,  sujDpose  q  the 
integral  part  of  p,  then  the  {q  +  1)""  term  is  the  greatest. 

III.     Suppose  n  negative. 

Let  m-  —  n,  so  that  m  is  positive.     The  numerical  value  of  the 
(r+  1)^  term  may  be  obtained  by  multiplying  that  of  the  ?•"'  term 

by  ( j  X,  that  is,  by  ( \-  l]x. 

If  X  be  greater  than  unity  we  may  shew,  as  in  the  second  case, 
that  there  is  no  greatest  term. 

If  X  be  less  than  unity,  put 

V  1  \^_i      .i,...f...  ._("^-l)^ 


[ — h  1  j  a;=  1,    therefore  p  =  - 


l  —  X 


If  jt)  be  a  positive  integer,  the  p*^^  tei'm  is  equal  to  the  (p  +  1)"' 
term,  and  these  are  greater  than  any  other  term.  If  p  be  positive 
but  not  an  integer,  suppose  q  the  integral  part  of  p,  then  the 
(q  +  1)""  term  is  the  gi-eatest.  If  j5  be  negative,  then  m  is  less  than 
unity;  in  this  case  each  term  is  less  than  the  preceding,  and  the 
first  term,  that  is,  unity,  is  the  greatest. 

If  X  be  equal  to  unity,  then  when  m  is  greater  than  unity  the 
tonus  continually  increase  and  there  is  no  greatest  term,  when  «i 
is  equal  to  unity  the  terms  are  all  equal,  and  when  ??i  is  less  than 
iinity  the  terms  continually  decrease  so  that  the  first  is  the  greatest. 

We  have  supposed  througliout  that  x  is  positive ;  if  a;  be  nega- 
tive, put  y  =  —  x,  so  that  i/  is  positive;  then  find  the  numerically 


^ 
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gi-eatest  term  of  (1  +  ?/)",  and  this  will  also  be  the  numerically 
greatest  term  of  (1  +  x)". 

521.     The  first  term  of  the  expansion  of  (1  +  x)"  is  unity  j  any 
other  term  is  known  since  the  (r  +  1)""  term  is 

n(n-l) (w-r  +  1)    , 

j  X . 

This  expression  is  called  the  general  term,  because  by  putting 

1,  2,  3, successively  for  r,  it  gives  us  in  succession  the  2'"^, 

5"^,  4*, terms;  that  is,  we  can  obtain  from  it  any  tei-m  after 

the  first.  The  expression  for  the  general  term  may  be  modified  in 
particular  cases,  and  sometimes  simplified,  as  will  be  seen  in  the 
following  examples : 

(1  +  xy".     Here  ?i  =  —  ??t ;  the  general  term  becomes 

(—m){—m—l) (—7)i  —  r  +  l)    ^ 

\r 

which  may  be  >vi-itten 

m  (7)1  +  1) Cm  +  r-1).    ^.     ^ 

— ^ — i — ^ ■  (-!)«• 

(1  +  x)^.     Hex'e  n  =  h',  the  numerator  of  the  coefiicient  of  aj*"  is 

if  r  is  not  less  than  2,  this  may  be  written 

1.3.«.7^....(2.-3)^_^^,.,^ 

hence  in  the  expansion  of  (1  +x)^,  the  first  term  is  1,  the  second 
is  ^x,  and  atiy  subsequent  term  may  be  found  by  putting  for  the 
{r  + 1)'''  term 

1.3.5.7 (2r-3) 


■I\r 


(-ir-^'- 


(l  +  a;)  ^.     This    is    a   particidar  case    of  (1  +  a;)""*.     The   co- 
efiicient of  ce''  is 

2.3.4 (2+r-l) 

^ ^  (-  l)^  that  is,  (r  +  1)  (-  l)^ 
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(1  —  x)~^.     By  tlie  preceding  example  the  (r  +  l)""  teiTa  is 
(r  +  1)  (-  l)'  (-  xy,  that  is,  (r  +  1)  x'. 

(1  +  x)~^.  This  is  a  particular  case  of  (1  +  xy".  The  coeffi- 
cient of  x""  is 

^•*-° (='"'-')(-iy,that  is,  (?:±iifc±l)(-i)'. 

(1  —  x)~^.     By  the  preceding  example  the  (r  +  l)'*"  term  is 
^ ^^ ^(-l)'-{-a;)^  that  is,  ^ ^-^ ^  af . 

If  X  and  n  are  positive  it  will  be  found  that  iii  the  expansion 
of  (1  +  a;)""  the  tenns  are  alternately  jDOsitive  and  negative;  and 
ia  the  expansion  of  (1  —  a;)  ~"  the  terms  are  all  positive.  If  x  and 
n  are  positive,  and  n  not  an  integer,  it  will  be  found  that  in 
the  expansion  of  (1  +  x)"  the  terms  begin  by  being  positive,  and 
eventually  become  alternately  positive  and  negative ;  and  in  the 
expansion  of  (1  -  x)"'  the  terms  begin  by  being  alternately  positive 
and  negative,  and  eventually  become  all  of  one  sign. 

522.  A  Multinomial  expression  may  be  raised  to  any  power 
by  repeated  use  of  the  Binomial  Theorem ;  thus,  for  example, 

{a  +  b  +  cY  =  {a  +  {b  +  c)Y  =  «'  +  3a'  {b  +  c)  +  3a  {b  +  c)"  +  {b  +  cf  ; 
if  we  now  expand  (6  +  cf  and  {b  +  cf  and  put  the  resulting  ex- 
pansions in  the  place  of  these  quantities  respectively,   we   shall 
obtain  the  expansion  of  [a  +  b  +  cf.     Similarly, 
{a  +  b  +  c  +  df  =  {a  +  (6  +  c  +  d)f  =  a^  +  3a'  {b  +  c  +  d) 

+  3a  (6  +  c  +  df  +{b  +  c  +  dY; 

the  expansion  may  then  be  completed  by  finding  the  expansion 
of  (6  +  c  +  df  and  of  (6  +  c  +  df  in  the  manner  just  exemplified. 
Or  we  may  proceed  thus, 
{a  +  b+c  +  dY^{{a+b)  +  {c  +  d)f  =  {a  +  bf 

+  3  (a  +  6)-  (c  +  c^)  +  3  (a  +  b)  (c  +  df  +  {c  +  df  ; 
the    expansion   may   then    be    completed   by  expanding    {a  +  b) , 
(a  +  bf,  (c  +  df,  and  (c  +  df,  and  effecting  the  requisite  multipli^ 
cations. 
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523.     To  find  the  nuviber  of  homogeneous  products  ofx  dimen- 
sions that  can  he  formed  out  of  n  letters  a,  b,  c,  and  their 

powers. 

By  common  division,  or  by  the  Binomial  Theorem, 

:; —\+ax  +  a'x'  +  a^x^  +  . . , 

1  —ax 

— — ^—  =  \  +  hx  +  h'x'  +  1/x^  4- . .. 
i  —  ox 

=  1  +  caj  +  cV  +  cV  +  ... 


1  —  ex 


Thus 


111  / 


1  4-  aaj  +  o/'x'  +  a  V  + 


} 


\  —  ax    1  —  bx'  \  —  ex ( 

X  1 1  +  6aj  +  Ifx^  +  b^x^  + I  X  n+cx  +  c~x^  +  c^x^  + I 

=  1  +  S^x  +  S^x^  +  S^x^  + suppose. 

Here  S^  =  a  +  b  +  c+ , 

S^  =  a'  +  ah  +  b'  +  ac  + , 

S,  =  a^  +  a'b  +  ahc  ■¥b''  + 


that  is,  S^  is  equal  to  the  sum  of  the  quantities  a,  h,  c, ;  ^S'^  is 

equal  to  the  sum  of  all  the  products,  each  of  two  dimensions,  that 

can  be  formed  oi  a,h,  c,  and  theii'  powers ;  S^  is  equal  to 

the  sum  of  all  the  pi'oducts,  each  of  three  dimensions,  that  can  be 
formed ;  and  so  on.  To  find  the  number  of  products  in  any  one 
of  these  sets  of  products,  we  put  a,  h,  c, each  =  1 ;  thus 

111  1 

c .  ^ 5—-  -. becomes  -r. — -y.  or  (1  -x)  \ 

1  —  ax    1  —  bx    1  —  ex  \^  ~^} 
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Hence  in  this  case  'S',  is  the  coefficient  of  a;""  in  the  expansion 
of  {l-x)~" ;  that  is, 

_n{n  +  1) (71+  r-1) 

r 

This  is  therefore  the  number  of  homogeneous  products  of  r  dimen- 
sions that  can  be  formed  out  of  a,  b,  c,  ......  and  their  powers.    , — 

524.  To  find  the  number  of  terms  in  the  expansion  of  any 
multinomial,  the  exponent  being  a  i^ositive  integer. 

The  number  of  terms  in  the  expansion  of  (a^  +  a^  +  a^  +  ...  +  a^Y 
is  the  same  as  the  number  of  homogeneous  products  of  n  dimen- 
sions that  can  be  formed  out  of  a^,  a^,  a^,  a^,   and   their 

powers.     Hence,  by  the  preceding  Article,  it  is 
r{r+l){r+2) (r  +  n-l) 

525.  The  Binomial  Theorem  may  be  applied  to  extract  the 
roots  of  numbers  approximately.  Let  iV  be  a  number  whose 
n^^  root  is  requii'ed,  and  suppose  iV  =  a"  +  6  ;  then 

-  -         /        6\i  - 

iV"  =  (ci"  +  6)"  =  rt  M  -(-  —  j"  =  a  (1  +  x)", 

where  x  =  —  .     If  now  a;  be  a  small  fraction,  the   terms  in  the 
a" 

1 

expansion  of  (1  +  a;)"  diminish  rapidly,  and  we  may  obtain  an  ap- 

i_  1 

proximate  value  of  (1  +  x)",  and  therefore  of  iV",  by  retaining 
only  a  few  of  these  terms.  It  will  therefore  be  convenient  to 
take  a  so  that  a"  may  differ  as  little  as  possible  from  N,  and  thus 
b  may  be  as  small  as  possible.  Sometimes  it  will  be  better  to 
suppose  N  =  a"'  —b. 

526.  "We  will  close  this  Chapter  with  six  examples  which 
win  illustrate  the  use  of  the  Binomial  Theorem. 

(1)  The  ratio  (a  +  x)"  :  a"  is  nearly  equal  to  the  ratio 
a  +  nx  :  a  when  nx  is  small  compared  with  a.  This  holds 
whether  x  be  positive  or  negative,  and  for  values  of  n  integral 
or  fractional,  positive  or  negative.     See  Ai"t.  383. 
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(2)     Expand  in  a  series  of  ascending  powers  of  x. 

^  '  ^         2)  +  qx 

a  +  bx         a+bx  1,        ,   \ /i      gx\~^ 
=  — =  ~(a  +  bx)  (1+—)    ; 

expand  ( 1  +  —  )     by  the  Binomial  Theorem  ;  thns  we  have 

a  +  bx      1  ,        ,   .  /-,      QX     q^a?     q^x^ 

=  _  (a  +  J.r)    1  -  —  +  i-g-  -  -^ 

p  +  gx     p  ^  \        ])        ])         ]} 

a     x  (       aq\      qx''  /,      aq 


=  _  +  -  u  -  ^    -  ^    6  -  -^    + 


2}    r>  \     V 

Or  we  may  proceed  thus, 


a  +  bx  p        \        2^  /         *      ^  (-1      "5' 


f  -\-  qx      jo  +  qx  2^  + 1^         P     P\        P 

=  -  +~{b- 
P     P 


V    pJv   p    /    /    J' 


and  thus  we  obtain  the  same  result  as  before. 

•  This  example  frequently  occurs  in  mathematics,  especially  in 
cases  where  x  is  so  small  that  its  square  and  higher  powers  may 
be  neglected;  we  have  then  approximately 

a  +  bx      a     ^  ( r      (^l\ 
p  +  qx     2^     P\        P^' 


(3)  Required  approximate  values  of  the  roots  of  the  quad- 
ratic equation  aoi?  +  5«  +  c  =  0,  when  ac  is  very  small  compared 
with  b'. 

The  roots  are  \      — —^  . 

la 

And  by  the  Binomial  Theorem,  J{b^  -  4«c)  =  6  f  1  — —  ) 
,  f  1      1  4ac      1  [iac\       1  (iac\^  ) 
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Thus  for  the  root  with  the  upper  sign  we  get 
_c_ac*_2aV_ 

b~Y~~b^~ 

and  for  the  root  with  the  lower  sign  we  get 
b      c     ac^      2a'c^ 
a     b      ¥         b' 
If  a  be  very  small,  while  b  and  c  are  not  small,  the  former  root 

does  not  differ  much  from  —  - ,  and  the  latter  root  is  numerically- 
very  large.     See  Ai-t.  342. 

It  is  deserving  of  notice  that  the  approximate  value  of  the 
root  in  the  former  case  coincides  with  what  we  shall  obtain  in  the 
following  way.     Write  the  equation  thixs, 
bx  +  c  =  —  ax'. 

For  an  approximate  result  neglect  the  tenn  ax'  as  small ;  thus 

we  obtain  a;  =  -  y  .     Then   substitute   this   approximate  value   of 
b 

X  in  the  term  ax' ;  thus  we  obtain 

,  ac* 

bx  +  c  =  --^  , 

that  is,  a  =  -  Y  -  TT  • 

b      b 

Again,  substitute  this  new  approximate  value  of  x  in  the  term 

ax',  and  preserve  the  terms  involving  a  and  a' ;  tlius  we  obtain 

ac'     2aV 
bx  +  c  =  --^--^, 

^.    ^  .  c     ac'      2a'c* 

thatis,  0:=--^--^--^, 

and  so  on. 

(4)  To  prove  that  if  n  be  any  positive  integer  the  integral 
part  of  (2  +  V^)"  is  an  odd  number. 

The  meaning  of  this  proposition  will  be  easily  seen  by  taking 
some  simple  cases ;  thus  2  +  J3  lies  between  3  and  4  iu  value,  so 
that  the  integral  part  of  it  is  the  odd  number  3;  (2  +  ^^3)^  will  be 
found  to  lie  between  13  and  14  in  value,  so  that  the  integral  part 
of  it  is  the  odd  number  1 3. 
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Suppose  tlien  /  to  denote  the  integral  part  of  (2  +  J^Y,  and 
I  +  F  its  complete  value,  so  that  ^  is  a  proper  fraction.  We  have 
by  the  Binomial  Theorem 

I+F=T  +  ?i2"-'3'^  +  ""  ^^"^  "/^  2"-°3^- + +  3' (1). 

Now  2  -  ^3  is  a  proper  fraction,  therefore  also  so  is  (2  —^3)"; 
denote  it  by  F' ;  then 

F'=T-nT''2>'  +  '^^^^!^^T~'^^-  +  (- 1)"3^ (2). 

Now  add  (1)  and  (2);  the  irrational  terms  on  the  right  dis- 
appear, and  we  have 


I  +  F +F'  ^^h"  ^'^^h-'-i 

n  - 

15 


^n(r.-l)(n-2)(r^-3),„_,3l^ 


=  an  even  integer. 

But  F  and  F'  are  proper  fractions :  we  must  therefore  have 
F  +  F'  =  1,  and  I  =  an  odd  integer. 

A  similar  result  holds  for  (a  +  Jby  if  a  is  the  integer  next 
greater  than  Jb,  so  that  a  —  Jh  is  a  proper  fraction. 

(5)     Required  the  sum  of  the    coefficients  of  the  first  r  +\ 
terms  of  the  expansion  of  (1  -  a;)"".     We  have 

/I        \_„     1  oiin+l)    „  n(n  +  l)  ...  {n  +  r—V)    ^ 

1.2  \r 

(1  -  x)~^  =\-^x  +  x^  +  x^+ 


Therefore  (1  -  x)  '""^'^  is  equal  to  the  product  of  the  two  series. 
Now  if  we  multiply  the  series  together,  we  see  that  the  coefficient 
of  x""  va.  the  product  is 

^  n(n+\)  n(n  +  l) (n  +  r—1) 

1  +n+     \     ^'  + +— ^ '- — . — ^ -', 

1.2  [r 
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we  may  naturally  assume  tlien  tKat  this  must  be  equal  to  the  co- 
efficient of  x''  in  the  expansion  of  (1  —  x)"'""^'';  that  is,  to 
{n  +  l)(n  +  2) (n  +  r) 

thus  the  required  summation  is  effected. 

(6)     The   Binomial   Theorem   may   be  applied  in  the  manner 

just  sheAv^l  to  establish  numerous  algebraical  identities;  we  ^^ill 

give  one  moi-e  example. 

,      m  (m  -  1)  (m  -  2)  ...  (rn- r  +  I) 
Let  <}>  {m,  r)  =  -^ ^^ ^ ^ -^  i 

it  is  reqiiired  to  shew  that 

<}>  (n,  0)  <^  (n,  r)  -  «/,  {n,  1)  «^  {n  -  1,  r  -  1)  +  <^  {n,  2)  </>  (?i  -  2,  r  -  2) 

—  ^  (n,  2>)  (^  [n  —  o,  r  —  3)  + =0. 

The  expression  here  given  is  the  expansion  of 

')i{n-\){n-2)  ...  {n-r+\)  /^  _  j^r^ 

Avhich  must  obviously  be  zero. 

EXAMPLES    OF   THE    BlNOillAL    THEOREM. 

Exjmnd  each  of  the  following  twelve  expressions  to  four  terms : 
1.     (1+a;)-.  2.     (1+a;)*.  3.     {l+xf. 

4.     {\+x)~'.  5.     (l+cc)-4.  6.     (l+a;)-S. 

7.     {l-xf.  8.      (1-2^)1  9.     J{a'-x''). 

10.     (3«-2x)l  11.     {(^-hx)-^.        12.     (l+ox-)i. 

Find  the  (r  +  I)"'  term  in  the  exjiansion  of  the  following  eight 
expressions : 

13.     {\-x)-\  U.     {l-x)-\  15.     (l-x-)". 

IG.    i\-pxy.  IT.     -^-i^.  18.     (l-x^-i 

19.     (l-2x)-^.         20  ^ 


T.A.  21 


822  EXAMPLES.      XXXVI. 

Calculate  the  following  foiii'  roots  approximately: 

21.     ^(24).       22.    ^(999).       23.     ^(31).       24.     4/(99000). 

25.     If  X  be  small  compared  with  unity,  shew  that 

— -. ' T/'r v-^  -  1  -  -F  iiearly. 

1+X+  J{1  +x)  6  ''    -r 

2G.      Shew  that  the  number  of  combinations  of  n  things  when. 

taken  in  ones,  threes,  fives,  exceeds  the  number  when  taken 

in  twos,  fours,  sixes,  by  unity. 

27.     SheAv   that  the  number   of  homogeneous  products  of  n 
things  of  n  dimensions  is 

\2n-l 


\n  \n—\ 

Find  the  gi'eatest  term  in  the  following  four  expansions  : 

2 

28.  (1  +  xy   when  x  -   -    and  n  =  i. 

o 

29.  (1  +  xY'^  when  x  =  ^     and  n  =  12. 

^  '  5 

5 

30.  (1  +  cc)""  when  x  =  ^    and  n  =  3. 

7  8 

31.  (1  —  a;)""  when  x  =  —^  and  ?i  =  „  • 

32.  Find  the  greatest  tenn  in  the  expansion  of  ( vi  —  j       , 
where  w  is  a  positive  integer. 

33.  Find  the  number  of  terms  in  the  expansion  of 

{a  +  h  +  c-^dy. 

34.  Find   the  first  term  with   a  negative  coefficient  in   the 

u 

expansion  of  (1  +  ^,r)'. 

35.  If  |9  be  greater  than  n,  the  coefficient  of  x^  in  the  expan- 

rionof  ,^.  is  V(p'-V)(f-^^---{P'-(n-m. 
( 1  -  xy  \2n-  1 
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36.  The  coefficient  of  x'"  in  tlie  expansion  of  j- —     J     is 

^^1  —  ox  f 

i       _ ^ 

.  il  +  xY 

37.  Find  tlie  coefficient  of  as"  in  tlie  expansion  of -. 

{i—x) 

j '  in  ascending  powers  of  x.     Write  down 

the  coefficient  of  a;"''  and  of  a;"'"^^ 

39.  Shew  that  the  ?i''''  coefficient  in  the  e?^pansion  of  (1  -  cc)"" 
is  always  the  double  of  the  (n—  1)*'\ 

40.  Shew  that  if  t^  denote  the  middle  term  in  the  expansion 
of  (1  +  xy\  then  t^  +  t^  +  t,^+ =  (1  -  4,--)-^ 

41.  Write  down  the  sum  of 

1      1      1.3      1.3.5  ...  s-LA  ^ 

42.  Find  the  sum  of  the  squares  of  the  coefficients  in  the 
expansion  of  (1  +  x)",  where  n  is  a  positive  integer. 

,^  ,,      ^,  1.3.5 (2r-l) 

^  43.     If  p,  =  — ^    ,    ,, ^— ^ — '- ,  prove  that 

2.4.0 '2r 


_  1 


P2„  +  l   ^l\Po.,+P,P,„-,   + +Pn-lPn+2-^PJl,  +  :    =   5- 

44.  Shew  that  if  m  and  n  are  positive  integers  the  coefficient 

of  a;""  in  the  expansion  of  j- — jrf  is  equal  to  the  coefficient  of  x" 

[l  -X) 

in  the  expansion  of   .-r; -irxr- 

(l-x) 

45.  Find  the  coefficient  of  x''  in  the  expansion  of 

(1  +  2a:  4-  3x'  +  4a3''  + ad  in/.)". 


21-2 
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XXXVII.     THE  MULTINOMIAL  THEOREM. 

527.  We  have  iii  tlie  jorecediiig  Chapter  given  some  examples 
of  the  expansion  of  a  multinomial ;  we  now  proceed  to  consider 
this  point  more  fnlly.     We  propose  to  find  an  expression  for  the 

general  term  in  the  expansion  of  (a^-i- a^x  +  a„x^  +  a^x"  + )". 

The  number  of  terms  in  the  series  a^,  a^,  a„,  may  be  any 

whatever,   and  n  may  be   positive   or   negative,  integral  or  frac- 
tional. 

Put  6|  for  a^x+  a_^x'  +  aja^  + ,  then  we  have  to  expand 

(a^  +  5,)"  ;  the  general  term  of  the  expansion  is 

n(n-l){oi-2) (n-fi  +  l)     „_      ^ 

it  '        '  ' 

fj.  being  a  positive   integer.     Put  b„  for  a^x"  +  a.jc^  + ,  then 

b^'^  =  (a^x  +  62)'^ ;  since  /a  is  a  positive  integer  the  general  term  of 
the  expansion  of  {a^x  +  b„Y  may  be  denoted  either  by 

— ^^ — {axf-'b,\  or  by  ~.^ (axybr'> 

we  will  adopt  the  latter  foiin  as  more  convenient  for  our  j^urpose. 

Combining  this  with  the  former  result,  we  see  that  the  general 
term  of  the  proposed  expansion  may  be  written 

n  (n  —  1)  (n  —  2) (?t  —  a  +  1 )     ,  „  ,      v „ ,  „_„ 

Again,  put  ^3  for  a^x'' +  a^x' + ,  then  b.f-'' =  {a^x^ +  b^f-^, 

and  the  general  term  of  the  expansion  of  this  will  be 

\r^fji-q-r^  ^    '    ^ 

Hence  the  general  term  of  the  proposed  expansion  may  be 
written 

\q\r\ix.-q-r  "       v   1   /   ^  «    /    3 
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Proceeding    iii    this    way    we    shall    obtain    for    the    required 
general  term 

n(n-l)()i-2) Oi-u  +  1) 

[£    r[£[_£ °  12        3        4 

where  q  +  r  +  s  -^  t  + =  /x. 

If  we  suppose  n  -  iJ.—  p,  we  may  wi-ite  the  general  term  in 
the  form 

n{n-l){n-2) 0^  +  ^)  ,,^.^  .,,;^;,,j ^....u...... 

^I^ifli 0.23. 

where  p  -v  q  +  r  +  s  +  t  -^ =n. 


Thus  the  expansion  of  the  proposed  multinomial  consists  of  a 
series  of  terms  of  which  that  just  given  may  be  taken  as  the 
general  type. 

It  should  be  observed  that  q,  r,  s,  (,  ai-e  always  2>ositive 

integers,  but  p  is  not  a  positive  integer  unless  n  be  a  positive 
integer.  When  /?  is  a  positive  integer,  we  may,  by  multiplying 
both  numerator  and  denominator  by  p,  wiite  the  factor 

n{n-\){n-2) (;j  +  1) 

in  the  more  symmetrical  form 

\n 


\p  q\r\s  t 


In  the  above  expression  for  the  general  term  we  may  regard 
the  multiplier  of  x"*-''*^^*'^- ••  as  the  coefficient  of  the  teni].  Some- 
times   however    the    word    coefficient    is    applied    to    the    factor 

i — i — I  "'" ■   this  is   usuallv  the  meaning  of  the  word 

[liZlll 

in  the  cases  in  which   x  has  been  put  equal  to  unity,  a.s  in  tho 
Examples  25... 32  at  the  end  of  this  Chapter. 
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528.     Suppose  we  rcquii-e  the  coefficient  of  an  assigned  power 

of  X  in  tlie  expansion    of  (a^  +  a^x  +  a,jic-  + )",  for  example, 

that  of  x"'.     We  have  then 


q  +  2r  +  3s  +  it  + ^  m, 

2)  +  q  +  r  +  s  +  t  + =  n. 


We   must   find  hy  trial    all   the   positive   integral   values  of 

q,  r,  s,  t,   which  satisfy  the  first  of  these  equations ;   then 

from  the  second  equation  2^  can  be  found.  The  required  coeffi- 
cient is  then  the  sum  of  the  corresponding  values  of  the  ex- 
pression 

^1,^^ "J  a^a^a^a: 

When  n  is  a  j)ositive  integer,  then  p  must  be  so  too,  and  we 
may  use  the  more  symmetrical  form 

\n 
\p-q\r_\s\t "     '     ^    ^    * 

529.     For  example,  find  the  coefficient  of  x'  in  the  expansion 
of  (1  +  2x  +  3x'  +  ixy. 

Here  q  +  2?-  +  3s  =  7, 

2)  +  q  +  r  +  s  =  i. 

Begin  with  the  greatest  admissible  value  of 
s  ;  this  is  s  =  2,  with  which  we  have  r  =  0,  5*  —  1, 
p=l.  Next  try  s  =  1 ;  with  this  we  may  have 
r  —  2,  q  =  0,  ^j  =  1  ;  also  we  may  have  r  —  I, 
q=  2,  2)  =  0.  Next  try  s  =  0  ;  with  this  we  may 
have  r  =  3,  q  =1,  p  =  0.  These  are  all  the  so- 
lutions ;  they  are  collected  in  the  annexed  table. 
Also  %^l,  «i  =  2,  a^=^3,  «3  =  4.  Thus  the  requii-ed  coeffi- 
cient is 

14    ,  14  14  |4 

^2'  4-  4-  —  3-  4'  4-  —  '■>-  3^  4'  -I-  —  2'  3^  • 

12  12  |2"[3  ' 


P 


1 
1 

0 
0 

1 

0 
2 

1 

0 

2 
1 
3 

2 
1 
1 
0 

that  is. 


384 -f  432  + 576 -f  216  j  that  is,  1608. 
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Again ;  find  the  coefficient  of  x^  in  the  expansion  of 

{I  +  2x  +  Zx^  +  ix"  + )l 

Here  g-  +  2r  +  3s  + =  3, 
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p  +  q  +  r  -\-  s  + 


All  the  solutions  ai'e  collected  in  the  an- 
nexed table,  and  the  required  coefficient  is 


p 

<1 

r 

s 

1 

0 

0 

1 

2 

3 

1 

1 

0 

2 

5 

3 

0 

0 

2 

G)-G)(-^) 


i)2.,3.^ 


[3 


that  is, 


3      1 

2  -  9  +  9  ;  that  is,   1. 


And 


In  this  case,  since 

1  +  2cc  +  3a;^  +  4a;^  + =  (1  -  a^)"", 

the  proposed  expression  is  {(1— a;)""}",  that  is,  (l-a;)"'. 
(1  -  a;)"'  =  l+flj  +  a;-  +  a;^+ ; 

thus  we  see  that  the  coefficient  of  a;^  ought  to  be  1  ;  and  the 
student  may  exei'cise  himself  by  applying  the  multinomial  theo- 
rem to  find  the  coefficients  of  other  powers  of  x :  for  example, 
the  coefficient  of  x^  will  be  found  to  be 

2-^-8^4-8'  ^^^^^^^^1- 

530.  The  form  of  the  coefficient  in  the  Multinomial  Theorem 
in  the  case  in  which  the  exponent  is  a  fosiiive  integer  might  be 
obtained  in  anotli'r  way.  Suppose,  for  example,  that  we  have  to 
expand  (a+Zi^  +  y)'".  When  the  multiplication  is  effected  every 
term  in  the  result  is  a  product  formed  by  taking  one  letter  out  of 
each  of  the  10  trinomiid  factors.  Thus  if  we  require  the  term 
which  involves  a'/Sy'  we  must  take  a  out  of  any  two  of  the  10 
trinomial  factors,  /?  out  of  any  tlirce  of  tlie  lUMuaining  8  trinomial 
factors,  and  y  out  of  the  remaining  5  trinomial  factors.     The  num- 
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IK) 

ber  of  ways  in  which  this  can  be  done  is  r-^-.,-^  ,  by  Art. 

[2  iji  ^o 


498 


tlius  tl: 


|10 
16  required  term  is  a'^^y^ 


Hence  it  follows  that  if  we  have  to  expand  (a  +  (3x  +  •yx")"'  the 

term  which  involves  a.'/3^y^   is 

110  110 

1^=-^  a%l3xy  (yx%   that  is  r^  a^^^yV-". 

Similarly  any  other  case  might  be  treated.  Tims  we  could  give 
the  investigation  of  the  Multinonrial  Theorem  in  the  following 
manner : 

Begin  by  establishing  in  the  way  just  exemplified  the  foiin  of 
the  coefficient  iir  the  case  in  which  the  exponent  is  a  positive 
integer.  Then  suppose  we  have  to  find  the  general  term  in  the 
expansion  of  {a^  +  a^x  +  a^x'  +  a^x^  +  ...)",  where  n  is  not  a  positive 
integer.  Put  b  for  a^x  +  a^x'  +  a^x^  +  . . .  ;  then  we  have  to  expand 
(a„  +  by  ;  the  general  term  of  this  expansion  is 

n{n-\){n-2)  (7?.-/^+l)     „         _ 

and  as  /a  is  a  j^ositive  integer  the  general  term  in  the  expansion 
of  (rtjCC  +  a„x'  +  a^  + Y  '^^ 

\q\r\s\t_ <«2''<«4' a:'+='-+3.+«+... 

Hence  the  required  general  term  is 
n(n—V)in—1) (/^-/x  +  l)      „_„    „    ^    .    ,  „+,,+,.+,,+ 


\i\i\i\i- 


1   "2       3       4 
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Pind  the  coefficients  of  the  specified  powers  of  x  in  the  expan- 
sions in  the  following  24  Examples  : 

1.  x*  in  (1  +  x  +  x^Y. 

2.  x'  in  (1  -  a;  +  x")*. 
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3.  x^  in  {\-2x+Zx^-ixy. 

4.  x^*'n\  {l+x  +  x'  +  x^ +  x*  +  xy. 

5.  x"  in  (2  -  3ic  -  Ax-f. 

6.  a;"  in  {I  -  x  A-  2x--)'-, 

7.  a;*  in  (2  —  5x  —  7a;")'. 

8.  a;"  in  (1  -  2a;'  +  ix')-'. 

9.  a;*  in  (1  +  a;  +  a;')~^ 

10.  a;=  in  (1  +  2.^-a;-)~^. 

11.  .«in(l-f+|^)": 

12.  a;"  in  (1  4-2a;-4a;"-2a;^)~^. 

13.  x"  in  (l-2a;  +  aj*j^. 

14.  a;*  in  (1  +  x"  +  a;-  +  a;-  -  x^Y- 

15.  x'^  in  (l+aj  +  a;")". 

16.  a;'  in  (1  +  3a;  +  5x' +  7a;' +  Oa;"  + )'. 

17.  a;""  in  (l+a;  +  a;-+ )l 

18.  a;'  in  (1  +  2a;  +  3a;-)". 

1 9.  X*  in  (1  +  2a;  +  3a;-"  +  4a;'  + )-l 

20.  a;'-  in  (1  +  «,«  +  a^x^  +  ftja;')*. 

21.  a;^  in  {a^  +  a,a;  +  a^x')". 

22.  a;"  in  (1  -  a;' +  a;^  -  a:')*. 

23.  x^  in  (l  +  ffla;  +  &a;')~i 

24.  x^  in  ( 1  +  a^.T  +  a^x^  +  a^x^  + )". 

25.  Find  the  coefficient  of  abc^  in  (a+h  +  cy. 

26.  Find  tlie  coefficient  of  a^hV  in  {ci-h  —  cf. 

27.  Find  the  coefficient  of  a-^V^  in  (a  +  b  +  c  +  dy. 

28.  Find  the  coefficient  of  abVd*  \i\{a-h  +  c-  (/)'". 

29.  Write  down  all  the  terms  which  involve  powers  of  b 
and  c  as  high  as  the  third  power  inclusive  in  the  expansion  of 
(a  +  6  +  c)". 
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30.  Write  down  all  tlie  terms  wliicli  contain  d"~^  in  the  ex- 
pansion of  (a  +  6  +  c  +  (i)". 

31.  Find  the  gi-eatest  coefficient  in  tlie  expansion  of 

(a  +  ^  +  c)'". 

32.  Find  tlie  greatest  coefficient  in  tlie  expansion  of 

(rt  +  6  +  C  +  C?)'*. 

33.  Shew  that  the  greatest  coefficient  in  the  expansion  of 

\n 
(a,  +  a„  + +  a  )"  is  -. — — -f= — i^  ,  where  a  is  the  quotient,  and 

r  the  remainder  when  n  is  divided  by  in. 

34.  Shew  that   in  the   expansion   of  (a,^^  a^xA- a,p?  ■¥ )^ 

the  coefficient  of  3;°^"^'  is  2  («/fo^+,  +  "Ap  +  «/'2p_i  + +  «/«p+i)- 

35.  Expand  (1  -  26a;  +  a;")"'-^  as  fttr  as  x*. 
3G.      Expand  (a  +  hx  +  ca;")"'  as  far  as  a,*. 

37.  Expand  (1  -  a;  -  a;^  -  a;'')"  as  far  as  a3^ 

38.  In  the  expansion  of  (1  +a;  +  a;^  + +  a;')",  where  n  is 

a  positive  integer,  shew  that 

(1)  the  coefficients  of  the  terms  equidistant  from  the  beginning 
and  the  end  are  equal ; 

(2)  the  coefficient  of  the  middle  term,  or  of  the  two  middle 
terms,  according  as  nr  is  even  or  odd,  is  greater  than  any  other 
coefficient ; 

(3)  the  coefficients  continually  increase  from  the  first  up  to  the 
greatest. 

39.  If  «  ,  ffl  ,  a  ,  a. ,  be  the  coefficients  in  order  of  the 

expansion  of  (1  +  a;  +  a;'  + +  a')",  prove  that 

(1)  «,  +  r/,  +  a,,+ +  fl„,=  (r  +  l)''; 

(2)  a^  +  2(/^  +  Sfl-g  + +  «rfl„^  =  \  nr  (r  +  1 )". 

40.  If  a^,  a^,  ff,,,  a  , be  the  coefficients  in  order  of  the 

expansion  of  (1  +  a;  +  x')",  jirove  that 
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531.  Suppose  a^  =n,  tlien  x  is  called  the  logarithm  of  i\  to  the 
base  a ;  thus  the  logarithm  of  a  number  to  a  given  hase  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  tlie  number. 

The  logarithm  of  n  to  the  base  a  is  wi-itten  log„^^;  thus 
Iog„?i  =  X  expresses  the  same  relation  as  a'  =  n. 

532.  For  example,  3'' =  81;  thus  4  is  the  logarithm  of  81  to 
the  base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3,  

to  a  given  base  10,  for  example,  we  have  to  solve  a  series  of  equa- 
tions 10'=  1,   10^  =  2,   10'"  =  3,  We  shall  see  in  the  next 

Chapter  that  this  can  be  done  apjyroximateli/,  that  is,  for  example, 
although  we  cannot  find  such  a  value  of  x  as  will  make  10^=2 
exactly,  yet  we  can  find  such  a  value  of  x  as  will  make  lO'  differ 
from  2  by  as  small  a  quantity  as  we  please. 

We  shall  now  prove  some  of  the  properties  of  logarithms. 

533.  The  logarithm  of\  is  0  whatever  the  base  may  be. 
For  a''  =  1  when  x  =  0. 

534.  The  logarithm  of  the  base  itself  is  unity. 
For  a"  —  a  when  x=\. 

535.  The  logarithm  of  a  product  is  equal  to  tJie  sum  of  the 
logarithms  of  its  factors. 

For  lot  X  -  log„m,     y  —  log„?i ; 

therefore  vi  —  a",     n  =  «"; 

therefore  vin  =  a'' ay  =  a'"^'-' ; 

therefore  log„«r/i  —  x  +  y~  log„??i  +  log„n.. 

536.  The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of 
tlie  dividend  diminished  by  the  logarithm  of  the  divisor. 

For  let  a;  =  log<.w,     y  =  ^og^n; 
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therefore 

m  =  a",     n  —  a' 

therefore 

therefore 

log„ 

m 
n 

=  x  —  y  =  log^m  - 

537.  The  logarith/n  of  any  power,  integral  or  fractional,  of  a 
number  is  equal  to  the  product  of  tlie  logarithm  of  the  number  and 
the  index  of  the  power. 

For  let  7?i  =  ft* ;  therefore  OTi""  —  {off  =  a", 

therefore  log^  (nr)  =  xr  =  r  log^m. 

538.  To  find  the  relation  between  the  logarithms  of  the  same 
number  to  different  bases. 


Let 

X- 

=  log,«J,     y  =  log„m  ; 

therefore 

m  =  a''  and  =6"; 

therefore 

«■'  =  6^ ; 

therefore 

a"  =  b,  and  b''=a; 

therefore 

X 

=  log„5,   and  -  =  loof^ 

a. 
y       ^--  ■  X        ^" 


Hence  y  =  x\og^a,  and 


log^6' 

Hence  the  logarithm  of  a  number  to  the  base  b  may  be  found 
by  midtiplying  the  logarithm  of  the  number  to  the  base  a  by 

log,«,  or  by j. 

"We  may  notice  that  log^a  x  log^^S  =  1. 

539.  In  practical  calculations  the  only  base  that  is  used  is 
10;  logarithms  to  the  base  10  are  called  common  logarithms.  We 
■will  point  out  in  the  next  two  Articles  some  peculiarities  which 
constitute  the  advantage  of  the  base  10.  We  shall  require  the  fol- 
lowing definition :  the  integral  part  of  any  logarithm  is  called  the 
cJiaracteristic,  and  the  decimal  part  the  mantissa. 
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540.  In  the  common  system  of  logarWmis,  if  the  logarithm 
vf  any  number  he  known  we  can  immediately  determine  the  loga- 
rithm of  the  2^^oduct  or  quotient  of  that  number  by  any  power 
of  10. 

For       lo- „(X  X  10")  =  log,„i\^  +  log,„  10"  =  log^.N  +  n, 

N 
loS\o  i(pi  =  loSio-^-  iog.JO"  =  log,„.A^-  n. 

That  is,  if  we  know  the  logarithm  of  any  number  we  can 
determine  the  logarithm  of  any  number  which  has  the  same 
figures,  but  differs  merely  by  the  position  of  the  decimal  point. 

541.  In  the  common  system  of  logarithms  the  characteristic 
of  the  logarithm  of  any  number  can  be  determined  by  inspection. 

For  suppose  the  number  to  be  greater  than  unity  and  to  lie 
between  10"  and  10"^';  then  its  logarithm  must  be  greater  than  ?i 
and  less  than  n  +  \:  hence  the  characteristic  of  the  logarithm  is  n. 

Next  suppose  the  number  to  be  less  than  unity,  and  to  lie 
between  —-  and  Yn-'+i'  ^^^'"^^  ^^'   between  10~"  and  10"'""^^';  then 

its  logarithm  will  be  some  negative  quantity  between  —  n  and 
—  (?i  +  1) :  hence  if  we  agree  that  the  mantissa  shall  always  he 
positive,  the  characteristic  will  be  -  (?i  +1). 

Fiu'ther  information  on  the  practical  use  of  logarithms  will  be 
foimd  in  works  on  Trigonometry  and  in  the  introductions  to 
Tables  of  Lo2;arithms. 
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1.  Find  the  logarithm  of  144  to  the  base  2^3. 

2.  Find  the  characteristic  of  the  logarithm  of  7  to  the  base  2. 

3.  Find  the  characteristic  of  loga  5. 

4.  Find  log^  3125. 

5.  Give  the  characteristic  of  logig  1230,  and  of  log    -0123. 
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6.  Given  log  2  =  -301030  and  log  3  =-477121,  find  the  loga- 
rithms of  -05  and  of  5-4. 

7.  Given  log  2  and  log  3  (see  Example  G),  find  the  logax'ithm 
of  -006. 

8.  Given  log  2  and  log  3,  find  the  logarithms  of  36,  27,  and  16. 

9.  Given   log  648  =  2-81157501,    log  864  =  2-93651374,    find 
log  3  and  log  5. 

10.  Given  log  2,  find  log  ^(1-25). 


12.  Given  log  2,  find  log  ^/(•0125). 

13.  Given  log  2  and  log  3,   find   log  1080  and  log  (-0045)^. 

14.  Given  log,„2  = -301030    and    log,o7  = -845098,    find   the 

logarithm  of  f  ^ttt;  I     to  the  base  1000. 
"  V343/ 

15.  Find  the  number  of  digits  in  2"*,  having  given  log  2. 

16.  Given  log  2,  and  log  0-743491  = -7591760,  find  the  fifth 
root  of  -0625. 

17.  If  P  be  the  number  of  the  integers  whose  logarithms 
have  the  characteristic  ^9,  and  Q  the  number  of  the  integers  the 
logarithms  of  whose  reciprocals  have  the  characteristic  —  q,  shew 
that  log  F  -logQ  =  p-q+l. 

_  i_  1 1 

18.  If  y  =  10i-'°s-^  and  z  =  10'-^°^^,  prove  that  a;  =  10^  '"«^ . 

19.  If  a,  b,  c  be  in  G.  P.,  then  log^oi,  log^n,  log^n  are  in  H.  p. 

20.  If  the  number  of  persons  boi-n  in  any  year  be  j^  ^^^  of 
the  whole  population  at  the  commencement  of  the  year,  and  the 
number  of  those  who  die  ^  th  of  it,  find  in  how  many  years  the 
population  will  be  doubled ;  having  given 

log  2  = -301030,  log  180  =  2-255272,  log  181  =  2-257679. 
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XXXIX.     EXPONENTIAL   AND   LOGARITHMIC 

SERIES. 

542.  To  expand  a''  in  a  series  of  ascending  povjers  of  yi;  that 
is,  to  expand  a  number  in  a  sey-ies  of  ascending  powers  of  its 
logaritltm  to  a  given  base. 

a"  =  [l  +  (a  —  1)Y ;  and  expanding  by  the  Binomial  Theorem 
we  have 

{l+{a-l)Y=l  +  x{a-l)+'^^^j^{a-iy- 

x{x-l)(x-2)  .       -,3     x(x-l)(x-2)(x-3)  .       ,^, 
+         1.2.3       ^«-l)  +- 1    2.3.4 -(«-!)+  ••• 

=  l+x{a-l-l{a-  1/+  i  {a-  lf-\  {a  -  ly  + } 

+  terms  involving  x",  x^,   &c. 

This  shews  that  a''  can  be  expanded  in  a  series  beginning 
with  1  and  proceeding  in  ascending  powers  of  x ;  we  may  there- 
fore suppose  that 

a''  —\  +  c^x  +  Cjic"  +  c^x?  +  c^x^  + 

whei'e  Ci,  Cj,  C3,  are  quantities   which   do   not  depend  on  x, 

and    which    therefore     remain     Txnchanged     however    x    may    be 
changed ;  also 

c,-a-l-l(a-lf+l(a_l)='-l(«-l)V 

while  c^,  c^,  are  at  present  unknown;  we  proceed  to  find 

their  values.      Changing  x  into  x  +  y  we  have 

a'^^  =  l  +c,  (.r  +  y)  +  c^  (x  +  y)'' +  C3  (a?  +  y)' + ; 

but         a'^^  =  a'a^  =  a"  { 1  +  c^a;  +  c^x?  +  cp:^  + }. 

Since  the  two  expressions  for  a'^*  are  identically  equal,  we 
may  assume  that  the  coefficients  of  x  in  the  two  expressions  are 
equal,  thus 

c,  +  2c^y  +  3c.y  +  4f,y  + =c^a'> 

=  c,{l  +c,2/  +  c,y'  +  r,?/''-i- }. 
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In  tliis  identity  we  may  assicme  that  the  coefficients  of  the 
corresponding  powers  of  y  are  equal ;  thus 

2c„  =  c,* ;  therefore  c^=  ~; 


3^3  =  c^c^ ;        therefore  c^  =  -"^  =  17273  ' 
K  =  c,^3 ;        therefore  c,  =  ^^«  =  ^    .^^ ..  ^  ', 


Thus  a   ^l  +  c,x  +  -\^^  +  ^— -  +  4t—  + 


[2  l3  ^ 

:rue  i 
C|X=:1,  then  x  =  —  ,  and 


Since  this  i-esult  is  true  for  all  values  of  x,  take  x  such  that 
1 


'ill        1        1 

1 

this  series  is  usually  denoted  by  e ;  thus  a^i  =  e,  therefore  a  =  e*^' 
and  Cj  =  logj  a  ;  hence 

(lo^.aYx^      (log,  a)^a;^ 

a'^l  +  (lo-«)a:+^-^2^— +i-^P^-+ 

This  result  is  called  the  Exjwnential  Theorem. 

Put  e  for  «,  then  log„  a  becomes  log^  e,  that  is,  unity  (Art.  534) ; 

I  ..  tKi  lAj  tAy 

thus  e""  =  1  +  a;  +  ,—  +  —  +  ,-r  + 

L^      [3      ^ 

This  very  im^^ortant  result  is  true  for  all  values  of  x ;  and  the 
student  should  render  himself  so  familiar  with  it  as  to  be  able  to 
apply  it  to  special  cases.     For  example,  suppose  x  =  —\;  thus 

11111 

e      or  -  ="7 --  +- --+ 

^    !i    li    LI    [2 
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Or  we  may  put  any  other  symbol  for  x ;  thvis  putting  nz  for  x 

,         ■           „,      1               n^z"      n^z^      n*z* 
we  have  e    =  1  +  «c;  +  -tt-  +  -nr-  +  -rr-  + 

[2         [3  [4 

"We  shall  in  Art.  551  make  a  remark  on  one  part  of  the  pre- 
ceding investigation,  and  we  shall  recur  hereafter  to  the  assumjjtion 
which  has  been  made  twice  in  the  course  of  the  present  Article. 

543.  By  actual  calculation  we  may  find  approximately  the 
numerical  value  of  the  series  which  we  have  denoted  by  e  ■  it  is 
2-718281828 

544.  To  expand  log„  (1  +  x)  in  a  series  of  ascending  ipoicers  of  x. 

We  have  seen  in  Art.  542,  that  c,  ^log^o;  that  is,  by  the 
same  Article,  log,  a  =  a  -  1  -  i  (a  -  1)"  +  i  («  -  1)^  -  ^  (a  -  1)^+ 

For  a  put  1  +  aj ;  hence  log,  (1  +  a-)  =  a?  —  '—  +  —  —  ^r  + 

This  series  may  be  applied  to  calculate  log^  ( 1  +  a.')  if  ic  is 
a  proper  fraction ;  but  unless  x  be  very  small,  the  terms  diminish 
so  slowly  that  we  shall  have  to  retain  a  lai-ge  number  of  them  ; 
if  X  be  greater  than  tmity,  the  series  is  altogether  unsuitable.  We 
shall  therefore  deduce  some  more  convenient  formulie. 

545.  We  have  log,  i\-^x)  -  x  — r  +  -?r  —  V  + ', 

oo  \         /  2       3       4 

therefore  log„  (1  -  x)  =  —  a;  -  *—  -  -^  — -  — , 

by  subtraction  we    obtain    the    value   of  log,  (1  +  x)  -  log,  (1  —  x), 

that  is,   of  log,- : 

'  *=•  1  -  a; ' 

therefore  lo" =  2  {  a?  +  „  +  '-    + 


•1-a;         I         3       5      j 

In  this  series  write  for  a,   and  therefore  —  for     ^  ; 

TO  +  71  n  1  —  a;  . 

thus  log  ^.2("*-=^  +  lr^::^V+Jf^^^^Y+ \ (1). 

°   «         ( m  +  7»      3  \iti  +  nj      5  \m  -^nj  )  ^  ' 

T.  A.  22 
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Put  71  =  1,  then 

lof',  m  =  2  { ,  +  7,    1      +  i.    ^  I  + (2)- 

*="  [m  +  l      3\m+lJ      5\vi+lJ  j  ^^ 

Again,    in    (1)    put   m  —  n+l,   thus   we   obtain   the   value   of 

71  -\-  \ 

log, ;  therefore  log^  (n  +  1)  —  log^  n 

[2n+i  "^3(27^  +  1)^  ^6(2^  +  1)^'^ / ^  ^' 

546.     The  series  (2)  of  the  jH-eceding  Article  will  enable  us  to 
find  log^  2  ;  put  m  =  2,  then  by  calculation  we  shall  find 
log,  2  =  -693147 18 

From  the  series  (3)  we  can  calculate  tlie  logarithm  of  either  of 
two  consecutive  numbers  when  we  know  tliat  of  the  other.  Put 
n  =  2,  and  by  making  use  of  the  known  value  of  log^  2,  we  shall 
obtain  log,  3  =  1-09861229 

Put  11=  9  in  (3) ;  then  log,  n  =  log,  9  =  log,  3'  =  2  log,  3  and  is 
therefore  known  ;  hence  we  shall  find 

log,  10  =  2-30258509 

547.  Logarithms  to  the  base  e  are  called  Najnericm  loga- 
rithms, from  Napier  the  inventor  of  logarithms  ;  they  are  also 
called  natural  logarithms,  being  those  which  occur  first  in  our 
investigation  of  a  method  of  calculating  logarithms.  We  have 
said  that  the  base  10  is  the  only  base  used  in  the  practical  appli- 
cation of  logarithms,  but  logarithms  to  the  base  e  occur  frequently 
in  theoretical  investigations. 

548.  Prom  Art.  538  we  see  that  the  logarithm  of  a  number 

to  the  base   10  can  be  found  by  multiplying  the  Naj)iei*ian  loga- 

1  1 

rithm  by  ^^^^^^ ,  that  is,  by  ^-^— --—^  ,  or  by  -43429448  ;  this 

multij)lier  is  called  the  modulus  of  the  common  system. 

The  base  e,  the  modulus  of  the  common  system,  and  the  loga- 
rithms to  tlie  base  e  of  2,  3,  and  5  have  all  been  calculated  to 
upwards  of  260  places  of  decimals.  See  the  Procee,dings  of  the 
Royal  Kiociety  of  London,  Vol.  xxvii.  pngc  88. 
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The  series  in  Art.  545  may  be  so  adjusted  as  to  give  common 
logarithms ;  for  example,  take  the  series  (3),  multiply  throughout 
by  the  modulus  which  we  shall  denote  by  /a  ;  thus 

^  log,  («  + 1)  - /.  log,  ^  =  2/.  {^  +  3^^i-^,  4- ^^^ 

that  is, 

log,„  (n  +  1 )  -  log,„  n  =  2ix\  ^ ^  +  -7— r :,  ^3  +  -hts TTs  +•■■[• 

="«  ^  '         °'°  \2n  +  l      o{2n  +  lf      5(2«  +  l)*         J 

549.     By  Art.  542  we  have 

=  a;"  +  terms  containing  higher  powers  of  a (1). 

Again,  by  the  Binomial  Theoi-em, 

(e'-l)"  =  e"-W'""+^^^^J^e"-=*'- (2). 

Expand  each  of  the  terms  e'",  e*"~''^, ;  thus  the  coefficient 

of  x'  in  (2)  will  be 

(71 -ly      n(n-l)  {n-2y      n  {n-\)(n- 2)  (n- Sy 


—  —  n 
r 


[r  \^  ^  [3  [r 


Hence  from  (1),  by  the  same  principle  as  in  Art.  542,  we  see 
that 

/        ixr     n{n-\)                    n(n~l){n-2) 
)J-n{)i-iy+     '  {n-2y ^- '-{71-3)  4- 

is  =  \n  if  r  =  71,  and  is  =^  0  if  r  be  less  than  n. 

It  is  easy  to  see  that  the  term  on  the  right-hand  side  of  (1) 
which  involves  a;""^'  is  ^x"*\  Thus  we  get,  by  the  same  principle 
as  before, 

n''''-7i{n-iy''+'^~—\>i-2y^'- r=lu\7,.+  \. 

550.  We  will  give  another  metliod  of  arriving  at  the  exi)!)- 
ncntial  theorem.      By  the  Binomial  Theorem 
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lY"    ,            1      nx(nx-l)    1       nx  (nx  - 1)  (nx  -  2)  1 

I  +  -  )    ^l+nx-+ ^—^ ^  -  +  — ^ nP , 

n             [2           n                      |_o  n 


that  is, 


1  +         ^  1  +  a:  +  — 


n 


nx  {nx  -  1)  {nx  —  2)  (?icc  -  3)    1 


^  [3 


a;  I  x-  —  ]  \x  —  \  [  X  —  - 
nj  \       n/ 

— 3 -■ 


Put   x  =  \,   then  ( 1  + 

n       \       n)  \        n)       \       n)  \        nl\       nj 

'-'-  —  ' g ■■ ^ 


hence  1  +  a;  +  - 


^-,^)      K"-!.)("~^) 


12  ^ 

=  |ui+^  + j3 + y 

Now  this  being  true  however   Lirge  n  may  be,  will  be   true 

when  n  is  made  infinite  :  then   -  vanishes  and  we  obtain 

n 

t"     x^     x"  r,      ,       1       1       1  )' 

+  —  -I \.  \ 


i^^  +  ^-^g"^-' ^V^^^\l^^^^'' J' 

that  is,  =  e". 
We  have  thus  obtained  the  expansion  of  e"  in  powers  of  x ; 
to  find  the  expansion  of  cif  suppose  a  =  c"  so  that  c  =  log,  a,  tiius 

2     2  3     3  ^      A 

_  c  a;       c  a;       c  .c 

a"'  =  e'^''^  =  1  +  ex  +  -|7r-  +  --^  +  —T~  + 

\d      \l      \i 
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551.  The  student  will  notice  that  in  the  preceding  Ai-ticle  we 
have  used  the  Binomial  Tlieorem  to  expand  a  jiower  of  1  +  - ,  and 

if  -  is  less  than  unit\%  we  are  certain  that  the  expansion  eives  an 

ariUimeticalhj  true  result  (Art.  519).  In  the  proof  given  of  the 
exponential  theorem  in  the  lirst  Article  of  this  Chapter,  if  a  —  1  is 
gi-eater  than  unity,  the  expansion  by  the  Binomial  Theorem  with 
which  the  pi'oof  commences  will  Hot  be  arithmetically  intelligible  ; 
and  consequently  the  proof  can  only  be  considered  sound  pro- 
vided a  is  less  than  2.  With  this  restriction  the  proof  is  sound, 
and  X  may  have  any  value.  In  order  to  complete  that  proof  we 
have  to  shew  that  the  theorem  is  true  for  any  value  of  a  ;  and  as 
e  is  gi-eater  than  2  we  oi;ght  not  to  change  a  into  e  until  we  have 
removed  this  restriction  as  to  the  value  of  a.  This  restriction 
can  be  easily  removed  ;  for  in  the  theorem 

a   =\  +  (loiTe  (')  ^  +  I  / —  +         ,  ,  —  + 

put  a  =  A",  and  by  taking  y  small  enough  A  may  be  made  as 
gi-eat  as  we  please,  wliile  a  is  less  than  2.     Then  log, a=y  log,  A  ; 

thus    A^'=  1  +  (log.J)  ?/x+  ^      \.j     —  +  „— — + ; 

therefore,  putting  z  for  yx, 

A^     ^      n        A\        i^ocr^AYz'     (log,  AY  z' 

^'  =  l  +  (l0g„.l)^+^      ";^^  +\^r^J—  + ; 

thus  tlie  exponential  theorem  is  proved  universally. 

552.  AV'e  liave    found   in   Art.   550,    that  when   n   increases 
without  limit  (1  +  -  j      ultimately  becomes  e'  ;  in  the  same  wav 

we    may    shew    that    when    n    increases    without    limit   (  1  + 
ultimately  becomes  e". 
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EXAMPLES    OF    LOGARITHMIC    SERIES. 


1 .  Trove  that  log,  {x  +  1)  =  2  log,  x  -  log,  (x-l) 

"  (2a;^-l       'd\2x'-lj       /' 

Given  log,    3  =  -47712  and — r  = --iSiSO,  apply  the  above 

="»  lug^lO 

series  to  calculate  I02:,    H- 

2.  8hew  that  log,  {x  +  2Ii)  -  2  log,  {x  +  h)  —  log,  x 

_(     h'  1       h*  1       h'  ) 

~  \{xTh)'  ^  2  (a;  +  h)'  '^'3{x  +  hf^ j  " 

3.  If  a,  b,  c  he  three  consecutive  numhers, 
log^  c  =  2  log,  b  —  log,  rt 

_.^f ^  1  1  ) 

"\2ac  +  l  "^  3(2ac+l/  ■^5(2«c;+  1)^"^ j' 


4.      If  A  and  /x  be  the  i"Oots  of  ax"  +  bx  +  c  =  0,  shew  that 
log,  («  —  J.r  +  ex')  =  log,  a  +  (A.  +  /a)  x —  x"'  + 


5.     Log,  {1  +  1  +  re  +  (1  +  x)'}  =  3  log,  (I  +  x)  -  log,  x 

(      1  1        1  1  ) 

1(1  +  xf  "*"  2  (1  +  a;)"  "^3(1+0;/^ I  ' 

ix  '^v  —  1 

G.      Log,  (a:  +  1)  =  — _^  log,  r«  -  =^^^  log,  (a;  -  1) 

2_    f       1  2  3  ) 

2^Tl  l2T3~?  "^  3  .  5  .  a;^  "^  4  .  7  .  .r'  ^ J 


7.      Log,{(l4-.•y^(l-a:)-}  =  J^2^^ 


a; 


1+" 
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8.  Find    the    Napierian  logarithm   of  j— ^ .     To   how   many 

decimal  places  is  your  result  correct  ? 

9.  Assuming  the  series  for  log^  (1  +  x)  and  e',  shew  that 

nearly  when  n  is  large ;  and  find  the  next  term  of  the  series  of 
which  the  expression  on  the  second  side  is  the  commencement. 

10.  Find  the  coefficient  of  x"  in  the  development  of 

a  +  bx  +  ex' 


11.  Shewthatlog,4  =  l.^-^-.3-^  +  ^.-^- 

12.  Shew  that  n"*'  -  n  {n  -  l)"^'  +  ^  ^^  ~  ^^  (?t  -  2)"^" ■ 
n      «(;i-l)>, 


XL.     CONVERGENCE  AND  DIVERGENCE  OF  SERIES. 

553.     The    expression  ri^  +  ic^  + ti^  +  Ui  + in  which    the 

successive  terms  are  formed  by  some  regular  law,  and  the  number 
of  the  terms  is  unlimited,  is  called  an  hifinite  series. 

55i.  Aji  infinite  series  is  said  to  be  convergent  when  the  sum 
of  the  first  n  tenns  cannot  numerically  exceed  some  finite  quan- 
tity however  great  n  may  be. 

555.  An  infinite  series  is  said  to  be  divergent  when  the  sum 
of  the  first  n  terms  can  be  made  numerically  greater  than  any 
finite  quantity,  by  taking  n  large  enough. 
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55G.  Suj)pose  that  by  adding  more  and  more  terms  of  an 
infinite  series  we  continually  approximate  to  a  certain  result,  so 
that  the  sum  of  a  sufficiently  large  number  of  teiTQS  will  differ 
from  that  result  by  less  than  any  assigned  quantity,  then  that 
result  is  called  the  sinn  of  the  infinite  series. 

For  example,  consider  the  infinite  series 

1      +     X     +     X'     + y 

and  suppose  x  a  positive  quantity. 
We  know  that 

+  X  +  X    +. +X 


l-x 


Hence  if  x  be  less  than  1,  however  great  w  may  be,  the  sum 

of  the  first  n  terms  of  the  series  is  less  than  ~ ;  the  series  is 

\  —  x 

therefore  convergent.     And,  as  by  taking  n  large  enough  the  sum 

of  the  first  n  tei'ms  can  be  made  to  differ  from by  less  than 

l-x     ■^ 

any  assigned  quantity,  ^j is  tlie  sum  of  the  infinite  series. 

If  X  ~\,  the  series  is  divergent ;  for  tlie  sum  of  the  first  n 
terms  is  n,  and  by  taking  sufficient  terms  this  may  be  made 
greater  than  any  finite  quantity. 

If  X  is  greater  than  1,  the  series  is  divergent;   for  the  sum 

of  the  first  n  terms  is  —,  which  may  be  made  greater  than 

any  finite  quantity  by  taking  n  large  enough. 

557.  An  infinite  series  in  wJdch  all  the  terms  are  of  the  same 
sign  is  divergent  if  each  term  is  greater  than  some  assigned  finite 
quantity,  however  small. 

For  if  each  term  is  greater  than  the  quantity  c,  the  sum  of  the 
first  n  terms  is  greater  than  nc,  and  this  can  be  made  gi-eater  than 
any  finite  quantity  by  taking  n  large  enough. 
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558.  An  infinite  series  of  tenuis,  the  signs  of  wliich  are  alter- 
nately positive  and  negative,  is  convergent  if  each  term  is  numeri- 
cally less  than  the  preceding  term. 

Let  the  series  be  u^  —  u,^  +  u^  —  u^+  ....  ;  this  may  be  written 

and  also  thus, 

«'j  -  ('f .  -  v-^  -  ("4  -  u)  -  {u^  -  u,)  - 

From  the  first  mode  of  writing  the  series  we  see  that  the  sum 
of  any  number  of  terms  is  a  positive  quantity,  and  from  tlie 
second  mode  of  writing  tlie  series  we  see  that  tlie  sum  of  any 
nimiber  of  terms  is  less  than  u^  ;  hence  the  series  is  convergent. 

It  is  necessary  to  shew  in  this  case  that  the  sum  of  any 
number  of  terms  is  positive  ;  because  if  we  only  know  that  the 
sum  is  less  than  ii^,  we  are  not  certain  that  it  is  not  a  negative 
quantity  of  luilimited  magnitude. 

An  important  distinction  should  be  noticed  with  respect  to 
the  series  here  considered.  If  the  terms  u^,  u,^,  i(.^,  ...  diminish 
without  limit  the  sum  of  71  terms  and  the  sum  of  n  +  1  terms  will 
differ  by  an  indefinitely  small  quantity  when  n  is  taken  large 
enough.  But  if  the  terms  u^,  «.,,  u,^,  ...do  not  dimi)i.ish  loithout 
limit  the  sum  of  n  terms  and  the  sum  of  w  +  1  terms  will  always 
differ  by  a  finite  quantity.  The  series  continued  to  an  infinite 
number  of  terms  will  liave  a  sum,  according  to  the  definition  of 
Art.  55 G,  in  the  former  case,  but  not  in  the  latter  case.  In  both 
cases  the  series  is  convergent  according  to  our  definition.  But 
some  writers  prefer  another  definition  of  convergence;  namely, 
they  consider  a  series  convergent  only  when  the  sum  of  an  in- 
definitely large  number  of  terms  can  be  made  to  differ  from  one 
fixed  value  by  less  than  any  assigned  quantity  :  and  according  to 
this  definition  the  series  is  convergent  in  the  first  case,  but  not  in 
the  second. 
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559.  A71  infinite  series  is  convergent  if  from  and  after  any 
fixed  term  tlie  ratio  of  each  term  to  the  preceding  term  is  numerically 
less  than  some  quantity  which  is  itself  numerically  less  tlian  unity. 

Let  the  series  beginning  at  the  fixed  term  be 

w, +  «,  +  «3+ 

and  let  aS^  denote  the  sum  of  the  first  n  of  tliese  terms.     Then 
S  =  ?*,  +  t/.j  +  1*3  + +  w_^ 

(        u       u   u       u  u.^u^  ) 

I        «,      it,u^      u^u,u^  J 

Now  first  let  all  the  terms  be  positive,  and  suppose 
-^  less  than  k,      -^  less  than  k,      -*-  less  than  k^  

^l  "^'j  *^3 

Then  S  is  less  than  u^{\  +k  +  k^  + +  k"''^] ;  that  is,  less 

\  —k" 

than  u J- .     Hence   if  k  be  less  than  unity,  S  is  less  than 

\  —  K 

— '— ;    thus  the   sum  of  as  many  terms  as  we  please  beginning 
1  —  a; 

with  u^  is  less  than  a  certain  finite  quantity,   and  therefore   the 

series  beginning  with  u^  is  convergent. 

Secondly,  suppose  the  terms  not  all  positive ;  then  if  they  are 
all  negative,  the  numerical  value  of  the  sum  of  any  number  of 
them  is  the  same  as  if  they  were  all  positive  ;  if  some  terms  are 
positive  and  some  negative,  the  sum  Ls  numerically  less  than  if 
the  terms  were  all  positive.  Hence  the  infinite  series  is  still  con- 
vergent. 

Since  the  infinite  series  beginning  with  u^  is  convergent,  the 
infinite  series  which  begins  with  any  fixed  term  before  u^  will  be 
also  convergent ;  for  we  shall  thus  only  have  to  add  a  finite 
number  oi finite  terms  to  the  series  beginning  with  u^ . 

560.  An  infinite  series  is  divergent  if  from  and  after  any 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  greater 

than  unity,  or  equal  to  unity,  and  the  terms  are  all  of  the  same  sign. 


CONVERGENCE    AND    DIVERGENCE    OF    SERIES.  347 

Let  the  series  beginning  at  the  fixed  term,  be 

ti^  +  w.,  +  u^+ , 

and  let  *S'  denote  the  sum  of  the  first  7i  of  these  terms.      Then 

S  =  U,  +  U„  +  U-    + +  Zl 


=  v.. 


■    1  +  — '  +  -^  -3  +  — '  -^   -=  + }. 

I  Wj         Mj  Mj         'U^  tt^  U^  ) 


Now,  first  suppose 
—  gi'eater  than  1,        -  greater  than  1,      -*  greater  than  1, 


Then    S   is    numerically   greater    than    ?J|  {1  +  1  4- ■*"!}> 

that  is,  numerically  greater  than  mc^.  Hence  >S  may  be  made 
numerically  greater  than  any  finite  quantity  by  taldng  n  large 
enough,  and  therefore  the  series  begiunmg  with  zc^  is  divergent. 

Next,  suppose  the  ratio  of  each  term  to  the  jireceding  to  be 
iinity;  then  S—nu.^,  and  this  may  be  made  greater  than  any  finite 
(quantity  by  taking  n  large  enough. 

And  if  we  begin  with  any  fixed  term  before  u^  the  series  will 
obviously  still  be  divergent. 

5G1.  The  rules  in  the  preceding  Articles  will  determine  in 
many  cases  whether  an  infinite  series  is  convergent  or  divergent. 
There  is  one  case  in  which  they  do  not  ajp'ply  Avhich  it  is  desirable 
to  notice,  namely,  when  the  ratio  of  each  term,  to  the  pi'ecedLng  is 
less  than  unity,  but  contiauaily  approacliing  unity,  so  that  we 
cannot  name  any  finite  quantity  h  which  is  less  than  tmity,  and 
yet  always  gi-eater  than  this  ratio.  In  such  a  case,  as  will  appear 
from  the  example  in  the  following  Article,  the  series  may  be  con- 
vergent or  divergent. 

502.      Consider  the  infinite  series 


1 

1 

1 

1 

, . 

+ 



4- 



+ 



+ 

i*- 

•>}• 

y 

4" 

Here    the    ratio    of    the    w"'    term    to    the    {n—Vf"    term    is 
(  -^  j  ;  if  p  be  positive,  this  is  less  than  unity,  but  continually 
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approaches  to  unity  as  n  increases.  This  case  then  cannot  be 
tested  by  any  of  the  rules  already  given  ;  we  shall  however  prove 
that  the  series  is  convci'gent  if  p  be  greater  than  unity,  and 
divergent  if  ^j  be  unity,  or  less  than  unity. 

I.  Suppose  p  greatei-  than  unity. 

The  first  term  of  the  series  is  1,  the  next  two  terms  ai-e  toge- 
o 
ther    less    than     ,  ,    the    followino-   four    terms   are   tosfether   less 

4       ,  .         .  8 

than  — ,    the  following   eight   terms   are    together  less    than    — , 

and  so  on.      Hence  the  whole  series  is  less  than 
2       4       8 

i  +  ^-^+i-.  +  s-^-*- 

that  is,   less  than 

\  -^  X  +X'  +  x^  + 

3         ,.  . 

where    a;  =  — .      Since  j^   is  greater   than    unity,   x  is    less    than 

unity ;  hence  the  series  is  convergent. 

II.  Suppose  2>  equal  to  unity. 

rri  •        .  T        1         1        1        1 

liie  series  is  now  1  +  -,  +  ^  "^  "T  +  H  + 

2      3      4      5 

The  first  term  is  1,  the  second  term  is  -^  ,  the  next  two  terms 

2         1 

are   tog-ether  greater  tluin  -  or  --,   the  following  four  terms  are 
o  &  ^        2 '  ° 

4        1 
together  greater  than  -   or  -  ,    and   so   on.      Hence  by  taking  a 

b  J 

sufiicient  number  of  terms  we  can  obtain  a  sum  greater  than 
iiny  finite  multiple  of  -  ;  the  series  is  therefore  divergent. 

III.  Suppose  p  less  than  unity  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in  II.  ; 
the  series  is  therefore  a  fortiori  divergent. 
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563.  We  will  now  give  a  general  theorem  wliicli  can  be 
proved  in  the  manner  exemplified  in  the  preceding  Article.  If 
(f)  (x)  be  positive  for  all  positive  integral  values  of  x,  and  con- 
tinually diminish  as  x  increases,  and  711  be  any  positive  integer, 
then  the  two  infinite  series 

<^(l)  +  <^(2)  +  <^(3)  +  c^(4)  +  </,(5)  + 

and  </)  (1)  +  7n(fi  (rn)  +  ni'cji  (m')  +  ni^<fi  (m^)  + 

are  both  convergent  or  both  divergent. 

Consider  all  the  tenns  of  the  first  series  comprised  between 
fj>  (ni*)  and  ^  ('H*''"*),  including  the  last  and  excluding  the  first,  k 
being  any  positive  integer;  the  number  of  these  terms  is  ni'"''"'  —  m'', 
and  tlieir  sum  is  therefore  greater  than  vi^{in-  1)  cfi{ra^'^^).  Thus 
all   the  first   series   begimiing  with   the   term    ^(»t*^+l)  will  be 

greater   than  times  the   second   series  bejcinninij  -^-ith   the 

teiTU  75i*+^  (^  (r/i*'^') .     Thus  if  the  second  series  be  divergent,  so  also 
is  the  first. 

Again,  the  terms  selected  from  the  first  series  are  less  than 
771^ (ni  —  I)  (f>  (m'').  Thus  all  the  first  series  beginning  Avith  the 
term  ^(?/i*-i-l)  will  be  less  than  m-1  times  the  second  series 
beginning  with  m''(f>  (m*).  Thus  if  the  second  series  be  convergent, 
so  also  is  the  first. 

As  an  example  of  the  use  of  this  theorem  we  may  take  the 

following  :  the  series  of  wiuch  the  aeneral  term  is  — , is  C07i- 

°  -^  ^  n(logn)P 

vergent  if  p  he  g7'eater  than  imity,  and  divergent  if  p  be  equal  to 

7C7iit7/  or  less  than  tiiiity.      By  the  theorem  the  proposed  series  is 

convergent    or    divergent    according  as   the    series    of  which    tlie 

general  term  is , is  convergent  or  divergent :  the  latter 

7n  (log  7/i  y 

jrcneral  term  is  -; ,  so  that  it  bears  a  constant  ratio  to  the 

^  (log  m)''  n'' ' 

general  tenn  -  -  for  all  values  of  n.     Hence  the  required  result 
foUows  bv  Art.  562. 
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5G4.      The  series  obtained  by  expanding  (l+cc)"  by  tlie  Bino- 
mial Theorem  is  convergent  if  x  is  numerically  less  than  unity. 

Q-^ 7*  -f-  1 

For  the  ratio  of  the  (r+  1)*''  tenu  to  the  r^^  is  x.    Jfn 

\  r 

.                         n-r+l 
is  negative  and  numerically  greater  than  unity  the  factor 

is  niimei'ically  greater  than  vmity  ;  but  it  continually  approaches 
unity,  and  can  be  made  to  differ  from  unity  by  less  than  any 
assigned  quantity  by  taking  r  large  enough.  Hence  if  x  is  nume- 
rically less   than   imity  the  jiroduct  ^ x,   when  r  is  large 

enough,  "will  be  nvimerically  less  than  a  quantity  which  is  itself 
numerically  less  than  unity.  Hence  the  series  is  convergent. 
(Art.  559.) 

If  n  is  positive  the  factor  is  numerically  less  than 

unity  when  r  is  greater  than  n ;  if  n  is  negative  and  numeiically 
less  than  unity  this  factor  is  always  numerically  less  than  unity  ; 
if  n  =  —  \  this  factor  is  numerically  equal  to  unity  :  thus  in  the 
first  case  when  r  is  greater  than  «,  and  in  the  other  two  cases 

always,  if  x  is  numerically  less  than  unity  the  product  ^ x 

is  numerically  less  than  a  quantity  which  is  itself  numerically  less 
than  unity.      Hence  the  series  is  convergent.      (Art.  559.) 


565.  Tlie  series  obtained  by  expanding   log  (1  +  x)  in  p>oioers 
qfmis  convergent  ifx  is  numerically  less  than  unity. 

For  the  ratio  of  the  (r  +  1)"'  term  to  the  r^"^  is  -  -^ .     If  then 

X  be  less  than  unity,  this  ratio  is  always  numerically  less  than  a 
quantity  which  is  itself  numerically  less  than  unity.  Hence  the 
series  is  convergent.     (Art.  559.) 

566.  The  series  obtained  by  exjyanding  a"  in  povcers  of  s.  is 
always  convergent. 
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For  the  ratio  of  the  (r  +  1)"'  teiTa  to  the  ?•*  is   2^.     What- 

ever  be  the  value  of  x,  "we  can  take  r  so  large  that  this  ratio  shall 
be  less  than  nnitv,  and  the  ratio  "^dll  diminish  as  r  increases. 
Hence  the  series  is  always  convergent.      (Art.  559.) 


EXAMPLES    OF    COXTERGEXCE    A>'D    DIVERGENX'E    OF    SERIES. 

Examine  whether  the  following  ten  series  are  convergent  or 
divergent : 

1  1  1 

2^ I 4-  — (- 

re  (a;  +  a)      (x  +  2a)  {x  +  3a)      (a;  +  4a)  {x  +  ^a) 
^      3        f)x-      7x^      9x'  '2n  +  1    , 

2  o        10       It  n  +1 

m  +  p      m  +  2p      m  +  op 

3.     -  + ~  + s-^  + 

a  a'  a 

4.  (a  +  l)'  +  (a+2)'a;  +  (a  +  3)'a'+ 

5.  V  +  2'x  +  3'x'+ 

p      1  1  1  1 

X  of  of 

7.        , 3+.J J+; -  + 

I  +  X  i  +  X  l  -\-  X' 

_    1    1    1    1 

^-    p-^s-^  +  F^-^fr^ 

9.      r  +  2"x+3V+ 

X                   o:'                   of 
(a  +  hf  ^  (a  +  26)''  ^  (a  +  36)"  "^ 

1 1 .  Suppose  that  in  the  series  u^+u^-\-u^+u^+ each  tenn 

is  less  than  the  preceding ;  then  shew  that  this  series  and  the  series 

u  +2u  +  2V3+ 2"^^  + 2*a,j+  are    both  convergent    or    both 

divergent. 

12       3 

12.  Shew  that  the  series  1  +  ^  +  ^,  +  ^,  + is  converger,  t 

if  n  be  greater  than  2,  and  divergent  if  n  be  less  than  2  or  eqiial 
to  2. 


INTEHEST. 


XLI.     INTEREST. 


5G7.  Interest  is  money  paid  for  tlie  use  of  money.  The  sum 
lent  is  called  the  Principal.  The  Amount  is  the  sum  of  the 
Princi2)al  and  Interest  at  the  end  of  any  time. 

568.  Interest  is  of  two  kinds,  simple  and  compou7icl.  When 
interest  of  the  Princij)al  alone  is  taken  it  is  called  simple  interest ; 
hut  if  the  interest  as  soon  as  it  becomes  due  is  added  to  the 
princijiai  and  interest  charged  upon  the  whole,  it  is  called  com- 
2)ound  interest. 

5G9.  The  rate  of  interest  is  the  money  \yM.<l  for  the  use  of  a 
certain  sum  for  a  certain  time.  In  practice  the  sum  is  usually 
.£100  and  the  time  one  year;  and  when  we  say  that  the  rate  of 
interest  is  £4.  6s,  ?>d.  per  cent.,  we  mean  that  £4.  6s.  8(7. ,  that  is, 
£4^,  is  due  for  the  use  of  £100  for  one  year.  In  theory  it  is 
convenient,  as  we  shall  see,  to  use  a  spnbol  to  denote  the  interest 
of  one  pound  for  one  year. 

570.  Tofiiul  the  amount  of  a  given  sum  in  any  time  at  simjjle 
interest. 

Let  P  be  the  principal  in  pounds,  n  the  number  of  years  for 
which  interest  is  taken,  r  the  interest  of  one  pound  for  one  year, 
M  the  amount. 

Since  r  is  the  interest  of  one  pound  for  one  year,  Pr  is  the 
interest  of  P  pounds  for  one  year,  and  therefore  nPr  the  intei'est 
of  P  pounds  for  n  years  ; 
therefore  31  =  P  +  Par. 

From  this  equation  if  any  three  of  the  four  quantities  M,  P, 
n,  r  are  given,  the  fourth  can  be  found  ;  thus 


P^ 


M  M-P  M-P 


n  =  — T. —  .  T  = 


1  +  7?r  '  Pr     '  Pn 
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571.  To  find  the  amount  of  a  given  sum  in  any  time  at  com- 
pound interest. 

Let  R  denote  the  amount  of  one  poiuid  in  one  year,  so  that 
72  ^  1  +  r,  then  PR  is  the  amount  of  P  in  one  year  ;  the  amount 
of  PR  in  one  year  is  PRR  or  PR'\  which  is  therefore  the  amount 
of  P  in  two  years  at  compound  interest.  Similarly  the  amount 
of  PR^  in  one  year  is  PR^,  which  is  therefore  the  amount  of  P 
in  three  years.  Proceeding  thus  we  find  that  the  amount  of  P  in 
n  years  is  PR" ;  therefore  denoting  this  amount  by  J/, 

M^PR\ 

The  interest  gained  in  n  years  is  J/-  P  or  P  (R"  —  1). 

572.  Next  suppose  interest  is  due  more  frequently  than  once 

a  year  ;    for  example,  suppose  interest  to  be  due  every  quarter, 

r 
and  let  -  be  the  interest  of  one  pound  for  one  quarter.      Then,  at 

compound   interest,  the  amount  of  P  in  n  years  is  P  (  1  +  - )    ; 

for  the  amount  is  obviously  the  same  as  if  the  number  of  years 

r 
were  An,  and    .    the  interest  of  one  pound   for  one  year.      Simi- 
larly, at  compound  interest,  if  interest  be  due  q  times  a  year,  and 

r 
the  interest  of  one  pound  be  -  for  each  interval,  the   amount  of 

P  in  n  years  is  P  [  1  +  -  )    . 

At  simple  interest  the  amount  will  be  the  same  in  the  cases 
supposed  as  if  the  interest  were  payable  yearly,  r  being  the  inter- 
est of  one  pound  for  one  year. 

573.     The  formulae  of   the  prccciling  Articles  have  been  ob- 
tained on  the  su])])osition  that  n  is  an  integer  ;  we  may  thei-efore 
jusk  whether  they  are  true  when  n  is  not  an  integer.      Suppose 
T.  A.  23 
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n  =  ni  +     ,  where  m  is  an  integer  and  -  a  proper  fraction.     At 

simple  interest  the  interest  of  F  for  m  years  is  Fmr ;  and  if  the 

borrower  has  agi^eed  to  pay  for  ani/  fraction  of  a  year  the  same 

Pr 
fraction  of  the  annual  interest,  then    —  is  the  interest  of  P  for 

/l\th  _  Pr  . 

I  -  )     of  a  year  ;  hence  the  whole  interest  is  Pmr  +  —  ,  that  is, 

Pnr,  and  the  formula  for  the  amount  holds  when  n  is  not  an 
integer.  Next  consider  the  case  of  compound  interest ;  the 
amoiuit  of  P  ill  rti  years  will  be  PB!^  ;  if  for  the  fraction  of  a  year 
interest  is  due  in  the  same  way  as  before,  the  interest  of  PPT'  for 

{-]     of  a  year  is  ,  and  the  whole  amount  is  PP""  (  1  +  -  ) . 

On  this  supposition  then  the  formula  is  not  tru-e  when  7i  is  not 
an  integer.     To  make  the  formula  true  the  agi*eemeiit  must  be 

that  the   amoiuit  of  one  pound   at   the  end  of  (  -  j      of  a  year 

-  .  /1\"' 

shall  be   (1  +  7'Y,  and  therefore  the  interest  for  (  -  j      of  a  year 

(l  +  7-)'^-l.  This  supposition  though  not  made  in  practice  is 
often  made  in  theory,  in  order  that  the  formulae  may  hold  uni- 
versally. 

Similarly  if  interest  is  payable  q  times  a  year  the  amount  of 

/       rX''" 
P  in  n  years  is  P  (  1  +  -  j    ,  by  Art.  572,  if  n  be  an  integer  ;  and 

it  is  assumed  in  theory  that  this  result  holds  if  ?i  be  not  an 
integer. 

574.  The  amount  of  P  in  n  years  when  the  interest  is  paid 

q  times  a  year  is  P  [l  +- j   ,  by  Art.  572  ;  if  we  suppose  q  to 

increase  without  limit,  this  becomes  Pe"'  (Art.  552),  which  will 
therefore  be  the  amomit  when  the  interest  is  due  every  moment. 

575.  The  Present  value  of  an  amount  due  at  the  end  of  a 
given  time  is  that  sum  which  with  its  interest  for  the  given  time 


EXAMPLES.      XLI.  355 

will  be  equal  to  the  amount.      That  is,  (Art.  567),  the  Principal  is 
the  present  value  of  the  amount. 

576.  Discount  is  an  allowance  made  for  the  payment  of  a 
sum  of  money  before  it  is  due. 

From  the  definition  of  present  value,  it  follows  that  a  debt  due 
at  some  futiu'e  period  is  equitably  discharged  by  paying  the 
present  value  at  once ;  hence  the  discount  will  be  equal  to  the 
amount  dite  diminished  by  its  present  value. 

577.  To  find  the  presetit  value  of  a  sum  due  at  the  end  of 
a  given  time  and  the  discount. 

Let  P  be  the  present  value,  21  the  amount,  D  the  discount, 
r  the  interest  of  one  pound  for  one  year,  n  the  number  of  years, 
R  the  amount  of  one  pound  in  one  year. 

At  simple  interest : 

M  =  P{\+nr),     (Art.  570); 

therefore  P  =  ^J^,         D^M-P=  ^^'^'' 


1  +  «r  1  +  nr 

At  compound  interest : 

AI^PR\    (Art.  571); 

therefore  P^|,  D  =  M-P^^^^^^. 

578.      In  practice  it  is  very  common  to  allow  the  interest  of  a 

sum  of  money  paid  before  it  is  due,  instead  of  the  discount  as  here 

Mnr 
defined.     Thus    at   simple   interest,   instead    of the  payer 

would  be  allowed  Mnr  for  immediate  payment. 


EXAMPLES    OF    INTEREST. 

1.     Shew  that  at  simple  interest  the  discount  is  half  the  har- 
monic mean  between  the  sum  due  and  the  interest  on  it. 

23—2 
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2.  At  simple  interest  the  interest  on  a  certain  sum  of  money 
is  £180,  and  the  <liscount  on  the  same  sum  for  the  same  time  and 
at  the  same  rate  is  £150  :  find  the  sum. 

3.  If  the  interest  on  £A  for  a  year  be  equal  to  the  discount 
on  £B  for  the  same  time,  find  the  rate  of  interest. 

4.  If  a  sum  of  money  doul^les  itself  in  40  years  at  simple 
interest,  find  the  rate  of  interest. 

5.  A  tradesman  marks  his  goods  with  two  prices,  one  for 
ready  money,  and  the  other  for  a  credit  of  6  months  :  find  what 
ratio  the  two  prices  ought  to  bear  to  each  other,  allowing  5  per 
cent,  simple  intert  st. 

6.  Find  in  how  many  years  £100  will  become  £1050  at 
5  per  cent,  compound  interest ;  having  given 

log  14  =  1-14613,     log  15  =  1-17609,    log  16  =  1-20412. 

7.  Find  how  many  years  will  elapse  before  a  sum  of  money 
trebles  itself  at  3|-  per  cent,  compound  interest ;  having  given 

log  10350  =  4-01494,         log3  = -47712. 

8.  If  a  sum  of  money  at  a  given  rate  of  compound  interest 
accumulate  to  p  times  its  original  value  in  7n  years,  and  to  q 
times  its  original  value  in  n  yeai's,  prove  that  n  =  m  log^  q. 


XLII.     EQUATION   OF   PAYMENTS. 

579.  When  diffei-ent  sums  of  money  are  due  from  one  person 
to  another  at  difierent  times,  we  may  be  required  to  find  the  time 
at  which  they  may  all  be  paid  together,  so  that  neither  lender 
nor  borrower  may  lose.  The  time  so  found  is  called  the  equated 
time. 

580.  2\)  find  the  equated  ti.Tne  of  payment  of  two  sums  due  at 
different  times  supposing  simple  interest. 

Let  Pj,  F^  be  the  two  sums  due  at  the  end  oi  t ,  t    years 
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respectively ;  suppose  t^  greater  than  <,  ;  let  r  be  the  interest  of 
one  pound  for  one  year,  x  the  number  of  years  in  the  equated 
time. 

The  condition  of  fairness  to  both  parties  may  be  secured  by 
supposing  that  the  discount  allowed  for  the  sum  paid  before  it  is 
due  is  equal  to  the  interest  chai'ged  on  the  sum  not  paid  until 
after  it  is  due. 

P  (t  —  x)  r 
The  discount  on  P„  for  t„  —  x  years  is  -^\- ^  ; 

the  interest  on  P,  for  x-  t^  years  is  F^  {x  —  tjr; 

therefore  ^^4^'~^}    =PA^-i,)- 

l  +  {t^-x)r         '^         '^ 

This  will  give  a  quadratic  equation  in  x,  namely, 
P,rx'  -  {P,r  {f,  4-  0  +P,  +  P,}x  +  P^rt^l^  +  P^t^  +  Pjt^  =  0  ; 
that  root  must  be  taken  which  lies  between  t^  and  t^. 

581.  Another  method  of  solving  the  question  of  the  preced- 
ing Article  is  as  follows  : 

P 

The  present  value  of  P,  due  at  the  end  of  t^  years  is  :j — j-  ; 

P 

the  present  value  of  P ,  due  at  the  end  of  t^  years  is   :7 — ~  ; 

.     P  +P 

the  present  value  of  P,  +  P„  due  at  the  end  of  x  years  is   ^ ^ . 

Hence  we  may  ])ropose  to  find  the  equated  time  of  payment, 
X,  from  the  equation 

1  +  <,r      1  +  t^r       \  +xr  ' 

582.  If  such  a  question  did  occur  in  practice  however  the 
method  would  probably  be  to  proceed  as  in  the  first  solution,  with 
this  exception,  that  the  lender  would  allow  interest  instead  of  dis- 
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count  on  the  sum  ])Hid  before  it  was  due ;  tlius  we  should  find  x 
from 

therefore  {I\  +  1\)  x  -  l\t^  +  l\t,^. 

In  this  case  the  interest  on  F ^  +  L\  for  x  years  is  equal  to  the 
Slim  of  the  interests  of  P ^  and  P ^  for  the  times  t^  and  t„  respect- 
ively ;  this  follows  if  we  nudtiply  );oth  sides  of  the  last  equation 
by  r.  This  rule  is  more  advantageous  to  the  boirower  than  that 
in  Ai't.  580,  for  the  interest  on  a  given  amount  is  greater  than  the 
discount.     See  Art.  577. 

583.     Suppose  there  are  several  sums  P^,  P^,  P^, due  at 

the  end  of  t^,  t^,  t^, years  respectively,  and  the  equated  time 

of  payment  is  required. 

The  first  method  of  solution  (Art.  580)  becomes  very  compli- 
cated in  this  case,  and  we  shall  therefoi'e  omit  it. 

The  second  method  (Art.  581)  gives  for  determining  x,  the 
number  of  years  in  tlie  equated  time, 

P,  P  P,  p^  +  p^  +  p+ 


1  + 1^7-      1  +  t^r      I  +  t^r        ""  l+xr 

P  P  P 

Denote  the   sum  -^ — '  -  +  ., —  - — f-  - — - — t- by  2 


1  +  t^r      l  +  t^r      I -If  t^r      "^        I  +  tr' 

and  the  sum  P^  +  P^  +  P^+ by  '^P  ;  then  we  may  write  the 

above  result  thus, 

\1  +  trj      1  +  xr 
The  third  method  (Art.  582)  gives 

x{P^  +  P^_  +  P^  + )  =  p^t^+pj^+p^t^+ ; 

which  may  be  written  x'S<P  =  %Pt. 

584.  Equation  of  -payments  is  a  subject  of  no  practical  im- 
portance, and  seems  retained  in  books  chiefly  on  account  of  the 
apparent   paradox    of    different    methods    occurring   which    may 


the  discount  on  P„  for  t^  —  x  vears  is  P  (  1 
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appear  equally  fair,  but  wliicli  lead  to  different  results.  We 
refer  the  student  for  more  information  on  the  question  to  the 
article  Discount  in  the  English  Cyclopcedia.  We  may  observe, 
however,  that  the  difficiilty,  if  such  it  be,  arises  fi^om  the  fact  that 
simple  interest  is  almost  a  fiction  ;  the  moment  any  sum  of  money 
is  due,  it  matters  not  whether  it  is  called  principal  or  interest,  it 
is  of  equal  value  to  the  owner  ;  and  thus  if  the  interest  on  bor- 
I'owed  money  is  retained  by  the  bori'ower,  it  ought  in  justice  to 
the  lender,  to  be  united  to  the  principal,  and  charged  with  in- 
terest afterwards. 

585.  If  compound  interest  be  allowed,  the  solutions  iu 
Arts.  580  and  581  w^ill  give  the  same  result. 

For  the  solution  according  to  Art.  580  ^^-ill  be  as  follows  : 

L\ 

the  interest  on  P^  for  o:  -  t^  years  is  P^  [R'^h  —  1) ; 

therefore  P,  (l  -  ^)  =  P,  (P-^.  -  1). 

From  this  equation  x  must  be  found  ;  bv  transposition  we 
shall  see  that  this  is  the  same  equation  as  would  be  obtained  by 
the  method  of  Art.  581 ;  for  we  obtain 

P 

P  +  P  ^  - -—  +  P  P^^i  • 

1  r  ^,  +  A        ^,  A 

therefore  -^R^'^W.^^^' 

wliich  shews  that  x  is  such  that  the  present  value  of  P  +  P 
due  at  the  end  of  x  yeai-s  is  equal  to  the  sum  of  the  present 
values  of  P,  and  P^  due  at  the  end  of  t^  and  t^  years  respectively. 

586.  If  there  are  diflferent  sums  P^,  P^,  P^, due  at  the 

end  of  ij,  t^,  t^, years  respectively,  the  equated  time  of  pay- 
ment, X,  alloAving  compound  interest,  may  be  found  from 

P,  +  P+P+ 


E'  Rt       Rh  ^  Rh  ^ 
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whicli  may  be  written 

587.  We  have  said  in  Art.  580,  that  we  must  take  that  root 
of  the  quadratic  equation  wliich  lies  between  t^  and  t^ ;  we  will 
now  prove  that  there  will  in  fact  be  always  one  root,  and  only 
one,  between  t^  and  t^. 

We  have  to  shew  that  the  equation 

has  one  root,  and  only  one,  Ipng  between  t^  and  t^. 

The  expression  P^  {x  —  t^)[\  +  (t^  -  x)  r]  -  P^  {t^  -  x)  is  obviously 
2)osilive  when  x  =  t^.  If  this  expression  is  ari'anged  in  the  form 
ax'  +  bx  +  c,  the  coefficient  a  is  negative,  being  -  P^r ;  hence  t^ 
must  lie  between  the  roots  of  the  equation  by  Ai-t.  339  ;  that  is, 
one  root  is  greater  than  t^  and  one  root  less  than  t^.  It  is  obvious 
too  that  no  value  of  x  less  than  t^  can  make  the  exjyression  vanish, 
so  there  cannot  be  a  root  of  the  equatlo7i  less  than  t^  ;  there  must 
then  be  one  root  between  t^  and  t^,  and  one  root  greater  than  t^. 

It  may  be  remarked  that  the  value  x=  t„  +  -  also  makes  the 
expression  ^^ositive,  and  so  the  root  which  is  gi-eater  than  t^  must 
by  Art.  339  be  greater  than  t^  +  -  . 


MISCELLANEOUS    EXAMPLES, 

1.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
X400  due  two  years  hence,  the  other  of  £2100  due  eight  years 
hence,  at  5  per  cent.     (Art.  580.) 

2.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
£20  due  at  the  present  date,  the  other  of  £16.  5s.  due  270  days 
hence,  the  rate  of  interest  being  twopence-halfpenny  per  hundi-ed 
pounds  per  day.     (Art.  580.) 
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3.  Find  the  equated  time  of  paying  two  sums  of  money  due 
at  different  ei^ochs,  interest  being  supposed  due  every  moment. 

4.  A  sum  of  money  is  left  by  will  to  be  divided  into  three 
parts  such  that  their  amounts  at  compound  interest,  in  a,b,  c  years 
respectively,  shall  be  equal  :  determine  the  parts. 

5.  If  a  and  n  be  positive  integers,  the  integral  part  of 
{a  +  J{a'-  1)}"  is  odd. 

6.  If  a  and  n  be  positive  integers,  the  integi'al  part  of 
{J{a'  +  1)  +  a}"  is  odd  when  n  is  even,  and  even  when  7i  is  odd. 

7.  Shew  that  the  remainder  after  n  terms  of  the  exjiansion  of 

(  j    in  a  series  of  ascending  powers  of  x  is 

(— l)",^''    {n+l)a  +  nx 
a"~'      "        (a  +  xY 

8.  If  ij/  {n,  r)  =  n{n-l)(n-2)  ...  {n  -  ?•  +  1),  shew  that 

xj/  (n,  r)  =  il/{n-2,r)  +  2rij/{n-2,  r-1)  +r{r-l)ij/  (n  -2,r-  2). 

n       Ti-   J  /        \      n  (n  -I)  ...  (n-r  +  1) 

9.  If  (/)  {n,  r)  =  ^ '—--^ ^ ,  shew  that 

\r 

(f)  {n,  m)  =  (t){n-m  +  1,  I)  +  cf)  (in  -  1,  l)(f){n-m  +  l,  2) 

+  (f>{m-  1,  2)(}>{n-m+  1,  3)  + 

10.  With  the  same  notation  shew  that 

a  -  (a  +  /3)  </,  (n,  1)  +  (a  +  2^)  4>  {n,  2)-{a+S(S)cl>(n,3)+    

+  {- ly  {a  +  np)  ct>  {n,  n)  =  0. 

11.  If  s  be  the  sum  of  n  terms  of  a  geometrical  progression 
whose  first  tei-m  is  a  and  common  ratio  I  +  x,  where  x  is  very 

small,  shew  that  n  =  -\l  -  - — ^    '     [  approximately. 
a  {  2a     }  "^ 

12.  If  a  quantity  change  continuously  in  value  from  a  to  b 
in  a  given  time  t^,  the  increase  at  any  instant  bearing  a  constant 
ratio  to  its  value  at  that  instant,  sliew  that  its  value  at  any  time  t 

will  be  «(')".     (Art.  574.) 
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588.  To  find  the  amount  of  an  annuity  left  unpaid  for  any 
number  of  years,  allowing  simjile  interest  uj'on  each  sum  from,  tlve 
time  it  becomes  due. 

Let  A  be  the  annuity,  ?<-  the  number  of  yeai's,  r  the  interest  of 
one  pound  for  one  year,  M  the  amount. 

At  the  end  of  the  first  year  A  becomes  due,  and  at  the  end  of 
the  second  year  the  interest  of  the  first  annuity  is  rA  ;  at  the  end 
of  this  year  the  jirincipal  becomes  2 A,  therefore  the  interest  due 
at  the  end  of  the  third  year  is  2rA  j  in  the  same  way  the  intei'est 
due  at  the  end  of  the  fourth  year  is  3rA  ;  and  so  on ;  hence  the 
whole  interest  is    rA  +  2rA  +  'irA  + +  (h  —  1)  7%4  ;    that   is, 

— ^ — ^r~^ ,  by  Ai't.  459  ;  and  the  sum  of  the  annuities  is  nA  : 

therefore  M  =  nA  H rA. 

589.  To  find  the  jii'esent  value  of  an  annuity,  to  continue  for 
a  certain  ntimber  of  years,  allowing  simple  interest. 

Let  P  denote  the  present  vahie ;  then  P  with  its  interest  for 
n  years  shoukl  be  equal  to  the  amount  of  the  anniuty  in  the  same 
time ;  that  is, 

A 

,,        „                            _     nA  +  yi(n—  1)  rA 
thereiore  P  — ^ — ^ ' . 

1  +  nr 

590.  Another  method  has  been  proposed  for  solving  the 
question  in  the  preceding  Article. 

The   present  value  of  A  due   at  the  end  of  1   year  is , 

'■  -^  1  +  r' 

(Art.  577)  ;  the  present  value  of  A  due  at  the  end  of  2  years  is 

A  A 

7— ;  the  present  value  of  A  due  at  the  end  of  3  years  is  ^^ ^r-  , 

1  +  2r  "^  1  +  3r 

and  so  on ;    the  present  value  of  the  annuity  for  n  years  should 
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be  equal  to   tlie  sum  of  tlie  present  values  of  the  difl'ereut  pay- 
ments :  hence 


F  =  A 


j     1  1  1  1 


[l  +  r      1  +  2r      1  +  3?-      1  +  7ir 

591.  Some  writers  on  Algebra  have  adopted  the  solution 
given  in  Art.  589,  and  others  that  in  Art.  590  ;  we  have  already- 
intimated  in  a  similar  case  (Art.  584),  that  the  solution  of  such 
questions  by  simple  interest  must  be  unsatisfactory.  The  student 
may  consult  on  this  point  Wood's  Algebra,  the  Treatise  on  Arith- 
metic and  Algebra  in  the  Library  of  Useful  Knowledge,  p.  102; 
Jones  on  the  Value  of  Annuities  and  Reversionary  Payments, 
Vol.  I.  p.  9  ;  and  the  article  Discount  in  the  English  Cyclopcedia. 

592.  The  formulae  in  Arts.  589  and  590  make  the  value  of  a 
perpetual  annuity  infinite.  For  the  value  of  P  in  Aii;.  589  may 
be  written 

A  +  ^{n—V)rA 

-  +  r 
n 

when  n  is  infinite  the  denominator  of  this  expression  becomes  r, 
and  the  numerator  becomes  infinite ;  thus  P  is  infinite.  The 
series  given  for  P  in  Art.  590  also  becomes  infinite  when  n  is 
infinite. 

This  result  is  another  indication  that  the  value  of  annuities 
should  be  estimated  in  a  diflferent  way.  We  proceed  to  the  sup- 
position of  compound  interest. 

593.  To  find  the  amount  of  an  annuity  left  unpaid  for  any 
number  of  years,  allowing  compound  interest. 

Let  A  be  the  annuity,  n  the  number  of  years,  R  the  amoiint 
of  one  pound  in  one  year,  M  the  requii-ed  amount. 

At  the  end  of  the  first  year  A  is  due ;  at  the  end  of  the 
second  year  RA  is  the  amoimt  of  the  first  annuity,  hence  the 
whole  sum  due  at  the  end  of  the  second  year  is  RA  +  A,  that  is, 
{R+\)  A  ;  similarly  at  the  end  of  the  third  year  the  whole  sum  due 
is  R{R+\)  A  +  A,  that  is,  [R'  +  R  +  \)  A  ;  and  so  on  ;  hence  the 
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wliole  sum  due  at  the  end  of  n  years  is  (^"~'  +  ll"~'^  + +  1)^; 

.r      ^"-1    A 
thus  ^i  =   r* — T  -^• 

A  —  1 

594.  To  find  the  present  value  of  an  annuity,  to  continue  for 
<i  certain  number  of  years,  allowing  convpound  interest. 

Let  P  denote  the  present  vahie  ;  then  tlie  amount  of  F  in 
n  years  shoukl  be  equal  to  the  amount  of  the  annuity  in  the 
same  time ;  that  is, 

therefore  P 'KK  ^  =  '  "  "  ^ ''>"" -1 

R-\  r 

595.  We  may  also  solve  the  question  of  the  preceding  Article 
by  supposing  P  equal  to  the  sum  of  the  present  values  of  the 
different  payments. 

The  present  value  of  A  due  at  the  end  of  1  year  is  — , 

the  present  value  of  A  due  at  the  end  of  2  years  is  — ; 

the  present  value  of  A  due  at  the  end  of  3  years  is     3 ; 
and  so  on ; 

therefore  P  =  ^  + -^,  + -^3  + ^  ^. 

£V___£7     A{\-R-'') 
1       ~      R-\      ' 
P 
If  the  present  value  of  an  annuity  A  for  any  number  of  years 
be  mA,  the  annuity  is  said  to  be  worth  m  years'  purchase. 

596.  To  find  the  present  value  of  a  'perpetual  annuity. 


Suppose  n  to  be  infinite  in  the  formula  P 
thus 


^-1 
A        A 


M-1      r 
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597.  To  find  the  present  value  of  an  annuity,  to  commence  at 
the  Old  of  p  years,  and  then  to  contimie  q  years. 

The  present  value  of  an  annuity  to  commence  at  the  end  of 
p  years,  and  then  to  continue  q  years,  is  found  by  subtracting  the 
present  value  of  the  annuity  for  p  years  from  the  present  value  of 
the  annuity  for  p  +  q  years  ;  thus  we  obtain 

A  —^-^  -  A  -^-^,  that  is,  ^-^  (R-^  -  B-^. 

If  the  annuity  is  to  commence  at  the  end  of  ^  yeai-s,  and  then 

to  continue  for  ever,  we  must  suppose  q  infinite,  and  the  present 

AIi~'' 
value  becomes  -^ — r- .     This  may  be  obtained   directly  j   for  the 

present  value  is  the  sum  of  the  following  infinite  series, 
AAA 

598.  The  preceding  Article  may  be  applied  to  calculate  the 
fine  which  must  be  paid  for  the  renewal  of  a  lease.     Suppose  an 

estate  to  be  worth  £A  per  annum,  and  that  a  lease  of  the  estate 
is  granted  for  p  +  q  years  for  a  certain  sum  of  money  paid  do^vn ; 
and  suppose  that  when  q  years  have  elapsed,  the  lessee  wishes  to 
obtain  a  new  lease  for  ]}  +  q  years ;  he  must  therefore  pay  a  sum 
equivalent  to  the  value  of  an  annuity  of  £A  to  begin  at  the  end 
of  p  years,  and  to  continiie  for  q  years.  This  sum  is  called  the 
fine  to  be  paid  for  rene\\dng  q  years  of  the  lease. 

599.  We  have  hitherto  in  the  pi'esent  Chapter  confined 
ourselves  to  the  case  in  which  the  interest  and  the  annuity  are 
due  only  once  a  year.  We  will  now  give  a  more  general  pro- 
position. 

To  find  tlie  amount  of  an  annuity  left  unpaid  for  n  years,  at 
compound  interest,  sujyposing  interest  due  q  tiiaes  a  year,  and  the 
annuity  payable  m  timjes  a  year. 

r  .  /1\"' 

Let   -  be   the   interest  of  one   poun^l   for  (     j      of  a  year ; 

then   by    Art.    573,    the    amount    of   one   pound    in    s   years   is 
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(  1  +     j     whether  s  be  an  integer  or  not ;  thus  the  amount  of  one 

pound  for  l  —  j     of  a  year  is  i  1  +     j    ;  we  shall  denote  this  by  p. 

Let  a  be  the  instalment  of  the  annuity  tliat  should  be  paid  each 
time  ;  then  the  amount  of  the  annuity  at  the  end  of  n  years  is  the 
sum  of  the  following  mn  terms  : 


that  is.  a  -  ,  tliat  is,      a 

P-  1 


0-J 
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In  the  examples  the  interest  is  supposed  compound  unless 
otlierwise  stated. 

1.  A  person  borrows  £G00.  5s.  :  find  how  much  he  must  pay 
annually  that  the  whole  debt  may  be  discharged  in  35  years, 
allowing  simple  interest  at  4  per  cent. 

2.  Determine  what  the  rate  of  interest  must  be  in  order  that 
the  present  value  of  an  annuity  for  a  given  number  of  years,  at 
simple  interest,  may  be  equal  to  half  the  sum  of  the  annuities. 

3.  A  freehold  estate  of  £100  a  year  is  sold  for  £2500  :  find 
at  what  rate  the  interest  is  calculated. 

4.  The  reversion,  after  2  years,  of  a  freehold  worth  £168.  2s. 
a  year  is  to  be  sold  :  find  its  |)resent  value,  supposing  interest  at 
2^  per  cent. 

5.  If  20  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue a  certain  number  of  years,  and  26  years'  purchase  for  an 
annuity  to  contiiuie  twice  as  long  :  find  the  rate  |jer  cent. 

6.  When  3i  per  cent,  is  the  rate  of  interest,  find  what  sum 
must  be  paid  now  to  receive  a  freehold  estate  of  £320  a  year 
1 0  years  hence  ;  haWng  given 

log  1-032  =  -0136797,  log  7-29798  =  -8632030. 
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7.  Supposing  an  annuity  to  continue  for  ever  to  be  worth 
25  years'  purchase,  find  the  annuity  to  continue  for  3  years  which 
can  be  purchased  for  £625. 

8.  A  sum  of  £1000  is  lent  to  be  repaid  with  interest  at  4 
per  cent,  by  annual  instalments,  beginning  with  £40  at  the  end 
of  tlie  first  year,  and  increasing  30  per  cent,  each  year  on  the 
hist  preceding  instalment.  Find  when  the  debt  will  be  paid  off; 
having  given 

log  2  =  -30103,  log  3  =  -47712. 

9.  Find  the  present  value  of  an  anniiity  which  is  to  com- 
mence at  the  end  of  p  years,  and  to  continue  for  ever,  each  pay- 
ment being  m  times  the  jireceding.  What  limitation  is  there 
as  to  ml 

10.  Find  what  sum  will  amount  to  £1  in  20  years,  at  5  per 
cent.,  the  interest  being  supposed  to  be  payable  every  instant. 

11.  If  interest  be  payable  every  instant,  and  the  interest  for 

/ 1  N"' 
one  year  be  I  -  j     of  the  principal,  find  the  amount  in  n  years. 

12.  A  25erson  borrows  a  sum  of  money,  and  pays  off  at  the 
end  of  each  year  as  much  of  the  pr-incipal  as  he  pays  interest  for 
that  year  :  find  how  much  he  owes  at  the  end  of  n  years. 

13.  An  estate,  the  clear  annual  value  of  which  is  £A,  is  let 
on  a  lease  of  20  years,  renewable  every  7  years  on  payment  of  a 
fine  :  calculate  the  fine  to  be  paid  on  renewing,  interest  being 
allowed  at  six  per  cent.  ;  having  given 

log  106  =  2-0253059,  log  4-688385  =  -6710233, 

log3-118042  = -4938820. 

14.  A  person  with  a  capital  of  £a,  for  which  he  receives 
interest  at  r  per  cent.,  spends  every  year  £b,  which  is  more  than 
his  original  income.     Find  in  how  many  years  he  will  be  ruined. 

Ex.  If  a=  1000,  r  =  5,  6  =  90,  shew  that  he  will  be  ruined 
before  the  end  of  the  17th  year  ;  having  given 

log  2= -3010300,         log  3= -4771213,         log  7  = -8450980. 
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600.  Every  expression   of  the   form   a  ± 7  is  called 

a  conthmed  fraction.  ^  *  "^*^- 

We  shall  confine  our  attention  to  continued  fractions  of  the 
form  a  + ,  where  a,  b,  c,  are  all  positive  integers. 

C  +  <KC. 

For  the  sake  of  abbreviation  the  continued  fi'action  is  some- 

1         1 

times  written  thus  :  a  +  -, -. —  . 

0  +  c  +  &c. 

When  the  number  of  the  terms  a,  b,  c,  infinite,  the  con- 
tinued fraction  is  said  to  be  terminating;  such  a  continued  frac- 
tion may  be  reduced  to  an  ordinary  fraction  by  eflfecting  the 
operations  indicated. 

601.  To  convert  any  given  fraction  into  a  continued  fraction. 

Let   —  be   the   ejiven   fraction  ;   divide  mi  by  n.  let  a  be  the 

n  ^      ' 

quotient  and  «  the  remainder  ;  thus  —  =  «  +  -  =  «  +  -.     Next  di- 
^  '  n  n  n 

P 

vide  n  by  p,   let  b  be  the   quotient   and  q  the   remainder ;   thus 

n      ,      q       ,      \  ^.     .,     ,      2^  r  1 

-  =  b  +  -  =6  +  -.  bimilarly,   -=c+-=c+-',    and  so  on. 
V            V            Z  <1  Q  g 

q  r 

Ihus  —  =  a  + 


n  ,  1 

6  + 


c+  &c. 

If  VI  be  less  than  n,  the  first  quotient  a  is  zero. 

We  see  then  that  to  couA^ert  a  given  fraction  into  a  continued 
fraction,  we  have  to  proceed  as  if  we  were  finding  the  greatest 
common   measure  of  the  numerator  and  denominator ;    and  we 
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must  therefoi-e  at  last  arrive  at  a  point  where  the  remainder  is 
zero  and  the  operation  terminates  :  hence  every  fraction  can  be 
converted  into  a  terminating  contianied  fraction. 

602.  The  fractions  formed  by  taking  one,  two,  three,  ...   of 

the  quotients  of  the  continued  fraction  a  +  z —  are  called 

b  +  G  +  &,c. 

converging  fractions  or  convergents.  Thus  the  fii'st  convei'gent  is  a ; 
the  second  convergent  is  formed  from  «  +  r-  >  it  is  therefore  — j —  ; 

the    thii'd    convergent    is    formed    from    a  H ^  ,    that    is,    from 

b  + 
c 

c         . ,    .     , ,        ,        abc  +  a+  c  . 

a  +  : =- ,  it  IS  thereiore  — ^ ^       ;   and  so  on. 

bc+l  bc  +  l      ' 

603.  The  convergents  taken  in  order  are  alternately  less  and 
greater  than  the  continued  fraction. 

The  first  convergent  a  is  too  small  because  the  i)art  i t—   is 

°  ^         6  +  &c. 

omitted ;    a  +  -    is  too    gi^eat   because   the   denominator   b   is  too 

0 

1       .  1    . 

small ;    a  + is  too   small    because   6  +  -   is   too   great ;    and 

6  + 
c 

so  on. 

604.  To   prove  the   law    of  formation   of  the  successive   con- 
vergents. 

m,       r?     J.   xi  ,  «       f-^^  +  1       f*^c  +  a  +  c 

Ine  nrst  tnree  convergents    are    ,)    — s — j    — ; ;, —  ;    the 

numerator  of  the  third  is  c{ab  +  l)  +  a,  that  is,  it  may  be  formed 
by  multiplying  the  numerator  of  the  second  by  the  third  quotient, 
and  adding  the  numerator  of  the  first ;  the  denominator  of  the 
third  convergent  may  be  formed  in  a  similar  manner  by  multi- 
]ilying  the  denominator  of  the  second  by  the  third  quotient,  and 
adding  the  denominator  of  the  fii\st.  We  shall  now  shew  by  in- 
duction that  such  a  law  holds  universally. 

T.  K  24 
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V     V      v" 
Let  -,    — ,      7/,  be  three  consecutive  convergents ;  m,  vi,  m", 

the  corresponding  quotients  ;  and  suppose  that 

2-)"  =  m"p'  +  2^,  q"  =  7n"q'  +  q. 

Let   111'"   be    the   next   quotient ;    then    the    next  coiivergent 

p" 
differs    from    -,,  only  in   taking   in  the    additional  quotient  m'", 

so  that  we  have  to  write  m"  h ^^  instead  of  m";  thus  the  next 

m 

convergent 

1  \    ,  VI "  (m"q'  -^  q)  +  q'      m"'q"  +  q' ' 

m"  +  -77,     ?    +  5"  \        i         1/       -i  ^         ^ 


m'"  J  m"  {m"2)' +  2^)'^P'      'ni"'2i"-^p' 

im"  +  — 77, ) 
V  m   J 

If  therefore  we  suppose 


p"  =  m"'2)"  +  p'  and  q'"  =  iifq"  +  g, 

the  next  convergent  to  —j-i  will  be  equal  to  —^, ,  thus  the  converg- 

/// 
P 
ent  ■^  may  be  formed  by  the    same  law  that  was  supposed  to 

p" 
hold  for  -y,  ;    but  the   law  has   been  proved  to  be  applicable  for 

the    tliird    convergent,    and    therefore    it    is    applicable  for   every 
subsequent  convergent. 

We  have  thua  shewn  that  the  successive  convergents  may  be 
formed  according  to  a  certain  law  •  as  yet  we  have  not  proved 
that  when  they  are  so  formed  each  convergent  is  in  its  lowest 
terms,  but  this  will  be  2:)roved  in  Art.  606. 

605.  The  difference  between  any  two  consecutive  convergents 
is  a  fraction  whose  numerator  is  unity,  and  whose  denominator  is 
the  2^'>'oduct  of  the  denominators  of  the  convergents. 

This  is  obvious  with  respect  to  the  first  and  second  converg- 

-      ah+\      a      1 
ents,  for  — ?  =  r  • 

0  10 
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Suppose  the  law  to  hold  for  any  two  consecutive  convergents 

V      V 

-  ,    ~,  ;  that  is,  suppose  ^^'g  -  j^Q  =  =^  1  j  so  that 

q'      q         qq' ' 
then,     2^  "9.'  —pW  =  i^n"])'  +  p)  q  ~  J)'  {in"q  +  q)  =pq  —  q])'  =  •^  1 , 

so  that  -?--  _  -^-  r=  =F    „  , : 

q        q  qq 

thus  the  law  holds  foi*  the  next  convergent.      Hence  it  is  univer- 
sally true. 

606.  All  convergents  are  in  tlieir  lowest  terms. 

For  if  the  numerator  and  denominator  of  -  had  any  common 
measure  it  would  divide  p'q  —  fq'  or  unity,  which  is  impossible. 

607.  Every  convergent  is  nearer  to  the  continued  fraction  tJmn 
any  of  the  preceding  convergents. 

We  shall  prove  this  by  shewing  that  every  convergent  is  nearer 
to  the  continued  fraction  than  the  preceding  convergent. 

P    v     v" 

Let  - ,    —J ,    —jf   be    consecutive  conversients   to    a   continued 

q    q     i 

fraction  x  ;   then  ^,  =  — tA — — .     Now  x  diflfers  from  ^-^,  only  in 
'  q'      m  q  +  q  q  '' 

taking  instead  of  vi'  the  complete  quotient  ml' H jj, —    -  ;  this  will 

Tlh       "1"  oJC. 

be  some  quantity  greater  than  unity,  which  we  shall  denote  by  /x,  ; 
thus 

m'  +  q ' 

therefore  P-x=P- ^^  .-d|<Z^) 


q        q    H-q'-^q     q{M+q)     qW  +  q)' 

p     i^p' -^p    p     pq —p'q  _      =^1 

q'~ H ^q~ q'  ^ q'{i>-q'+  q)  ~ q' {m  +  q) ' 

24—2 
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Now  1  is  less  than  fx  and  q'  is  greater  tlian  q  ;  hence  on  both 

accounts  the  difference  between  x  and  — ,  is  less  than  the  differ- 

9 

ence  between  x  and  -  ;  tliat  is,  — ,  is  nearer  to  x  than  -  is. 
9  9  9 

608.     To  determine  limits  to  the   error  made   in   taking  any 
convergent  for  tlie  co^Uinued  fraction. 

By  the  preceding  Article  the  difference  between  x  and   -  is 
or  ;  this  is  less  than   — ,  and  greater  than 


9W  +  9)'  q(q'  +  '^)'         ^^ 

— >-, —  ,  .      Since  n'  is  greater  than  n,  the  error  a  fortiori  is  less 
9(9+9)  * 

than  -„  and  oreater  than  — ^,  ;  these  limits  are  simpler  than  those 
q'  °  2q' 

first  given,  though  of  course  not  so  close. 

609.  In  order  that  the  error  made  may  be  less  than  a  given 

quantity  y  ,  we  have  therefore  only  to  form  the  consecutive  con- 

p 

ver-gents    until   we    aiTive    at    one    - ,    such    that    q^   is    not   less 

than  k. 

610.  Any  convergent  is  nearer  to  the  continued  fraction  than 
any  other  fraction  which  has  a  smaller  denominator  than  the 
convergent  has. 

Let  — ,  be  the    convergent,    ami    -   a  fraction,   such   that  s  is 
q  ^       '  s 

P 
less  than  q'.     Let  x  be   the  continued   fraction,  and  -  the  con- 

^9 

p  P  P  •  • 

vergent  immediately  pi'eceding  — , .     Then  - ,  x,    -,  are  either  m 

r 

ascending  or  descending  order  of  magnitude  by  Art.  603.      Now  - 

PI)  .  r  7) 

cannot  lie  between  -  and  —  :  for  then  the  difference  of  -  and  - 

9  9  »  ? 


CONTINUED   FRACTIONS.  373 

■would  be  less  tlian  the  difference  of  -  and  —. ,  that  is,  less  than 

q  q 

— - ,  and  therefore  the  difference  of  ps  and  qr  would  be  less  than 
qq 

-  ,   that  is,  an  integer  less  than  a  proper  fraction,  ^yhich  is  im- 

P  V  T  T        p  p' 

possible.     Thus  either  -,«,-,,    -,  or  -,    -,   a;,  — ,  must  be  in 
^  q  q       s  s      q  q' 

order  of  magnitude.      In  the   former  case  -  differs  more  from  x 

n  .  T     .  p 

than  — ,  does  :  in  the  latter  case  ~  differs  more  from  x  than  -  does, 

q  s     ^  q 

P 
and  therefore  a  fortiori  more  than  — ,  does. 

611.     Suppose  -  ,    -,  two   consecutive  convergents  to  a  con- 

pp' 
tinued  fraction  x,  then  -^  is  greater  or  less  than  si?  according 
qq         ^ 

p    ■  p  . 

as  -   IS  greater  or  less  than  —  .      For,  as  in  Art.  607,  we  have 
q  q 

x^^A^;    therefore   P-  _^  ^V^i^^^A     Ip^ ^ 
iiq  +q  qx       p        q  {^p  +2))      p  {/xq  +  q) 

Reduce  the  fractions  on  the  right-hand  side  to  a  common  de- 
nominator ;  then  the  numerator  is  pp  {fJ-q  +  qY-  qq'  (/"-/>'  +i?)^,  that 
is,  fj.'  (ppY  -  99']''")  +  Pl^'9'  -  99'P%  ^^^at  is,  (fx^j/q'-j^q)  {p9-p'9)- 

The  factor  i^^p'q—pq  is  necessarily  positive;  the  factor  pg''—^:)'^' 

is  positive  or  negative,  according  as  -  is  greater  or  less  than   -  • 

9  q" 

hence         is  greater  or  less  than  -^  ,  that  is,  -^ ,  is  ci'eater  or  less 
qx        °  P  99 

than  x^j  according  as  -  is  greater  or  less  than  -, . 


374  EXAMPLES.      XLIV. 


EXAMPLES    OF    CONTINUED    FRACTIONS. 

Convert  the  following  four  fractions  into  continued  fractions  : 

1380  ^      445  19763  743 

1051*         "■      612*  44126"  '     611' 

5.  Find  three  fractions  converging  to  3 '14 16. 

6.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5  hours  48  mimites  51  seconds  to  24  hours. 

p       p       p. 

7.  If    — ,    —  ,    —    be    tlii'ee    consecutive    convergents,    shew 

9,     <1,     q, 
that  {p,-p,)q,^{q,-q,)p,. 

8.  Prove  that  the  numerators  of  any  two  consecutive  con- 
vergents have  no  common  measure  greater  than  unity ;  and 
similarly  for  the  denominators. 

P       P       P 

9.  If  —  ,    —  ,    —  ,  ...  he  successive  convergents  to  a  continued 

q,    q,    q,  _ 

fraction  greater  than  unity,  shew  that  i'„2'„_,  -i-'„_,3'„  =  (-  !)"• 

10.  Shew  that  the  difference  between  the  first  convergent 
and  the  *i"^  convergent  is  numerically  equal  to 

J L  +  ^  _      +  (zir 

?.?2    q<a^    qji,    ?„-)?„' 

11.    Shew  that  i^'f-i)  (i  -^■)  =  (^"^- i)  (i  -^') . 

12.  If  /A^  be  the  n^  quotient  in  a  continued  fraction  greater 
than  unity,  shew  that  p„5'„_y  — />,, _jj^^  =  ( —  l)"~y„. 

13.  If   -"^^^     ijizLi  ^   Ln  ^  be  successive  convergents  to  the 

?„-.     ?,.-,      qn 

continued  fraction  — *-  -^  -^ shew  that 

and  hence  that     p„q„^^  ~ Pn-\  qn=  {~  ^Y~^Pfi2 i^„- 
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14.  If   —   denote   the  ^i""   convergent  to  a  fraction  -^ ,    and 

?„  Q 

K„   denote   the   «,"'    remainder    which    occiu-s    in    the    process    of 

P 
convertins:    the    fi-action    —  to    a   continued   fraction,   shew  that 
Q 

P  =p^P„_,  +p„_,P^,  Q  =  q,R,,.,  +  ?„_,^,.. 

15.  Shew  that  the  tlifference  of  7:7  and  --'  is  — -  . 

Q  Qn  Q'U 

16.  In  converting  a  fraction  in  its  lowest  terms  to  a  con- 
tinued fraction,  shew  that  any  two  consecutive  remainders  have 
no  common  measure  gi-eater  than  unitj. 


XLV.     REDUCTION    OF    A   QUADRATIC   SURD    TO   A 
CONTINUED   FRACTION. 

612.  A  quadratic  surd  cannot  be  reduced  to  a  terminating 
continued  fraction,  because  the  surd  would  then  be  equal  to  a 
rational  fraction,  that  is,  would  be  commensurable;  we  shall  see, 
howe\'er,  that  a  quadratic  sui'd  can  be  reduced  to  a  continued 
fraction  which  does  not  terminate :  we  will  first  give  an  example, 
and  then  the  general  theory.     Take  the  square  root  of  6 ; 

V(6)  =  2  +  ^/(6)-2  =  2+-J— =2+.       ^ 


V(6)  +  2  ^/(6)  +  2' 

2 
,/(6)4-2  ,/(6)-2  1  1 

2  2  -^^7(6)4-2  7(6)  +  2' 

1 

1 

1        -^\/(6)  +  2-";/(6)  +  2' 


m^  =  ^.m=:^  =  ^.    ...1^=4.-^ 


2 
the  steps  now  recur ;  thus  we  have 

J(6)-2  +  J--l-L_l_ 
vw  2  +  4  +  2  +  4  +  &C. 
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In  the  above  process  the  expression  which  occurs  at  the  beginning 
of  any  line  is  separated  into  two  parts,  the  first  part  being  the 
greatest  integer  which  the  expression  contains,  and  the  second  part 
the  remainder;  thus  the  greatest  integer  in  ^6  is  2,  we  therefore 

write 

V(G)  =  2  +  {^(6)-2}; 

again,  the  greatest  integer  in         J^ is  2,  we  therefore  write 

x/(G)  +  :^_o,  v/(G)-2 
2  2' 

and  so  on;  the  remainder  is  then  made  to  have  its  numerator 
rational,  and  is  expressed  as  a  fraction  with  unity  for  numerator; 
we  then  begin  another  line  of  the  process. 

We  may  notice  in  the  example  that  the  quotients  begin  to 
recur  as  soon  as  we  arrive  at  a  quotient  which  is  double  of  the 
first.     This  we  shall  presently  shew  is  always  the  case. 

613.      Let  N  be  any  integer  which  is  not  an  exact  square;  let 

a  be  the  greatest  integer  contained  in  JN;  write  ^^iVin  the  form 

JiN)  +  0  ^ 

for  symmetry,  and  proceed  thus : 

1  1  J{N)  +  a 

j{N)  +  a_^  ^    J{N)  +  a-rh  _^  ^  r' 


N-a" 


if  a'  =  rh  —  a,  and  r' 
Jm  +  a  ^  J,  _^  J{N)  +  a'-r'b'  ^  ^ 


if  a"  =  r'h'  -  a',  and  r" 

J{N)^a"_^,,  ^J{N)  +  a"-r"h"  _^^^ 


N~a" 
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In  this  process  we  suppose  h,  b',  b",  ...  to  be,  lite  a,  tlie  greatest 
integers  contained  in  the  expressions  from  which  they  respectively 
spring ;  hence  it  follows  that  r,  r',  r",  r'",  . . .  are  all  positive.  For 
a^  is  less  than  N,  hence  r  is  positive,  and  b  is  the  greatest  integer 

.      JIN)  +  a         .1    .  7,  •      r  1       ^1        J{^^)  + «     1 

in  -^ — '- ,  so  that  b  is  of  course  less  than  ^^^^^ — :  hence  a 

r  r 

is  less  than  N,  and  so  r'  is  positive ;  and  so  on.     We  have  noticed 

this  foct,  because  it  follows  very  oljviously  from  the  process ;  it  is, 

however,  included  in  the  proposition  of  the  following  Article. 

614.      In  the  expressions  which  occiu-  at  the  begLnning  of  the 
lines  in  Art.  G13,  we  have  the  following  series  of  quantities: 

0,  a,  «',  a",  ((!",  &c (1), 

1,  r,  /,  r",  r'",  (fee (2), 

and  the  corresponding  series  of  quotients  is 

a,  D,  y,  b",  b'",  &c (3). 

"We  shall  now  shew  that  the  terms  in  (1)  and  (2)  are  all  posi- 
tive integers;  those  in  (3)  are  known  to  be  such. 

Let  a,   a,   a"  be  any  three  consecutive  terms  of  (1);  p,  p',  p" 
the  corres})ouding  terms  of  (2) ;  (3,  /3',  ^"  those  of  (3).      Let  the 

corresponding    convergents     to    J{-y')     be    ^  ,      ,   ,—, ,    so    that 

;/'      8"p'  +  p 

-77  =  ^^-; — -  :  these  convei'gents  can  all  be  formed  in  the  usual 

q'        li  q'  +  q' 

way,  since  all  the  terms  in  (3)  are  positive  integers. 

bmce  the  complete  quotient  corresponding  to  p    is  -^-^ — „ , 

P 
we  have,  by  Art.  607, 


JiN)  = 


p"  ^^       ^'       \J(N)-,a"]p'  +  p'p 
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Multiply  up,  and  then  equate  the  rational  and  irrational 
parts  (Art.  299);  thus 

ol'ij'  +  p>  =  N(j[,  a"q'  +  p"q  =  p' ; 

therefore  a"  {pq  -  i>'<i)  -  vp'  -  qq'N, 

p"{pq'-p'q)-q"N-p'\ 

Now  pq'  —  p'q  =  ±  1,  hence  a"  and  p"  are  integers.  And  it  is 
pi'oved  in  Art.  Gil  that  pq'—J^'l^  P2>  —qcfN,  and  (if^N  —  p"^  have 
the  savie  sign ;  hence  a"  and  p"  are  positive  integers. 

This  investigation  may  be  applied  to  any  corresponding  pair 
of  quantities  in  (1)  and  (2)  except  the  first  two  pairs;  it  cannot  he 

applied  to  these  l^ecause  two  convergents  -  and  -y  are  assumed  to 

p"  ... 

precede  the  convergent  ^,  .      But  the  first  two  pairs  of  quantities 

in  (1)  and  (2),  namely  0  and  1,  and  a  and  r,  are  known  to  be 
positive  integers.  Thns  all  the  quantities  in  (1)  and  (2)  are 
positive  integers. 

615.  The  greatest  term  in  (1)  is  a.  For  by  the  mode  of 
formation  of  the  series,  pp'  =  N  -  d" ;  since  p  and  p  are  positive,  a'^ 
is  less  than  N,  and  therefore  a   is  not  greater  than  a. 

616.  No  term  in  (2)  or  (3)  can  be  greater  than  2a.  For  by 
the  mode  of  formation  of  the  series,  a'  +  a"  =  p(i';  and  since  neither 
a'  nor  a"  can  be  greater  than  a,  neither  p  nor  ^'  can  be  greater 
than  2a. 

617.  If  /d"=  1,  then  a"=  a. 

For,     by     Art.     614,     a"  +  p"?,  =  ^,,      therefore     if     p"  =  1 

a"  +  a  fraction  =  —       Now  — ,  is  a  nearer   approximation   to    JN 
q  cf 

than  a  is,  and  a  is  less  than  >/iV;  therefore  ,  is  greater  than  a; 
hence  a"  =  a. 
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618.  If  any  term  in  (1),  exchiding  the  first,  be  subtracted 
from  a,  the  remainder  is  less  than  the  corresponding  term  in  (2). 

For,  by  Art.    614,    a^' q  +  p" q  =  2^' ',  therefore  ^,  =  —/-'-- q'M  ; 

thei'efore  —,  —  a"  is  less  than  p" ;  therefore,  a  fortiori,  a  -  a"  is  less 
than  p". 

This  demonstration  will  only  apply  to  the  third  or  any  fol- 
lowing term,  because  in  Ai't.  614  it  is  supposed  that  two  terms 
a,  a'  precede  a".  The  theorem,  however,  holds  for  the  second 
term,  as  is  obvious  by  inspection,  for  a  —  a,  or  zero,  is  less 
than  r. 

619.  It  is  shewn  in  Arts.  615  and  616  that  the  values  of  the 
terms  in  (1)  and  (2)  cannot  exceed  a  and  2a  respectively ;  hence 
the  same  values  must  recur  in  the  two  series  simultaneously,  and 
there  cannot  be  more  than  2a^  terms  in  each  series  before  this 
takes  place. 

620.  Let  the  series  (1)  be  denoted  by 

ttj,     a^,     a,^,    ^m-l)     f*m?     ^m+l»    ^n-1  J     ^ni     ^ri  +  l) 

and  let  a  similar  notation  be  used  for  (2)  and  (3).  We  have 
proved  that  a  recurrence  must  take  place,  suppose  then  that  the 
terms  fi-om  the  m""  to  the  {n  —  1)*  inclusive  recur,  so  that 

h„  =  K„  ^,.  +  1  =  &,„  +  !,  ^„  +  2  =  ^m  +  2, 

We  shall  shew  that 

We  have  r„_ir„  =  iV  -  a  J,         r„_ir,^  =  N-  a„\ 
but  r„  =  r^,  and  a„  =  a„^;  therefore  r„_,=r,„_,. 

Again,    a„._i  +  a,„  =  r„_i&„_i,  a„_i  +  ««  =  n._i*«_i; 

therefore  «„_i  -  «m_i  =  (&n-i  -  ^m-i)  »*«_ 1 5 

tJierefore  -^^ "-  =  b„_i  —  6„_i  =  zero  or  an  integer. 
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But,    by    Art.    G18,  a  -  a,„_i  is    less    than  r,„_i,    and  a-a„_i 
is    less    than    ?*„_i,  so    that    a  —  a„_i   is    less    than  r,„_i ;    therefore 

a„_j  — a^_i  is  less  than  ?-,„_i ;  therefore  -^^^^_ — ^^  is  less  tlian  1. 

Comparing  this  with  the  former  result,  we  see. that     "~^_      '""^ 

must  be  zero;  therefore  a„_i  =  a„i_i,  and  b,^i  =  b^_i. 

Hence,  knowing  that  the  m""  term  recurs,  we  can  infer  that 

the    (wt-l)"'    term    also    recurs.      This    demonstration   holds   as 

long  as   7)1  is  not  less    than   3 ;  for  it  depends  on  the  theorem 

established  in  Art.  618.      Hence  the  terms  recur  beginning  with 

v/(A)  -r  a 
the  complete  quotient . 

G21.      The  last  quotient  will  always  be  2a. 

For  let  the   last  complete   quotient  be   ~ — ,  then  the 

■?•„ 

next  is  —     ^  —  ;  hence  a„  +  «  =  r„5„,  r„r  =  JV-  «^ ;  but  r  =  ]V-a^; 
r 

therefore  ?•„=  1  ;  therefore,  by  Art.  G17,  »„  =  a;  therefore  b„  =  2a. 

622.      Every  periodic  continued  fraction  is  equal  to  one  of  the 
roots  of  a  quadratic  equation  with  rational  coefficients. 

1  111 

Let  x  —  a  + 

where  y  —  r  + 


b  + h+  k  +  y' 

1  111 


s  +  ii  +  V  +  y 

so  that  a,   b,  h,  k  are  the  quotients  which  do  not  recur,  and 

r,  s,  ^l,  V  are  those  which  recur  perpetually. 

Let  ^  be  the  convergent  formed  from  the  qiiotients  a,  b,  ... 
9 

down  to   k  inclusive  ;  and  let  -  be  the  convergent  immediately 

9 

p' 
preceding  ^  ;  then,  as  in  Ai-t.  607, 

x^^$^ (1). 

9^  +  9 
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P' 

Let  Yp  'je  the  con\'ergent  fonnecl  from  the  quotients  r,  s.  ... 

P 
down  to  V  inclusive ;  and  let  —  be  the  convergent  immediately 

P' 
preceding  -y ;  then 

Q'y-^Q 


y-TvTrrn (2)- 


From  (1)  and  (2)  by  eliminating  y  we  obtain  a  quadratic 
equation  in  x  w4th  rational  coefScients  To  obtain  x  we  must 
solve  this  equation  :  or  we  may  take  the  positive  value  of  y  found 
fi'om  (2),  that  is,  from  Q'y' +  {Q  -  P')  y  -  P  ^0,  and  substitute 
it  in  (1). 

623.  The  following  theorem  in  continued  fractions  may  be 
noticed. 

11  1  1  1      n  ,  n  , 

-L-et   ,      — -, Y  be  the  develoimient  of  a  iiroper 

.       P 

fraction  -^ ;  and  let  the  corres2)onding  series  of  convergents  be 

1          c  P     P      v"      P 

6'    ch  +  \'  ^'    q"    7"    Q' 

n" 

then  the  development  of -^  will  be 

_1 1_  J_  11. 

m"  +  7n'  +7)1  + c+  h  ' 

that  is,  the  same  quotients  will  occur  but  in  the  reverse  order. 


For  Q  =  7n"q"  +  q',   therefore  ^ 


1 


m    +  K 
9 

1 


and  so  on. 
Hence 


q 

7n' 

+  % 
2 

?" 

1          1         1 

1     1 

Q 

m"  +  m'  +  7n  + 

c+  b' 

382  REDUCTION    OF    A    QUADRATIC    SURD 

G24.     The  preceding  theorem  will  furnish  an  addition  to  the 
results  obtained  in  the  present  Chapter. 

V  v' 

Let     '    and    —,   be    two    successive    convei-gents    to  JN,   such 

q  q 

that  —  is  tlie  last  convergent  formed  before  the  quotients  recur ; 
therefore  by  Arts.  614  and  621,  2^'  =  f^q'  +  q^ 

Now  the  development  of  - — ~  ,    that   is   of  -^  —  a,  ^vill  be 

q  q 

with  the  notation  of  Art.  620 

111  111 


h„+  b^  +  b,  + b    ,  +  6       +b 


n~\ 


and  the  last  convergent  will  be .      But  we  have  iust  seen 

q 

that  q-jZ—ciq.     Hence  by  Art.  623 

K-.-K    K-.  =  K    K-.  =  K 

625.  There  is  also  a  I'ecuri-ence  of  the  same  terms  in  the 
reverse  order  with  respect  to  the  second  and  the  third  series  of 
Arts.  614  and  620,  like  that  which  has  just  been  demonstrated 
with  respect  to  the  first  series. 

We  have  universally 

Put  in  (1)  for  m  successively  the  values  2  and  n ;  thus 
r^r^  =  N ~  a/,  r^_^r^  =  N  -  a^  ; 

we  know  that  a^  ~  a__  for  each  =  a,  and  that  r^  =  9\  for  each  =  1  : 
therefore  ^2~^n-i* 

Put  in  (2)  for  m  successively  the  values  3  and  n ;  thus 

wc  kno^  that  a,^  =  a^^,  that  ^2  =  *'„_i)  a^i^d  that  b,^  =  b^_^  :  therefore 

Again,  put  in  ( 1 )  for  tn  successively  the  values  3  and  n—  1  : 
hence  we  obtain  *'3  =  '?'„_2-  Put  in  (2)  for  7n  successively  the  values 
4  and  71  —  1  :  hence  we  obtain  a^  —  a    ,.     And  so  on. 


TO   A    CONTINUED   FRACTION.  383 

626.  The  following  theorem  relating  to  continued  fractions 
was  communicated  to  the  present  writer  by  Mr  Richard  of  Bir- 
mingham. The  theorem  will  furnish  high  convergents  to  the 
square  root  of  a  nximber  with  little  labour. 

Let  iV  be  a  positive  integer  which  is  not  an  exact  square, 
and  let  the  convergents  to  JN  be  supposed  formed  in  the  usual 
way;   let  c  be  the  number  of   recurring  quotients  in  one  com- 

plete    cycle,  or   any  multiple    of  that   number  ;    let  —  be  the  c"* 
convergent,  and  ~  the  (20)^^  convergent ;  then  will 

5^20 


Let  a  be  the  greatest  integer  in  JN,  and  let  the  quotients 
obtained  by  converting  ^iV  into  a  continued  fraction  in  the  usual 
way,  be  denoted  by 

ij,  b^,  bs,  ...  b„  &,+i,  b,+^,  ...  h^„  ... 

Then  from  Arts  620,  621  we  have 
also  b^  =  a,  h,^,  =  2a (2). 

7)  T) 

Let  -^  and  — "^  be  the  convergents  immediatelv  preceding 
and  following  ^"  :  then  ^^  =  ^o^^P.+V.-x  _ 

q.  ?c+i     K+iqc  +  qo-x 

Now  JN  differs  from  ~^  in  this  respect ;    instead  of  using 

the  qiiotient  b^^^  we  must  use  the  corresponding  com2)lete  quotient, 
which  is  a  +  JN,  by  Art.  621. 

Therefore  JN  J^'^^l^'-^-^^^ ; 

{a  +  JN)q,  +  q,_,' 

multijily   up,   and  equate  the  rational   and   the  irrational  parts ; 
thus 

O'lJo  +  Pc-x  =  Nq,,     aq,  +  r;,_i  =  p^ (3). 
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Amiin,  —  differs  from  ^  "'^^  in  tliis  respect;  instead  of 
using  tlio  quotient  6^.^j  we  must  use  the  continued  fraction 
b^_^,^  +  7-  ;  and  this  continued  fraction  by  (1)  ami  (2)  is 

11  P 

equal  to  «  +  6,  +  ^  -   ,  ,  that  is,  it  is  equal  to  «  +  — . 

Therefore 

(a  +  ^-)  p,  +  p,_i      ap,  +  p,_i  +  — 

P2C  \  <lc) ^    ^_^ 2l 


7.- 


•'-(^)'    ^Kt^ff) 


We  can  give  an   interesting   geometiical    illustration  of  the 

Pc 

theorem.     If  iV  denote  the  area  of  a  rectangle  and  —  be  taken  for 

Nq  7J.1 

one  side,  the  other  side  is -.     Thus    —  is  equal  to  half  the  sum 

of  the  sides  of  this  rectangle.     Let  h  and  k  denote  the  sides  of  one 
rectangle ;  then  if  %  (^''  +  ^')   denote   a  side  of  another  rectangle  of 

9/  Z" 

the  same  area  the  other  side  will  be ;  the  difference  of  these 

h  +  k 

two  sides   will   be   i— —     which   is  less  than    h-k.     Now  in 

2  (A  +  k) 

seeking  JN  we  in  fact  desire  the  side  of  a  square  of  which  the 

ai'ea  is  N ;  and  the  present  theorem  may  be  considered  to  supply 

a  series  of  rectangles,  in  which  a  side  of  each  rectangle  is  half  the 

Slim  of  the  sides  of  the  preceding  rectangle ;  so  that  each  rectangle 

is  more  nearly  equilateral  than  the  preceding  rectangle :  and  the 

rectangles  tend  to  the   form  of  a  square.      This  illustration  has 

been  siiggested  by  a  paper  entitled  The  Rectangular  Theorem  by 

Henry  Brook. 

Suppose  for  an  example  that  N  =  a'  +\  ;  then  the  quotients  are 

a,  2a,  2a,  2a,  . . . ;    that   is,    the  cycle  of  recurring  quotients  re- 
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duces  to  tlie  single  quotient  2a.      In  this  case  then  c  may  be  any 
whole  number  whatever. 

Suppose  for  another  example  that  3^  =  rt^  —  1  ;  then  the  quo- 
tients are  a -I,  1,  2  (a -I),  1,  2  {a -I),  ... ;  thus  the  cycle  cf 
recui-ring  quotients  consists  of  the  two  quotients  1  and  2{a-l). 
Thus  in  the  above  theorem  c  may  be  any  even  whole  number. 
In  this  case  however  the  theorem  will  also  be  true  if  c  be  any 
odd  whole  number,  as  we  will  now  shew. 

Suppose  c  any  odd  whole  number.  Siiice  the  (c  +  l)""  quotient 
is  unity  we  have 

Pc+l=A-+2^.-l»  ?c+l  =  '7c  +  ?c_l (4). 

And,  in  the  sanie  manner  as  equations  (3)  were  proved, 
we  have 

(«-l)i^  +  i  +  7^  =  -%  +  n  («-  l)'7c+i  +  '7c  =  ;^c+i (5). 

ISTow    ^-     differs    from     --^     in     this     resiiect ;     instead    of 

using    the   quotient   unity   we  must    use   the    continued   fraction 

1  +  Tw rr^  Y  ^   ^"-^^  ^'^^^   continued    fraction    is    equal    to 

1  ^       .  1. 


,   that  is^  to  -^-^  by  the  second  of  equations  (5). 


•Zc  +  l 

„  Pc'^^  Pc-l        Vc  ~  +  Vc  ^1  -  W 

Thus  '-1'= k -—4? ■ ,  by  (4). 

From  equations  (5)  since  iV^=ft*—  1,  it  may  be  deduced  that 

{a-\)p,  +  Xq,  _  (a-l)7,  +  ;7, 

^'^'~       2{a-l)       '      ^'^'~      2{a-i)      ' 

Substitute    these    values    in  the   last  expression   for    -^   and 

S'ac 


q-2c       'P. 

X.  A.  25 


we   obtain 
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EX^VMrLES    OF    CONTINUED    FRxVCTIONS    FUOII    QUADRATIC    SURDS. 

Express  the   following  foni'teen  surds  as  continued  fractions, 
and  find  the  first  four  convergents  to  e:ich  : 

1.  JS.  2.     ^/(lO).  3.     ^/(14).  4.     ^/(17). 

5.  ^(19).         G.     J{2G).  7.     J{27).  8.     ^/(46). 

9.  J{53).  10.    ^(lUl).  11.    J{a'+1). 

12.  J{a'-l).  13.     Jicr  +  c).  14.    J{a'-a). 

15.  Find  the  8'"  convergent  to  ^(13). 

16.  Find  the  8"^  convergent  to  ^(31)- 

17.  Shew  that  the  9"'  convergent  to  ,^/(33)  will  give  the  true 
value  to  at  least  G  places  of  decimals. 

211 

18.  Find  limits  of  the  error  when  -—  is  taken  for  ,^(23). 

916 

19.  Shew   that    y^-r    differs  from    ,^/(23)   by  a  quantity  le.ss 

1  ,  1 

than   T^r^^^  f'-iid  greater  than 


(191)^'  ""  2(24U)^ 

1151  . 

20.  Find  limits  of  the  error  when    ^^        is  taken  for  ^^/{22). 

21.  Find  limits  of  the  error  when  the  8"'  convergent  is  taken 
for  ^/(31). 

22.  Shew  that  1  +  tt"  o—  ^T"  o" =  .  / (•2)  • 

3  +  2+3+2+  v    \3/ 

23.  Shew  that 
1111  \/llll  \      a 


b  +  a+  b  +  a  +  J  \b  +  a  +  b  +  a  +  J      h 

24.      Shew  that 

2a  +  -^  7^  —  -r'-  =2J{l  +  a'); 

a  +  ia  +  a  +  Aa  +  ^  ^  ' 

shew  that  the  second  convergent  differs  from  the  tnie  value  by  a 

quantity  less  than   1  +  «  (4a^  +  1)  ;  and  thence  by   making  a  =  7, 

99     ,  .  1 

shew  that  ^  diff"ers  from  ^1^3  by  a  quantity  less  than  ~<wf^7^  • 


EXA31PLE8.       XLV.  887 

2o.     Shew  tluit  the  3"^  convergent  to  J  [a'  +  a  +  1)  is  ^  [2a  +  ] ). 

'3  13 

26.  Find  convergcnts  to  -^  ;  shew  that  .  -  exceeds  the  tiiio 

vuhie  by  a  qiiautity  less  than  — ,,,  • 

27.  Find  the  0"'  convergent  to 

28.  Find  the  G'^''  convergent  to  the  positive  root  of 

2m'  —  3a;  —  6  =  0. 

29.  Find  the  G""  convergent  to  each  root  of 

X'  —5x  +  3  ^  0. 

30.  Find  the  7"'  convergent  to  the  gi-eater  root  of 

2x"  —  7if  +  4  =  0. 

1 


31.      Find  the  5"'  convergent  to 


32.      Find  the  valne  of  1  + 


1  1 


1111 

33.      Find  the  ^■alue  of  :, —  - —  , —  —     

1  +  2  +  1  +  2  + 

3i.     Find  the  value  of  1  +  -  3-  j-  r,~  3  ;  y:,- 

•^-      17-    wi         1        ,111111 

00.      r  md  the  value  01   ^ —  „ —  ,  ~  7;—  ^—  -^ — 

3+2+1+3+2+1+ 

3G.      Find  the  value  of  2  +  = —  - —  ^—  -, —  - —  -^ — 

1+3+0+1+5+1+ 


XLYI.     INDETERMINATE   EQUATIONS   OF   THE 
FIIIST   DEGREE. 

027.  "When  only  one  equation  is  given  involving  more  than 
one  variable,  we  can  generally  solve  the  equation  in  an  infinite 
niimber  of  ways  ;  for  example,  if  ax  +  bi/  —  c,  we  may  asci'ibe  any 
A-alue  we  please  to  x,  and  then  determine  the  corresponding  value 
of  y. 

2o-2 
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Simil;u-ly,  if  tliere  be  any  number  of  equations  involving  more 
than  the  wame  number  of  variables,  there  will  be  an  infinite 
number  of  systems  of  solutions.  Sueh  ec^uations  are  called  in- 
determinate eqviations. 

G28.  In  some  cases,  however,  the  nature  of  the  problem  may 
be  such,  that  ^ve  only  want  those  solutions  in  which  the  variables 
have  positive  integral  values.  In  this  case  the  ninnber  of  solutions 
may  be  limited,  as  we  shall  see.  We  shall  proceed  then  to  some 
propositions  respecting  the  solution  of  indeterminate  equations  in 
positive  integers.  The  coefficients  and  constant  terms  in  these 
equations  will  be  assumed  to  be  integers. 

Before  we  give  the  general  theory  we  will  shew  by  an  example 
how  such  equations  are  often  solved  in  practice. 

Eequired  to  find  corresponding  integral  values  of  x  and  ?/  in 
the  equation  5x  +  Si/  =  37. 

Divide    the  given   equation  by  5,   the  least  coefficient  :    thus 

3'/      ^      2  2_3y 

x  +  y  +  -"-  =  7  +  ;_- ,  or  X  ■{■  2/  —  t  —  — r-^  .     As  x  and  ?/  are  to  be  in- 
o  0  0 

2-3// 
tegers  — _ — must  be  an  integer;   denote  it  by  ^;  so  that  2  —  3i/^5p. 

2  2p  2  -  2» 

Divide    by    3:     thus    :,  — y=2^  +  -.5-j     o^"  1^  +  y  - — ■j~^'     Hence 

2-2p 

— 5—^  must  be  an  integer  ;  denote  it  by  q,  so  that  2  —  2jij  =  3q. 
o 

Divide  by  2  :  thus  1  -j)  =  ?  +  ;,•      Hence   ^  must  be  an  integer ; 

denote  it  by  s,  so  that  q  =  2^.  Then  l  —  p  =  2s  +  s,  so  that  j?  =  1  —  3s. 
Then  2  —  3y  —  5p  ^  5  —  15s,  so  that  1/  ^  5s  -  1.  Then  5x  =  37  —  S_y 
^  45  -  iOs,  so  that  x^O  -  Ss. 

We  have  tiien  y  —  5s  —I  and  x  =  0  —  Ss  ;  and  if  we  ascribe  any 
integral  value  to  s  we  shall  obtain  corresponding  integi-al  values 
of  x  and  y  :  but  the  only  positive  integral  values  of  x  and  y  ai'e 
obtained  by  putting  s  =  1  j  then  y  =  4,  and  x  =  1. 
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629.  N either  of  the  equations  ax+by  =  c,  ax  — by=c  can  he 
solved  in  integers  if  a  and  b  have  a  divisor  which  does  not 
divide  c. 

For,  if  possible,  suppose  tliat  either  of  tlie  equations  lias  such 
a  solution  ;  then  divide  both  sides  of  the  equation  by  the  common 
divisor  ;  thus  the  left-hand  member  is  integral  and  the  right  hand 
member  fractional,  ■which  is  impossible. 

If  a,  h,  c  have  any  common  divisor,  it  may  be  removed  by 
division,  so  that  we  shall  in  future  suppose  that  a  and  b  have  no 
common  divisor. 

G30.  Gicen  one  solution  o/"  ax  —  by  =  c  in  iwsitive  integers,  to 
find  the  general  solution. 

Suppose  a?  =  a,  y  =  P  is  one  solution  of  ax  —  hy  =  c,  so  that 
aa  —  b/3  =  c.     By  subtraction 

a  (x  -a)-h{i/-l3)  =  0;    therefore  ~  =  ^^  . 

Since       is   in    its    lowest    terms,    and    x  and   1/  are    to    have 

integral  values,  we  must  have  (as  will  be  shewn  in  the  Chapter  on 
the  Theoiy  of  Numbers), 

X  -  a  =  ht,  y  —  f3  =  at, 

Vv'here  t  is  an  integer  ;  therefore 

X  —  a+  hf,  y  ~  fj  +  at. 

Hence  if  one  solution  is  known,  we  may  by  ascribing  to  t  dif- 
ferent positive  integral  values,  obtain  as  many  solutions  as  we 
j'lease.  AVe  may  also  give  to  t  such  negative  integral  values  as 
make  It  and  at  numerically  less  than  a  and  yS  respectively. 

We  shall  now  show  that  one  solution  can  always  be  found. 

031.  A  solution  of  the  equation  ax  -  by  =  c  in  positive  integers 
can  always  he  found. 

Let        be  converted  into  a  continued  fraction,  and  the  succes- 
0 
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sive  converirents  foi'iued:    let  ^  be  tlie   convorgeiit   immediately 

q 

preceding     ;  then  aq  -  bj)  =  =t  1. 

First  suppose  aq  -hp  =  l,  tlicrefore  aqc  -hpc  =  c.  Hence 
X  ~  qc,  y  =pc  is  a  solution  of  ax  —  hy  =  c. 

Next  suppose  aq-hp  =  -\,  then  a{b- q) -h{a-p)  =  \\  there- 
fore a{b-q)  c-h(a-p)  c  =  c.  Hence  x-ib-q)c,  y  =  (^a-p)  c 
is  a  solution  of  ax  -by  =  c. 

If  a=l,  the  preceding  method  is  inap])licable;  in  this  case 
the  equation  becomes  x-by  —  c;  we  can  obtain  solutions  ob- 
viously by  giving  to  y  any  j)ositire  integi-al  value,  and  then 
making  x  =  c  +  by.      Similarly  if  b  =  l. 

G32.  Given  one  sohdion  of  the  equation  ax  +by  =  c  in  ptositire 
integers,  to  find  the  general  solution. 

Suppose  that  x  =  a,  y  =  /S  is  one  solution  of  art'  +  by  =  c,  so 
that   rta  4-  b,3  =  c.      By  subtraction, 

a  (x  -a)  +  b  (y  -  (S)  -  0  ;    therefore    ,  =  - — ~ . 

Since  ,    is  in  its  lowest  terms  and  x  and  y  are  to  liave  inte- 
b  -^ 

gi-al  values,  we  must  have 

X  —  a  =  bt,  P  —  V  ~  c^i 

where  t  is  an  integer;  therefore 

X  -a  -^-bt^  y  =  /3  —  at. 

G33.  It  may  happen  that  there  is  no  such  solution  of  the 
equation  ax  +by  =  c.  For  example,  if  c  is  less  than  a+  b,  it  is 
impossible  that  c  —ax  +  by  for  positive  integral  values  of  x  and  y, 
excluding  ze7'0  values. 

By  the  following  method   we  can  find  a   solution  when   one 

exists.     Let  y  be   converted  into  a  continued  fraction,  and  let    - 
b  q 

be  the  convergent  immediately  preceding  ^  ;  then  aq  —  bp=^\. 
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Fii-st   suppose   aq  -bp  =^l,    tlien    aqc  —  bjjc  =  c  ;  comLine  this 
with    ax  +  bi/  =  c;    therefore    a  {qc  —  x)  —  h  (pc  +  y)  =  0  ;    therefore 
qc  —  x^bt,  pc  +  y^at,  whei-e  t  is  some  integer.      Hence 
X—  qc—  bt,  y  =  at  —pc. 

Sohitions  will  he  found  by  giving  to    t,  if  possible,  positive 

intefjral  values  screater  than  —  and  less  than    -  . 
®  °  a  b 

Next  suppose  aq  -bp  =  —  \,  then  aqc  —  bpc  =  —  c;  combine  this 
with  ax  +by  =  c,  therefore  a  (x  +  qc)  —  b  {pc  —  y)  =  0.     Hence 
X  =  bt  —  qc,  y—pc  —  at. 

Solutions   will    be  found  by  giving  to   t,  if  possible,  positive 

integral  values  irreater  than    -  and  less  than  —  . 
°  "^  b  a 

634.      To  find  tlie  number  of  solutions  in  p)Ositive  integers  of  the 
equation  ax  +  by  =  c. 

Let  -    be    convei'ted    into    a    continued    fraction,    and    let    - 
6  q 

be  the  convergent  immediately  precedmg  -  ;  then  a,q  -bp  =^^1. 

Suppose  aq  —  b2}  =  1. 

Then  by  the  preceding  Article, 

X  =  qc  —  bt,  y  =  at  —  ;jc. 

c  c 

I.      Suppose  -  and  -  not  to  be  integers. 

Let  —  =  m  +/,  ,   =  n  +  g, 

a  0 

where  in  and  7i  are  integers,  and  y  and  g  are  proper  fractions. 

Then  the  least  admissible  value  of  t  is  ?;i  +  1,  and  the  greatest 

OC        9JC 

is  n  j  thus  the  number  of  solutions  is  n  —  m,  that  is,  - —   -  '^f—  9i 

0       a 


that  is,  -T  +  /-  <7.     And  as  this  result  must  be  an  integer  it  must 
'  ab    -^      "^  ° 

be  the   nearest  inte, 

yor  g  is  the  greater. 


c 
be  the  nearest  integer  to   —r ,   superior  or  inferior  according  as 
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c 

II.  SuV'T'Ose  -  ail  inte"cr. 

^  ^         a 

Then  f=  0  ;  tlins   when  t- m  the  value  of  y  is  zero.     If  we 
include  this    solution    the   numbei"    of  solutions   is   equal   to   the 

c 

trreatest  integer  in  -^  +  1  ;  if  we  exchule  this  solution  the  numher 
ab 

of  solutions  is  equal  to  the  tcreatest  intecier  in  -^  • 
^  *=  "^  ah 

III.  Suppose  -  an  inte;:i;er. 

Then   <7  =  0  ;  thus   when   t  =  n  the  value  of  x  is  zero.     If  we 
include   this  solution    the   number   of  solutions    is   equal    to    the 

irrcatest  intcirer  in  ■  ,- +  1  ;   if  we  exclude  this  solution  the  number 

'^  °  ab  ' 

of  solutions  is  equal  to  the  greatest  integer  in  — r 


ab 


IV.      Suinwse  -  and  ,    to  be  integers. 
a  0 


Then  f=  0,  and  g  =  ^;  thus  when  t  ~  m,  the  value  of  y  is  zero, 
and  when  t  -  n  the  value  of  x  is  zero.      If  we  include  these  solu- 

tions  the  number  of   solutions   is  equal  to    -+  1  :    if  we  exclude 

ab 

c 

these  solutions  the  number  of  solutions  is  -7  —  1. 

ab 

Thus  tiie  number  of  solutions  is  determined  in  every  case. 

Similar  results  will  be  obtained  on  the  supposition  that 
aq  —  hp  =  -  1 . 

635.  To  solve  the  equation  ax  +  hi/  +  cz  =  d  in  positive  inte- 
gers we  may  proceed  thus  :  write  it  in  the  form  ax  +  by  —  d-  cz, 
then  ascribe  to  z  in  succession  the  values  1,  2,  3, and  de- 
termine in   each  case    the    values    of   x  and  y  by  the  preceding 

Articles. 

G36.      Suppose  we  have  the  simultaneoiis  equations 
ax  +  by  +  cz  =  d,  ax  +  h'y  +  c'z  =  d' ; 

eliminate  one  of  the  vai-iables,  z  for  example,  we  thus  obtain  an 
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equation  connecting  tlie  other  two  variables,  Ax  +  By  =  C,  siip- 
2)0se.  Now  if  A  and  B  contain  no  common  factors  except  such  as 
are  also  contained  in  C,  by  proceeding  as  in  the  previous  Articles, 

we  may  obtain 

x  =  a.^Bt,  y^^-At. 

Substitute  these  values  in  one  of  the  given  equations,  we  thus 
obtain  an  equation  connecting  t  and  z,  which  we  may  write 
A't  ■\-  B'z  =  C .  Fi'om  this,  if  A'  and  B'  contain  no  common  factors 
except  such  as  are  also  contained  in  C,  we  may  obtain 

t  =  a+B't',  z  =  (3'~A't'. 

Substitute  the  value  of  t  in  the  expresrsions  found  for  x  and  y ; 

thus 

x  =  a  +  {a'  +  B't')B,  y  =  (^-{a'+B't')A, 

or  x  =  a  +  Ba  +  BB't',  y  =  (S-a'A  —AB't'. 

Hence  we  obtain  for  each  of  the  variables  x,  y,  an  expression 
of  the  same  fovui  as  that  already  obtained  for  z. 

EXAMPLES    OF    IXDETERMTXATE    EQUATIONS. 

Solve  the  following:  six  equations  in  positive  integers  : 
1.        8x  +  65y  =  SI.  2.      17.c+23j/=183. 

3.     I0x+    5y  =  119.  4.       7,x  +  10?/  =  297. 

5.        3x+    7y  =  250.  G.      13,r  + 19?/  =  1170. 

Find  the  general  integi'al  values  in  each  of  the  following  four 
equations,  and  the  least  values  of  x  and  y  which  satisfy  each  : 

7.        7a;-9?/  =  29.  8.        9x-Uy  =  S. 

9.     l9x-5y  =  Ud.  10.     17a;- 49y  +  8  =  0. 

11.  Find  in  how  many  ways  £500  can  be  paid  in  guineas  and 
five-pound  notes. 

12.  Find  in  how  many  ways  £100  can  be  paid  in  guineas  and 
crowns. 

13.  Find  in  how  many  ways  £100  can  be  paid  in  half-guineaa 
and  sovereigns. 
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14.  Find  in  how  many  ways  \0s.  Gd.  can  be  paid  in  florins 
and  half- crowns. 

15.  Find  in  how  many  ways  £22.  3s.  6d.  can  be  paid  with 
French  five-franc  pieces,  value  4s.  each,  and  Turkish  dollars,  value 
OS.  Gd.  each. 

IG.  If  there  were  coins  of  7  shillings  and  of  17  shillings,  find 
in  liow  many  ways  j£30  could  be  paid  by  means  of  them. 

17.  Find  the  simplest  way  for  a  person  who  lias  only  guineas 
to  pay  10s.  Gd.  to  another  who  has  only  lialf-crowns. 

18.  Supposing  a  sovereign  equal  to  25  francs,  find  how  a  debt 
of  44  shillings  can  be  most  simj)ly  jmid  by  giving  sovereigns  and 
receiving  francs. 

19.  Divide  200  into  two  parts,  such  that  if  one  of  them  be 
divided  l:)y  6  and  tlie  other  Ity  11,  tlie  respective  remainders  may 
be  5  and  4. 

20.  Find  how  many  crowns  and  half-crowns,  whose  diameters 
are  respectively  'SI  and  -GGG  of  an  inch,  may  be  placed  in  a  row 
together,  so  as  to  make  a  yard  in  length. 

21.  Find  n  positive  integers  in  arithmetical  progression  whose 
sum  shall  be  u" :  shevv^  that  there  are  two  solutions  when  n  is  odd. 

22.  Find  the  least  number  which  divided  by  28  leaves  a 
remainder  21,  and  divided  by  19  leaves  a  remainder  17. 

23.  Find  the  general  form  of  the  numbers  which  divided  by 
3,  5,  7,  have  remainders  2,  4,  6,  respectively. 

24.  Find  the  least  number  which  being  divided  by  28,  19,  and 
15,  leaves  remainders  13,  2,  and  7. 

25.  Solve  in  positive  integers  17a3  -i-  23^  -f  3;:;  =  200. 

26.  Find  all  the  positive  integral  solutions  of  the  simul- 
taneous equations  5x  +  At/  +  z  ^  272,   8a;  +  9y  +  3^:=  G5G. 

27.  Find  in  how  many  ways  a  person  can  pay  a  sum  of  £15 
in  half-crowns,  shillings,  and  sixpences,  so  that  the  number  of 
shillings  and  sixpences  together  shall  equal  the  nnmber  of  half- 
crowns. 
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28.  Find  in  liow  many  different  ways  the  sum  of  £4.  IGs. 
can  be  paid  in  guineas,  crowns,  and  shillings,  so  that  the  number 
of  coins  used  shall  be  exactly  1 G. 

29.  Find  how  £2.  4s.  can  be  paid  in  crowns,  half-crowns,  and 
florins,  if  there  be  as  many  crowns  used  as  half-crowns  and  florins 
together. 

30.  The  diff'erence  between  a  certain  multiple  of  ten  and  the 
sum  of  its  digits  is  99  :  find  it 

31.  The  same  number  is  represented  in  the  undenary  and 
septenary  scales  by  the  same  three  digits,  the  order  in  the  scales 
being  reversed  and  the  middle  digit  being  zero  :  find  the  number. 

32.  A  number  consists  of  three  digits  which  together  make 
up  20;  if  16  be  taken  from  it  and  the  remainder  divided  by  2 
the  digits  will  be  reversed:  find  the  number. 

33.  Find  a  number  of  four  digits  in  the  denary  scale,  such 
that  if  the  first  and  last  digits  be  interchanged,  the  result  is  the 
same  number  expressed  in  the  nonary  scale.  Shew  that  there  is 
only  one  solution. 

34.  A  farmer  buys  oxen,  sheep,  and  ducks.  The  whole 
number  bought  is  100,  and  the  whole  sum  paid  =  .£100.  Sup- 
posing the  oxen  to  cost  ,£5,  the  sheep  £1,  and  the  ducks  \s.  per 
head ;  find  what  number  he  bought  of  each.  Of  how  many  solu- 
tions does  the  problem  admit  1 

35.  Find  three  proper  fractions  in  Arithmetical  Progression 
whose  denominators  shall  be  6,  9,  IS,  and  whose  sum  shall  be  2|. 

3G.  Three  bells  commenced  tolling  simultaneously,  and  tolled 
at  intervals  of  25,  29,  33  seconds  .respectively.  In  less  than  half 
an  hour  the  first  ceased,  and  the  second  and  third  tolled  18 
seconds  and  21  seconds  respectively  after  the  cessation  of  the 
first  and  tlien  ceased ;  how  many  times  did  each  bell  toll  ? 

37.  Two  rods  each  c  inches  long,  and  di\idod  into  «i,  n  equal 
pai'ts  respectively,  where  m  and  n  have  no  common  measure 
greater  than  unity,  are  placed  in  longitudinal  contact  with  theii' 
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ends  coincident.    Prove  that  no  two  divisions  are  at  a  less  distance 

c 
than  —  inches,  and  that  two  pairs  of  divisions  are  at  this  distance. 

mn  '■ 

If  'm  =  250  and  7i  =  243,  find  those  divisions  which  are  at  the  least 
distance. 

38.  There  are  three  bookshelves  each  of  which  will  carry 
20  books  ;  when  books  arc  composed  of  3  sets  of  5  volumes  each, 
G  of  4,  and  7  of  3,  find  how  they  must  be  distributed,  so  that  no 
set  is  divided. 

39.  Determine  the  greatest  sum  of  money  that  can  be  paid  in 
10  different  ways  and  no  more,  in  half-crovv^ns  and  shillings; 
allowing  a  zero  number  of  half-crowns  or  of  shillings. 

40.  Determine  the  greatest  sum  of  money  that  can  be  paid 
in  1 0  different  ways  and  no  more,  in  half-crowns  and  shillings ; 
excluding  a  zero  number  of  half-crowns  or  of  shillings. 


XLVII.  .  IIN'DETERMINATE   EQUATIONS    OF   A 
DEGREE    HIGHER   THAN   THE   FIRST. 

G37.  The  solution  in  positive  integers  of  indeterminate  equa- 
tions of  a  degree  higher  than  the  first  is  a  subject  of  some  com- 
plexity and  of  little  practical  imjiortance  ;  we  shall  therefore  only 
give  a  few  miscellaneous  propositions. 

638.      To  solve  in  jyositive  integers  the  equation 
mxT/  -t-  nx'  -\-  px  +  qy  =  r. 
This  equation  contains  only  one  of  the  squares  of  the  variables,  and 
it  can  always  be  solved  in  the  manner  indicated  in  the  following 
example.      Required  to  solve  in  positive  integers  the  equation 

2)xy  +  2x'  =  5y  +  4x  4-  5. 

_  2x^  -I-  4a;  4-  5 
Here  y  (2>x  -  5)  =  —  2x^  +  ix+  b  ;    therefore  y  —  — '^- ^ ; 

—  23;^  +  1 2^; -f  45                         55 
let  Sx  =  z  ;   thei-efore    9y  =  — ~ ^ =  —  2;^  +  2  H ; 

55 
therefoi'e  9y  =  —  6x  +  2  + 


3x-5 
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Since  x  and  y  are  to  Lave  integral  values  3x  —  5  must  be  a 
divisor  of  55,  and  from  tliis  condition  we  can  find  by  trial  tlie 
values  of  x,  and  tlien  deduce  those  of  y.  The  only  cases  for 
examination  are  the  following  : 

3x'-5  =  =fc5r),  3a; -5  =±11, 

3x  —  5  —  d^o,  3a;  —  5  =  ±  1. 

Out    of   these   cases   only  the  following   give   a  positive  integral 

value  to  X : 

3a;  —  5  =  55,   therefore  ic  =  20  ; 

3a;  —  5  =  1,     therefore  x  =  2. 
When  «  =  20  we  do  not  obtain  a  positive  integral  value  for  v/  ; 
when  X  =  2  we  have  y  —  5;  this  is  therefore  the  only  solution  of 
the  proposed  equation  in  positive  integers. 

639.  The  eqiiatiou  a;*  —  Xj'  =  1  can  always  be  solved  in 
integers  Avhen  N  is  a  whole  number  and  not  a  perfect  square. 
For  in  the  process  of  converting  JX  into  a  continued  fraction 
we  arrive  at  the  following  equation  (see  Art.  Gl-i), 

P"{V1'-P''1)  =  q"X-p" ; 
and    at    the    end    of    any    complete    period    of    quotients    p"  =  1 
(Art.  621);  thus 

Suppose  now  that  the  number  of  the  recurring  quotients  is  even, 

v'  ■ 

then  —  is  always  an  even  convergent,  and  is  therefore  greater  than 

^X,  and  so  greater  tliiin      .      Hence  2^''1~  QP  ^^^   ''^^^'^  "^^'c  have 

—  l^q'^X  —  p'";    so  that   p"^  —  J\'(2''"  =  1 .      Hence    we    obtain    solu- 
tions of  the  proposed  equation  by  putting  x  —p   and  y  —  q',  where 

,  is   any  convergent  just  preceding   that  formed  with  the  quo- 
tient 2a. 

Kext  suppose  that  the  number  of  the  recurring  quotients  is  odd; 

then   when  first  a"  =  1    the   con\crgent     ,  is  an  odd  couvei-<rent, 

t-  °  q'  o       ' 
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v' 

Avlien  next  p"  —  1    the  coiivcrgeiit    -^   is  an  even  convergent,  and 

so  on.  Hence  solutions  can  Le  obtained  by  restricting  ovirselves 
to  even  convergents  occurring  just  before  those  formed  with  the 
quotient  2ri. 

G40.      If  the   number    of   recurring    quotients    obtained    from 

J X  be  odd,  then,   as  appears  in  the  preceding  Article,   if  —  be 

any  odd  convergent  immediately  preceding  that  formed  with 
the  quotient  2a,  we  have  pq'  -  i/q  =  q'^N -2)'^,  and  l^q'  -J^'l^  1  > 
tluis  we  obtain  in  this  case  solutions  in  integers  of  the  equation 

G41.  The  equation  of  -  Nif  —  ^ci?'  by  putting  x  —  ax  and 
y  =  ay'  becomes  x'  —  Ny"'  =  ±  1 ,  which  we  have  considered  in 
the  preceding  Articles. 

G42.  The  relation  p"(p'7'-^>'y)  =  7'"X-^:>'',  that  \ii,±p''—q''~X—p'", 
will  give  solutions  of  the  equation  x'  —  Ny"  =  ±  c  in  some  cases 
in  which  c  is  different  from  unity.  The  method  will  be  similar 
to  that  given  in  Arts.  G39  and  G-iO. 

G13.  If  one  solution  in  integers  of  the  equation  x'  —  Ny^  =  1 
be  known,  we  may  ol)tain  an  unlimited  number  of  such  solutions. 
For  suppose  a;  =  p  and  y  =  q  to  be  s\ich  a  solution,  so  that 
p^  -  Xq-  ^  1  ;   then  {p-q  JX)  (p  +  q  JX)  =  1  ;   therefore 

{p-g  J-^T  (P  +  ']  J^^^y  =l  =  {x-y  JX)  {x  +  yJS), 
by  supposition.      Put  then 

^^•  -  2/  J^"^'  =  {p-q  J^' )",     ^  +  2/  J-^^  =  (P  +  1  J-^y, 
thus  ^  =  ^  I (i^  +  ?  J-^y  +  {P-Q  v^^^O" J-  > 

1/ = -^^  {{p  +  9  j^'^y  -{p-7  j^yy]  -, 

it  is  obvious  that  if  oi  be  any  positive  integer,  those  values  of 
X  and  7/  will  be  positive  intogei-s. 
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644.  Similarly,  if  one  solution  in  integers  of  the  equation 
X'  —  Nif  =  —  1  be  known,  we  may  obtain  an  unlimited  number 
of  such  solutions.  For  suppose  x^j^  ^^^^  11  =  1  ^o  be  such  a 
solution,  then  {p  -  q  JN)  {p  +  q  ^IN)  =-\.  Now  take  n  any 
odd  integer ;   then 

=  (■«  -  y  J^l  ('«  +  y  J^l,  ^y  supposition. 
Then  we  proceed  as  in  Art.  G43. 

645.  If  one  solution  in  integers  of  the  equation  x'  —  Xif  =  a 
1)6  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  a;=^;  and  y  =  q  to  be  such  a  solution,  and  let  x  =  m 
and  y  =^n  be  a  solution  of  x'  —  Ny'  —  1  ;  then  the  equation 
x^  —  Ky^  =  a  may  be  written 

x-  -  Xy'  =  {p-  ~  Kq-)  {m^  -  Nn^) 

=  2yni'+  N'q'n^  -  X{p'H^  +  q^^n')  ~  (^;m  ±  Xqn)'  —  X  (^  ^^n  ±  qnif  ; 

we  may  therefore  take  x  =  pm  ±  Xqn,  y  -pn  ±  qm. 

EXAMPLES    OF    INDETERMIXATE    EQUATIOXS. 

1.  Solve  in  positive  integers  3xy  —  4?/  +  3.:>;  =  1 4. 

2.  Solve  in  positive  integers  xy  +  ic'  =  2a;  +  Sy  +  29. 

3.  Find  a  solution  ii?  positive  integers  of  a;"  -  \oy'  =  -  1. 

4.  Find  a  solution  in  positive  integers  of  a;'—  10 ly'  -  -  1. 

5.  Shew  how  to  find  series  of  numbers  which  shall  be  at  the 
same  time  of  the  two  forms  n^  —  1  and  10??i",  and  find  the  value 
of  the  smallest. 

6.  A  gentlemai;  being  asked  the  size  of  his  paddock  an- 
swered, "  between  one  and  two  roods  ;  also  were  it  smaller  by 
3  squai'e  yards,  it  would  be  a  square  number  of  square  yards,  and 
if  my  brother's  paddock,  which  is  a  square  numl^er  of  square 
yards,  were  larger  by  one  square  yard,  it  would  be  exactly  half 
as  large  as  mine."      Find  the  size  of  his  paddock. 
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7.  Find  a  whole  number  which  is  gi-eater  than  three  times 
the  integral  part  of  its  square  root  by  unity :  shew  that  there  are 
two  solutions  of  the  problem  and  no  more. 

8.  Shew  that  the  number  of  solutions  in  positive  integei"s  of 
y^  +  ax^  —  h'\^  limited  when  a  is  positive. 

9.  rind  all  the  solutions  in  positive  integers  of 

oy'  —  '2x)j  +  Ix'  =  27 . 

10.  Find  all  the  solutions  in  ])ositive  integers  of 

2x'  —  Oxy  +  7y"  =38. 

11.  Find  a  general  form  for  solutions  in  2)ositive  integers 
of  X'  —  22y'  =  \,  having  given  the  solution  x  =  2i  and  y  =  5. 

12.  Find  a  general  form  for  solutions  in  positive  integers 
of  X'  —  2y"  =  7,  having  given  the  solution  a;  =  3  and  y  —1. 

XL VIII.     PARTIAL    FE ACTIONS   AND   INDETERMI- 
NATE  COEFFICIENTS. 

646.  An  algebraical  fraction  may  be  sometimes  decomposed 
into  the  sum  of  two  or  more  simpler  fractions;  for  example, 

2,x-3      _     1  1 

X'  —  ox  +  2      a;  —  1      x  —  2 

The  general  theory  of  the  decomposition  of  a  fraction  into 
simpler  fractions,  called  partial  fractions,  is  given  in  treatises  on 
the  Theory  of  Equations  and  on  the  Integral  Calculus.  (See 
Theory  of  Equations^  Chap,  xxiv.,  Integral  Calculus,  Chap,  ii.) 
We  shall  here  only  considei-  a  simple  case. 

617.     Let  ; ^,  ,     —  ,  be  a  fraction,  the  denominator 

{x-a)ix-ft){x-y) 

of  which  is  composed  of  three  different  factors  of  the  first  degree 
with  respect  to  x,  and  the  numerator  is  of  a  degree  not  higher 
than  the  second  with  respect  to  x  ;  this  fraction  can  be  decom- 
posed into  three  simple  fractions,  which  have  for  theii*  denomina- 
tors respectively  the  factors  of  the  denominator  of  the  proposed 
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fraction,  and  for  their  numerators  certain  quantities  independent 
of  X.     To  px'ove  this,  assume 

ad^  -^hx-VG  A  B  C 

+  ■ 


(*  -  a)  (;«  —  /3)  {x  —  y)       x  —  a.      x  -  /3      x-  y' 

whei'e  A,  B,  G  are  at  present  undetermined;  we  have  then  to 
sliew  that  such  constant  values  can  be  found  for  A,  B  and  C,  as 
will  make  the  above  equation  an  identity,  that  is,  true  whatever 
may  be  the  value  of  x.  Multiply  by  (x—  a)  (x  —  (S)  {x—  y);  then 
all  that  we  requii-e  is  that  the  following  shall  be  an  identity, 

ax^  +  ^x  +  c  =^  A  {x  -  j3){x-y)  +  B[x-  a)  {x  —  y)  +  C'{x—  a)  (x  —  /?) ; 

this  will  be  secured  if  we  arrange  the  terms  on  the  right  hand 
according  to  powers  of  x,  and  equate  the  coefficient  of  each  power 
to  the  corresponding  coefficient  on  the  left  hand ;  we  shall  thus 
obtain  three  simple  equations  for  detcn-niining  J,  B  and  C. 

648.  The  method  of  the  preceding  Article  may  be  applied  to 
any  fraction,  the  denominator  of  which  is  the  product  of  different 
simple  factors,  and  the  numerator  of  lower  dimensions  than  the 
denominator. 

The  preceding  Article  however  is  not  quite  satisfactory,  because 

we  do  not  shew  that  the  final  equations  wliich  we  obtain  are  in- 

dependent  and  consistent.     But  as  we  shall  only  have  to  apply  the 

method   to   simple   examples,    where   the   results   may  be  easily 

verified,  we  shall  not  devote  any  more  space  to  the  subject,  but 

refer  tlie   student  to  the   Tlteory  of  Equations   and  the  Integral 

Calculus. 

2a;  -  3 
G4:9.      Suppose    we    have    to    develop      a_  o 9   i"   ^    series 

proceeding  according  to  ascending  powers  of  x ;  there  are  various 
methods  which  may  be  adopted.  We  may  pi'oceed  by  ordinary 
algebraical  division,  writing  the  diA-isor  in  the  oi'der  2  —  3a3  +  a;^ 
and   the    divideird   in  the  order  —  3  +  2x.     Or  Ave  may  develop 

-n — s ?r  hv  Avritinc;  it  in  tlie  form  (x^  —3x+  2)~\  and  findinar 

x^-3x  +  2     •'  ^  ^  ^    '  ° 

the  coefficients  of  the  successi\  e  pow  ers  of  x  by  the  multinomial 
T.  A.  2G 
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theorem ;  we  must  then  multiply  the  result  by  2x  -  3.  It  is 
however  more  convouient  to  decomj^ose  the  fi-uction  into  partial 
fractions  ami  then  to  develop  each  of  these.     Thus 

2a;- 3  1111 

+ 


x^  —  ox  +  2     x-1      x  —  2        I  —  X     2  —  x' 

1  ^  s 

-  z, =  -  (1  -  x)~'  =  -    1  +  a;  +  x^  +  a;"*  +  . . .  +  cc"  +  . . .  !■ , 

1  —  a;         ^         '^  (  ) 

1  /,      a;\~'         If,      X     X'      x^  x"  ) 


2-x        2\       2j  2  1       2     2'     2'     2"     }' 

2.x  -  3 

Hence  the  required  series  for  -r^ — ;— — -  has  for  its  general 

/■,        1 
term  -  (  1  +  —^^ , 

G50.  Without  actually  developing  such  an  expression  as  the 
above,  we  may  shew  that  the  successive  coefficients  will  be  con- 
nected by  a  certain  relation  ;  before  we  can  shew  this  it  will  be 

necessary  to  establish  a  general  property  of  series. 

G51.     If  the    series   a^  + a^x  +  a,^x' +  a^v^  +  is   always 

equal  to  zero  whatever  may  be  the  value  of  a;'  the  coefficients 

»(,,  a,,  o.,,  a.j,  must  each  se^^arately  be  equal  to   zero.     For 

since  the  series  is  to  be  zero  v:hatever  may  be  the  value  of  x, 
we  may  put  a;  =  0  ;  thus  the  series  reduces  to  a^,  which  must 
therefore  itself  be  zero.  Hence  removing  this  term  we  have 
a^x  +  a^x^  +  a.^x''+ ...  alwaj^s  zero;  divide  by  a;,  then  ai  +  a2X  +  a^x^+ ... 
is  always  zero.  Hence,  as  before,  we  infer  that  a^  —  0.  Proceeding 
in  this  woy,  the  theorem  is  established. 

If  the  series         a^  +  a^x  +  a,,x'  +  a^x^  + 

and  A^  +A^x  +  A,^x''+  A^x^+ 

are  always  eqiml  whatever  may  be  the  value  of  x,  then 

a^-Ag+  (CTj  -  A^)  X  +  {a_^-  A^)  x^  + 

is  always  zero  whatever  may  be  the  value  of  a;;  hence  we  infer  that 

«.,-.i,  =  0,         a^-A^^O,         a,-A^-^0,  ; 
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that   is,   tlie  coefScients  of  like  powers  of  a;  in  tlie  two  series 
are  equal. 

The  theorem  here  giveu  is  sometimes  quoted  as  the  Principh 
of  Indeterminate  Coefficients ;  we  assumed  its  truth  in  Arts.  b2Q, 
542,  and  549. 

(J-}'2.  The  demonstration  of  the  preceding  Article  is  that 
v/hich  has  been  usually  given  in  elementary  works  on  Algebra; 
there  is  however  a  difSculty  in  it  ^yhich  requires  examination. 

We  confine  ourselves  to  the  theorem  that  if  the  series 
a^  +  a^x  +  «.,a;^  +  . . .  is  always  equal  to  zero,  each  coefficient  must  be 
equal  to  zero;  the  theorem  in  the  latter  part  of  the  Article  follows 
from  this. 

When  we  say  th;it  the  series  is  aJio^tys  equal  to  zero  we  mean 
that  it  is  equal  to  zero  for  all  such  values  of  x  as  make  the  series 
convergent;  for  of  course  a  divergent  series  cannot  be  said  to 
vanish. 

In  the  demonstration  we  shew  that  a^x  +  a^x^  +  ajc^  +  . . . 
is  ahvays  zero;  that  is  xS^  is  always  zero,  where  S^  stands  for 
a  +  a„x  +  rt.  a;^  +  ...  Hence  if  ic  is  not  zero  S^  must  be  zero  ; 
but  if  x  is  zero  xS^  vanishes  whatever  finite  value  S^  may  have : 
thus  iu  fact  we  ought  not  to  assiune  that  S^  is  zero  when  x  is 
zero,  and  so  the  result  a^  =  0  is  not  strictly  demonstrated  This 
is  the  difficulty  we  have  to  examine. 

We  have  S  =  a,  +  xS„  where  *S'„  stands  for  a,  +  asc  +  a^a;'  +  . . . ; 
and  although  we  are  not  justified  in  saying  that  S^  is  zero  when  x 
is  zero,  yet  we  may  say  that  >S',  is  zero  ho-wever  small  x  may  be. 
Since  the  original  series  is  supposed  to  be  convergent  S^  is  also  a 
convergent  series,  and  therefore  it  will  not  increase  beyond  some 
fixed  value  when  x  is  made  small  enough;  and  therefore  by  making 
X  small  enough  xS^  may  be  made  as  small  as  we  please :  hence  a^ 
must  be  zero,  for  if  a,  were  not  zero  we  could  not  have  S^  zero 
howcser  small  x  might  be. 

2G— 2 
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Thus  the  result  a,  =  0  follows  strictly  if  /S'„  is  convergent  when 
X  is  made  as  small  as  we  please.  In  like  maimer  the  result  a^  =  0 
follows  stiictly  if  aS'^  is  convergent  when  x  is  made  as  small  as  we 
please,  where  S^  stands  for  a.^  +  a^x  +  a,j)^  +  . . .  And  so  on. 

Since  the  original  series  is  supposed  to  be  convergent  the 
series  ^'2,  /S'3,  ...  are  convergent,  when  x  is  made  as  small  as  we 
please;  and  so  the  theorem  of  the  preceding  Article  holds. 


053.      Suppose    that    the    series    u^  + u^x -vv,^!? -^  uoi? -^ 

represents  the  development  of   ^ —^'j  then 

«  +  J.K  =  (1  —  fx  —  qx')  {llfj  +  ll^X  +  u.x'  +  V.jX^  + ). 

If  n  he  greater  than  1,  the  coefficient  of  x"  on  the  right-hand 
side  is  w, -iW'„_i  -  5'w„_2;  hence  since  there  is  no  power  of  x 
higher  than  the  first  on  the  left-hand  side,  we  must  have  by 
Art.  651,  for  every  value  of  n  greater  than  1, 

And  by  comparing  the  first  and  second  terms  on  each  side, 
Ave  have 

the  last  two  equations  determine  u^  and  w^,  and  then  the  previous 

equation  will  determine  u^,  u^,  z/^, by  making  successively 

n^2,  3,4, 

EXAMPLES    OF   PARTIAL    FRACTIONS    AXD    INDETERMINATE 
COEFFICIENTS. 

Expand  each  of  the  following  seven  expressions  in  ascending 
2")owers  of  x,  and  give  the  general  term : 

.  1  -         5- 10a;  _  3rK-2 


2x-         ""     2-x-?>x''  ■     {x-\){x-2){x-2>)' 


X 


\  ^        5  +  6a; 


4.     ,^ -^  5.     ^ :^ ,.  6. 


{i-x){i-px)'        '  i-2x'+x'"  (i-3.^r 

1  +  4a;  +  a;* 
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Expand  eacli  of  the  following  five  expressions  in  ascending 
powers  of  x  as  far  as  five  terms,  and  write  down  tlie  relation 
which  connects  the  coeihcients  of  consecutive  terms : 

-         '  0.    ■      '    ,..         10.       '-"' 


1  —  X  +  x^'  '      1—  2a;+  'dx^ '  '     ^  —  1x  —  x^ 

11.      .      ^        .-.  13.  ' 


o^  -V  ax-v  x^  1  —  i^x  +  px"  —  x" ' 

13.      Sum  the  following  series  to  n  terms  by  separating  each 
term  into  partial  fractions  : 

X  ax  a'x 


( 1  +  ic)  (1  +  ax)      ( 1  +  ax)  ( I  +  a'x)      (1  +  a'x)  (1  +  cil^x) 

14.  Sum  in  a  similar  manner  the  folIoTving  series  to  n  terms  : 
cc  (1  —  ax)  ax  (1  —  a'x) 

(1  +  x)  (1  +  ax)  (1  +  d'x)      (1  +  ax)  (1  +  a/x)  (1  +  a^x) 

15.  Determine    a,  h,  o,  d,  e,    so     that    the    n'**  term  in  the 

.  a  +  hx  +  ex' +  dx^  +  ex*  .       , 

expansion  ot  r r^ may  be  n  x 

(1  -  X) 

x^ 

16.  Shew  how  to  decompose — — '—iT-, c iii^o  par- 

[x -  a)  (x  —  b)(x  —  c)  ... 

tial  fractions,  supposing  that  n  is  the   number  of  factors  in  the 
denominator,  and  that  p  is  an  integer  less  than  n. 


If  j;  be  less  than  n,  shew  that 


{a  -b){a  —  c)...      (6  -  a)  [b  —  c)  ...      (c  —  a)  (c  —  b) 


+  ...-0. 


XLIX.     RECURRING  SERIES. 

G~)i.  A  series  is  called  a  recurring  series,  wln'u  from  and 
after  some  fixed  term  each  term  is  equal  to  the  sum  of  a  fixed 
number  of  the  preceding  terms  multiplied  respectively  by  certain 
constants.  By  constants  liore  we  ijiean  quantities  which  I'emaiu 
unchanged  whatever  tei"m  of  the  series  we  consider. 

G55.  A  geometrical  progression  is  a  simple  example  of  a 
recurring  series  ;   for  in  the  series  a  +  ar  +  ar^  +  ar^  +  each 
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tei-m  after  the  first  is  r  times  the  pi-ecedinc;  term.  If  za  ,  and  w.. 
denote  re.s])ectively  the  {«—!)"'  term  and  tlie  w""  term,  tUcu 
tt„  — r?(„_]  =  0  ;  tlie  siun  of  the  coefficients  of  ir^  and  «„  j  ■w'iLli 
tlioir  ])roper  signs,  that  is,  1  -r,  is  called  the  scale  of  relation. 

Again,  in  the  series  2  +  Ax  +  1  ix^  +  A(^x^  +  \52x*  + the 

law  connecting  consecutive  terms  is  w.„- 3a;?/,;_j  -  a;"i(„_2=  0  ;  this 
law  holds  for  values  oi  n  greater  than  1,  so  that  every  term  al'tcr 
the  second  can  be  obtained  from  the  two  terms  immediately  pre- 
ceding.     The  scale  of  relation  is  1  —  2x-  a,■^ 

G5G.      2\)Jind  ihe  sum  of  w.  terms  of  a  recurring  series. 

Let  the  series  be  i(^^  +  k  x  +  ux~  +  ??^rs'^  + ,  and  let  the  scale 

of  I'elation  be  \—2'>x  —  qx-,  so  that  for  every  value  of  n  greater 
than  unity  «„  —  2"'n_i  —  (Z^^n_2  ~  0.  Denote  the  first  7i  terms  of 
the  series  by  <S',  then 

S  -  u^  +  u^x  +  ??,/<;"  +  ri..^x^  -r +  ?a„_,  a;""', 

jyxS  =  iijrx  +  Vipx'  +  v  _^px^  + +  u^^_„px"''^  +  w___,P*'", 

qx'S=  ti^nx"  +  n^qx^  f +  "„-3'?*"~' +  2''„_2'?'^"+ ^^.-i^'"*^"*'; 

hence 

S  —  j)xS  —  qx'S  =  u^  + ^l^x  -  u^j)X—  ii.^^^-^px"  —  u.^^_„qx''  —  u„_^qx^^'*'\ 

for  all  the  other  terms  on  tlie  rightdiand  side  disappear  b}^  virtue 
of  the  relation  which  holds  between  any  three  consecutive  terms 
of  the  given  series  ;  therefore 

„_  u„  4-  X  (u^  -  jm.^)  -  a;"  {pw.„_^  +  qv^_„  +  g-r?/,,,,} 
1  —  2)x  —  qx' 

If  the  term  a;"  {^>?/',i_i  + '7?^„_o  + 7a;?t„_]}  decreases  Vv'ithout  limit 
as  n  increases  without  limit,  we  may  say  that  the  sum  of  an  in- 
finite number  of  terms  of  the  recurring  series  is 

u^-v  x  (u^  —pu^) 
1  —  px  —  qx' 
It  is  obvious,  that  if  this  expression  be  developed  in  a  series 
according   to   powei'S  of  x,  we  shall  recover   the  given  recurring 
series.     (See  Art.  653.) 
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657.  If  the  recurring  series  be  2i,^  +  u^  +  u^  +  u^+ ,  and 

the  scale  of  rehxtion  1  —  p  —  q,  we  have  only  to  make  x~l  in  the 
results  of  the  preceding  Article,  in  order  to  find  the  sum  of  u 
terms,  or  of  an  infinite  number  of  terms. 

658.  When  1  —px  —  qx'  can  be  resolved  into  two  real  factors  of 

the  first  degree  in  x,  the  expression  -" ^-^ — ^^    may    be    de- 

1  —  px  —  qx" 

composed  into  partial  fractions,  each  having  for  its  denominator  an 

expression  containing  only  the  first  power  of  x  :    see  Arts.    337 

and  647.     In  this  case,  since  each  jmrtial  fraction  can  be  developed 

into  a  geometrical  progression,   we  can  obtain  an  exj>rcssion  for 

the  general  term   of  the   recurring  series.       We   have   thus    also 

another  method  of  obtaining  the  sum  of  n  terms,  since  the  sum  of 

n  terms  of  each  of  the  geometrical  progressions  is  known. 

EXAMPLES    OF    RECURRING    SERIES. 

Find  the  expi^essions  from  which  the  following  three  series 
are  derivable ;  resolve  the  expressions  into  partial  fractions,  and 
give  the  general  term  of  each  series  : 

1.  i  +  dx  +  2lx'+5\x^+ 

2.  1  + lla;  +  89x--+ G59a;-''+  

3.  1  +3x  +  ll£c'  +  43x--'+ 

4.  Find  how  small  x  must  be  in  order  that  the  series  in 
Example  3  may  be  convergent. 

5.  Find  the  general  term  of  the  series  3  +  11  +  33  +  84  + 

6.  Sum  the  following  series  to  n  terms 

1  +5  +  17  +  53  +  161  +485  + 

7.  Find  the  general  term  of  the  series  10  +  14  +  10  +  6  +  .. . 
and  the  sum  to  infinity. 

8.  Find  the  expression  from  which  the  following  series  is 
derivable,  and  obtain  the  general  term 

2-a;  +  2a;--5x''+10x--17a;'+ 
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L.     SUMMATION    OF   SERIES. 

059.  Scries  of  particular  kinds  have  been  siimmed  in  the 
Chapters  on  Arithmetical  Progression,  Geometrical  Progi-ession, 
and  Recurring  Series ;  we  shall  here  give  some  miscellaneous 
examples  which  do  not  fall  under  the  preceding  Chapters. 

6 GO.      To  find  the  sum  of  the  series  1"  +  2'  +  3"  + +  w^ 

We  have  already  found  this  sura  in  Arts.  4G0,  482  ;  the  fol- 
lowing method  is  however  usually  given.     Assume 

1"  +  2'  -!-  3"  + +n-  =  A  +  l])i+  Cn-  +  Dtt"  +  En*  + , 

where  J,  B,  C,  I),  E, are  constants  at  present  undetermined. 

Change  n  into  n  -\-\]  thus 

l'  +  2'+3-+ +n'  +  {ii  +  \Y  =  A  +  B{n+\) 

+  c  {n  -i-iy  +  E(u  +  iy  +  E{)i+iy  + 

By  suhtraction, 

'ii'+2ji+l=E+  C  {2,1  +  l)  +  D  (3>r  +  3/t  +  1 ) 

+  E  {in^  +  Gu-+ 4:71+1)  + 

Equate  the  coefficients  of  the  respective  powers  of  7i ;  thus 
E  =  0,  and  so  any  other  term  after  E  would  =  0  ; 

3E  =  1;    5D  +  2C=2;    D  +  C+B=\; 
hence  D  =  ^,       C  =  ^  ,   -  B  =  -  . 

Thus  1-  +  2'  +  3'+ -^7i-  =  A  +  '.  +  .^  +  -^  . 

To  determine  A  we  observe  that  since  this  equation  is  to  hold 
for  all  positive  integral  values  of  7i,  we  may  put  n  =  1  ;  thus 
^  =  0.      Hence  the  required  sum  is 

hi{n+l){2n  +  l). 

The  same  method  may  be  applied  to  find  the  sum  of  tlie  cubes 
of  the  first  7i  natural  numbers,  or  the  sum  of  theii-  fourth  powers, 
and  so  on.     See  also  Art,  671. 
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6G1.     Suppose  tlie  ii"'  term  of  a  series  to  be 

{an  +  h]  {a  (n  +l)  +  b}  {a{)i +  2)  +  h} {a  (u  +  m-l)  +  b], 

wliere  m  is  a  fixed  positive  integer,  and  a  and  b  knoA\Ti  constants ; 
then  the  sum  of  the  first  n  terms  of  this  series  will  be 

{an  +  b]{a  (n  +  1)  +  b} {a{n  +  m -l)  +  b]  {a  {n  +  m)  +  b} 


(in+\)a 


where  C  is  some  constant. 


Let  M,j  denote  the  '/i"'  term  of  the  proposed  series,  6',^  the  sum 
of  n  terms ;  then  we  have  to  prove  that 

~         an  +  b  ^, 

Assume  that  the  formula  is  true  for  an  assigned  value  of  7i ; 
add  the  (;i  +  1)""  term  of  the  series  to  both  sides  ;  then 
„  an  +  b  ^, 

,     ',  .         „  a(n +  m -\-\) -[-b  „     a(n  +  \)  +  b 

thus  the  same  formula  will  hold  for  the  sum  of  ii  +  1  terms, 
which  was  assumed  to  hold  for  the  sum  of  oi  terms.  Hence  if  the 
fomiula  be  tnxe  for  any  niimber  of  terms  it  is  true  for  the  next 
greater  number  ;  and  so  on.  But  the  formula  loill  be  true  when 
71=  I  if  we  take  C  such  that 

a  +  b  n   .^     .  ■  « +  ^  ^ 

S,  = —  u,  +  C,  that  IS,  n,  = —  it.,  +  C  : 

'      (wi  +l)a    ■■        '  '     '     {m+l)a    '         ' 

thus  C  is  determined  and  the  truth  of  the  theorem  established. 

,, .  a  (m  + 1 )  +  &  , 

bince  u„  =  — ^^ i^ u, ,  we  have 

^  a  +  b  ' 

^,  _         a  (m  +  1)  +  b  hu^ 

'         a(m4-  1)        '  a  [ni  +  1) 

TT  „         aw  +  S  bu. 

lionce  bn  =  r- — -  ?6    ,  - --—  . 

"     (»i+l)rt    "+^     {in+l)a 

Thus  the  sum  of  the  first  n  terms  of  the  proposed  series  is  ob- 
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,           .          ,                                    .             bu, 
tainecl    1)V   subtractmr--    the    constant    quantity   -, ,t—    from    a 

certain    expression    which    depends    on    n.      This    expression    is 

-, — — u  ^,  ;   Ave   mav   also  put  tliis   expression  into   the   equi- 
ty;! +  l)a    "   ' 

valent  form  — 7 u„ ,  and  to  assist   the  niemorY   we  mav 

{ni  +  i )  a 

observe  that  it  can  bo  formed  by  introducing  an  additional  factor 

at  the  end  of  t(„,  and  dividing  by  the  2^'>'oduct  of  the  numher  of 

factors  thus  increased  and  the  coffficient  of  n. 

662.      We  may  obtrtin  the  result  of  the  preceding  Article  in 
another  way.      As  before,  let  u,^  denote 

{an  +  h]  [a  {n+\)  +  b]  [a  (n  +  2)  +  5} {a  (n  +  m  -  1)  +  h], 

and  let  S^  denote  the  sum  of  the  first  n  terms  of  the  series  of 
which  ^^„  is  the  ■?i"'  tenn. 

We  have 

a  (n  +  m)  +  b  amu 

^',,+1  = 1 —  ^'„  =  ",.  ^  — T ; 

'  an  +  o  an  +  b 

let  a7i  +  b  =  p  ;  thus 

2)  {'?'„  +  ,  -  «„)  =  aiJiii^^ ; 
change  n  into  n  —  \,  tlius 

{I- 

{ p  —  3«J  (?«,._o  —  «„_s)  =  amu 


similarly, 


\p  —  ^a]  ("„_i  —  w„_„)  =  amu^^ 


[p  —  (ii-\)  a]  (ti.;^  —  Ml)  =  aviu^. 
Hence,  by  addition, 

therefore  |j  ("h+i  —  "^'-^i)  +  naii^  —  amS^^  +  aS^  ; 

an  +  b  bill 

tliereiore  o   =  -. rr—  ^l 


"      (m  +  i)a    """      {m+  I)  a 
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663.  Suppose  the  9^*  term  of  a  series  to  13C  —  ,  where  u„  in 
the  same  as  in  the  preceding  Article  ;  then  tlie  sum  of  the  first  n 
terms  of  this  series  will  be  — ~ 1-  C. 

Assume,  as  before,  *?„  =  —  - — ^ 4  C, 

(m  —  1)  «?/„ 

add  to  both  sides,  then 

ly  1  an  +  h  _ 

^n^x  = 1 n —  +  ^ 

_     1         a  (m  +  n)  +  b      ^         a(n+  I)  +  b       ^ 

Hence,  as  before,  the  truth  of  the  theorem  is  established,  pro- 
vided C  be  such  that  —  =  — — f-  C.     Thus  G 


and  S  = 


«!         (1)1  —  1)  caiy        '  (m  —  1)  av-i 

am  4-  b  an  +  b 


[iti  —  1)  ««!      (wi  —  1)  a?f„  " 
This  result  may  also  be  obtained  in  the  manner  of  Art.  60 2. 

6G4.  A  series  may  occur  which  is  not  directly  included  in 
the  general  form  of  the  preceding  Article,  but  may  be  decomposed 
into  two  or  more  wjiich  are.  For  example,  required  the  sum  of 
n  terms  of  the  series 

3  4  5 


1.2.4.5      2.3.5.6      0.4.G.7''' 

Here  the  ?i''"  term 

n  +  2  (a  +  2y- 


n  ('rt  +l){n  +  3)  {n  +  4)      n  (n  +  1)  {n  +  2)  (n  +  3)  {n  +  4) 
Now  {n  +  2)-  =  n  [n  +  1)  +  3/i  +  4 ;  thus  the  ?i"'  term 
w(/i  + 1)  +  3?i +  4  1 


n  (n  +  1 )  (n  +  2)  (n  +  3)  (»  +  4)      (n  +  2)  {n  +  3)  («  +  4) 
3  4 


{n  +  l){n  +  2)  {n  +  3)  (w  +  4)      n {n  +  l){n  +  2)  {n  +  3)  (n  +  4) 
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If  eacli  term  of  the  proposed  series  be  decomposed  in  this 
manner  we  obtain  three  series,  each  of  which  may  be  summed 
by  the  method  of  the  preceding  Article;  thus  the  proposed  series 
can  be  summed.     In  the  present  case  the  requii-ed  sum  is 

I  1  ^    1 ^ 

24      2  [u  +  o)  [u  +  4)      2-t      3  (M  +  -2)  {a  +  3)  (w  +  4) 

1 4 

"*"  24  4  {n  +l){n  +  2}  («  +  3)  («  +  4  j ' 
Qioo.  Fo/'i/'joiud  Xumhers.  The  expression  n  +  ^n{n-\)h  is 
the  sum  of  7i  terms  of  an  aritlimetical  progression,  of  which  the 
first  term  is  unity  and  the  common  difference  is  h.  If  we  make 
6  =  0,  1,  2,  3,  ...  we  obtain  expressions  which  are  called  the  gene- 
ral terms  of  the  2nd,  3rd,  4th,  order  oi  polygonal  numbers 

respectively.     T\\e.  first  order  is  that  in  which  every  term  is  unity. 
Thus  we  have 

1st  order,    w"'  term  1  ;  series  1,  1,  1, 

2nd  order,  ^^"'  term  n  ;  series  1,  2,  3,  4,  5,  

3rd  order,  n^^  term  ln{n+  1);  series  1,  3,  G,  10, 

4th  order,  n^^  term  n" ;  series  1,  4,  9,  16, 

5th  order,  n^^  term  ^?z(3?i-l);  series  1,  5,  12,  22, 

and  so  on. 

The  numbers    in    the    2nd,   3rd,   4th,   5th, series    have  been 

called  respectively  linear,  triangular,  square,  pentagonal,  

GGG.     The  w'^  term  of  the  7-*  order  of  jiolygonal  numbers  is 
n  +  \n{n-\){r-2); 
the  sum  of  n  terms  of  this  series  is,  by  Art.  GGl, 
«(?t+l)      r-2    {n-l)n{n  +  \) 
2         ^  "^T"  •  3  ' 

or  i'«(ji+]){(r-2)(«-l)4-3}. 

Hence  for  triangular  numbers  S^^  =  \  n  («  +  1)  {n  +  2),  for  square 
numbers  S^^  =  \  n  [n  +  1)  (2n  +  1),  and  so  on. 

667.      To  find  the  mimher  of  cannon-halls  in  a  jiyr amidol  •pile, 

(1)     Suppose  the  base  of  the  pyramid  an  equilateral  triangle, 

let  there  be  n  balls  in  a  side  of  the  base  \  then  the  number  of 
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Lalls  in  tlie  low-est  layer  is  n  +  (a  -  I)  +  (n -2)  + -f  1,  that  is, 

the  triangular  number  |?i  (?i+  1)  ;  the  number  in  the  next  layer 
■will  be  found  by  changing  n  into  7i-  I  ;  and  so  on.  Hence,  by 
Art.  G65,  the  number  of  all  the  balls  is  ^  ?^  («  +  1)  {n  +  2). 

(2)  Suppose  the  base  of  the  pyramid  a  square ;  let  there  be 
n  balls  in  a  side  of  the  base ;  then  the  number  of  balls  in  the 
lowest  layer  is  oi^,  in  the  next  layer  (^n—lf,  and  so  on.  The 
number  of  all  the  balls  is  ^  n{n  +  1)  (2?i  +  1 ). 

Similarly  we  may  proceed  for  auy  other  form  of  pyramid. 

We  may  see  from  this  j^roposition  a  reason  for  the  terms 
triangular  number,  square  number, 

If  the  pile  of  cannon-balls  be  incomplete,  we  must  first  find 
the  number  in  the  pile  svipposed  complete,  then  the  number  in 
the  lesser  pile  which  is  deficient,  and  the  difference  will  be  the 
nimiber  in  the  incomplete  pile. 

GGS.  A  question  analogous  to  that  in  Ai-t.  GG7  arises  when 
we  have  to  sum  the  balls  in  a  pile  of  wliich  the  base  is  rectangular 
but  not  square.  In  this  case  the  pile  will  terminate  in  a  single 
row  at  the  top  ;  suppose  p  the  number  of  balls  in  this  row  ;  then 
the  n^^  layer  reckoned  from  the  top  has  p  -\-  n—\  balls  in  its 
length  and  n  in  its  breadth,  and  therefore  contains  n  (p  +  n—  1) 
balls.      Hence  the  number  of  balls  in  n  layers  is 

n(n  +  l)        (n-l)n(n+l)  /     ,  t\/q     ,  o        o\ 

— ^- '-p  +  ^ '-^ -'  ,    or  I  n  [n  +  1)  {3p  +  2/1  -  2). 

If  m  be  the  number  in  the  length  of  the  lowest  row,  7ii^p  +  n-l, 
and  the  sum  may  be  written  1  ti  («  +  1)  {3m -n  +1);  as  n  is  the 
number  in  the  breadth  of  the  lowest  row,  the  sum  is  thus  expressed 
in  terms  of  the  numbers  in  the  length  and  breadth  of  the  base. 

G69.  Figurate  Numbers.  The  following  series  form  what  are 
called  the  different  orders  oi  figurate  numbers: 

1st   order,     1,   1,   1,   1,   1,  

2nd  order,    1,  2,  3,   4,   5, 

3rd  order,    1,   3,   6,    10,    15, 
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the  general  law  is,  tliat  the  ri>^  term  of  any  order  is  the  sum  of 
n  terms  of  the  preceding  order.     Thus  tlie  ri}^'  term  of  the  second 

IZ   ( }i   +    1  ^ 

order  is  n,  of  the  3rd  order  is       '  -^""^j  ^^  '^^^°  fourth  order  is 

n(7i+l)(u  +  2)  .  i-  i.1        th       T       • 

— ^'r^„ ,  and  generally  the  7i "  term  of  the  r^"  order  is 

1 .  ij  •  fj 

n  (ji+l)  ...  (n  +  r  —  2)         ,  .  ,      •    i     ,  •  -p 

— *^ ^ -.     This  we  may  prove  by  induction,     ror, 

|r  -  1 

assuming  this  expression  for  the  n^^  term  of  the  r""  order,  we 
may  find  the  sum  of  the  fii-st  n  terms  of  the  r"*  order  by  the 
formula  of  Art.  G61.  We  have  only  to  put  1  for  a,  0  for  b,  and 
?■  —  1  for  711.      rience  we  ol.'taiii  for  the  sum 

n{n+  l)(n  +  '2) {n  +  r  -I) 

\r  '  ' 

and  then,  by  definition,  this  is  the  expression  for  the  ?i"'  term 
of  the  (/•  +  !)'"  order. 

670.  We  have  already  shewn  that  the  Bhiomial  Theorem 
may  be  sometimes  applied  to  find  the  su^m  of  a  series  (see  Art.  526); 
^\'e  give  another  example.      Find  the  sum  of  the  scries 

F^Q^  +  P,/).^  +  P./}^  + +  P,_,  (?„_,, 

where     Q^  =  r (r  +  1)  (v  +2) {r  +  q-l), 

and         P,.  =  {n - r)  {a  -  r  +  I)  (m  -r  +  2) {u  -  r  +  p  -  \). 

We  can  see  that 
Q^—'^xihe  coefiicient   of  a;'"'   in   the  series  for  (1  —  a;)""^'', 
and  P^=\p  X  the  coefiicient  of  a;""""'  in  the  series  fjr  (1  —  x)~^^'^^K 

Hence  we  have  so  far  as  terms  not  higher  than  x"~', 

(l-a-)->'-'  =  i/(2,  +  Q^x  +  Q^x^+Q^x^+ ]  , 

(1  -a;)-'^^^'=  -  [/'„_i+  P,^_,x  +  P„^,x'  +  P„_,x'+ I . 

Therefore  the  series  vrhich  we  have  to  sum  is  equal  to  the 
product  of  \p\q_  into  the  coefiicient  of  x"~'  in  the  exj)ansion  of 
the  product  of  (1 -£c)""+"  and  (1  -  a-)"'*'*');  that  is,  the  scries  is 
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equal  to  the  product  of  [/?  [7  ^^^^'■^  *^®  coefficient  of  x"~'  iii  the 
expansion  of  (1  —  x)"'^'*'''^^*.     Hence  the  series  is  equal  to 

\p\q  \n—  \  +  p  +  q 

\p  +  q  +  1  \u  -  2 

671.  Bj  the  method  of  Ai't.  6 GO  we  may  investigate  an  ex- 
pression for  the  sum  1''+  2'  +  3''+ +  vz"",  where  r  is  any  posi- 
tive integer.  Denote  this  sum  hy  >S' ;  then  it  may  he  shewn,  as 
in  Arts.  4 GO  and  4G1,  that  ^S"  can  be  put  in  the  form  of  a  series 
of  descending  powers  of  n,  beginning  with  n''"*''-,  and  all  we  ha,ve 
to  do  is  to  determine  con-ectly  the  coefficients  of  the  various 
powers  of  n.     Assume  that  S  = 

It  is  convenient  to  represent  the  coefficients  in  the  manner 
here  exhibited ;  thus  instead  of  a  single  letter  for  the  coefficient 

of  ii^~'^  we  use  the  symbol  -  A^,  and  so  on.     "VVe  shall  now  pro- 
ceed to  determine  the  values  of  ^1^,,  J^,  ^„, ;  and  it  will  be 

found  tliat  these  quantities  are  independent  of  r  as  well  as  of  ?i. 

In  the  assumed  identity  change  n  into  n  +  I  ;  thus 
S+  (n  +  ly  =:  C  {n  +  ly-"'  +  A^  («  +  !)'•  +  '^A,{n+  l)'-i 

+  '^-^j^A,{n+\y-^+ 

Therefore,  by  subtraction, 

{u  +  iy^C{{n+iy*'-'>f^'\  +  Aj{7i  +  \y-7i^} 

+ 1  A,  {{n  +  I/--  n'-}  +  "^^273^^4,  {(«  +  ly--  n'--}  + 

Expand  all  the  expressions  {n  +  ly'^,  (n  +  iy,  (;n  +  iy-\  

by  the  Binomial  Theorem  ;  and  then  equate  the  coefficients  of 

the  various  powers  of  n.    Thus,  by  equating  the  coefficients  of  vt'', 

we  have  1  =  C  (r  +  1),  then,  by  equating  the  coefficients  of  n'"^,  we 

C(r+\)r       ,,,^1.1 
have  r  ^ ^ +  A^r  ;  tJius  C  =  -:~'f'  -^o  =  .7  • 


41 G  SUMMATION    OF   SERIES. 

Equate  the   coefficients   of  n^~^\  putting   for  C  and  A^  their 
values ;  thus  we  shall  obtain  generally 

111^,  A^        ^        A, 


j£     \p+\      2\p     \^\V-^      \^\P-'^     |4|;j-3 

A^ 

^\^\P^^ ' 

■where  the  series  on  the  right-hand  side  extends  as  far  as  the  term 
involving  Ap_-^  inclusive  ;  and  by  putting  for  ])  in  succession  the 

values  2,  3,  4,  we  determine  in  succession  A^,  A^,  A.^,  ; 

and  we  see  that  these  quantities  are  independent  of  n  and  ?•. 

Wc  shall  obtain  .1,  =  ]  ,  A ,  =  0,  ^(3=  -  —  ,  ^1   =  0,  J,  -  ^ , 

It   is    remarkable    that  all  the    coefficients  with  even  suffixes 
A  ,  A  ,  A  , are  zero  ;  this  can  be  proved  as  follows  : 

In  the    original  assumed    identity  change  n   into  n—l,    and 
subtract ;  thus 

n^  =  C{u^-^'-{H^iy'']  +  AJ,n^--{n-ir]+'^A,{if-^-{n-iy-^} 

+  '-|^^i=K-=-(«-i)'-^}  + 

Equate  the  coefficients  of  n'''"'',   putting  for  C   and  A^  their 
values ;  thus 

11^.  A.  A^ 

0  =  . r + 


P±l      2£     l^ljlul      |3b-2      |4|p-3 

A. 


+ 


The  residt  formerly  obtained  may  be  exj^ressed  thus, 
j^  I  I  -^1  -^n  -^« 

0  =  ; T -+■■ —^+  I   .,      '     ^+  ^ 


\p+  1      2  \P     [^  |?>  -  i      1 3  \p-  2     [4  \p_ 


1 5  k»  —  4 


Hence,    by  subtracting   and  putting  for  p   in   succession  the 

values  3,  5,  7,  we  shew  in  succession  that  zero  is  the  value 

of  J„,  ^  .  A„  
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EXAMPLES    OP    THS    SUMMATION    OF    SERIES. 

1.  Shew  tliat  the  sum  of  the  first  n  terms  of  the  scries  of 

which  tlie  n*^  term  is  ?i  (?i  +  1)  {n  +  2) (re  +  wi  -  1)  is  obtained 

by  phicing  one   more  factor  at    the  end  of  this  expression,  and 
dividing  by  the  number  of  factors  so  increased. 

2.  Give  the  formula  for  summing  the  series  of  which  the  w*'' 
term  is  the  reciprocal  of  n  [ii  +  1)  («  +  2) {n  +  m  -1). 

Sum  the  following  five  series  to  n  terms,  and  also  to  infinity: 
o  1  1  1  1 


4. 


Ill  1 


2.4.6      4.6.8      6.8.  10      8. 10. 12 


1111 
1.4^2.5^3.6^4.7^ 


6. 


n 


^"     2.  3.  4"^  3.  4.  5^  4. 5.  6  ^5. 6.  7"^ 

8.  Sum  to  n  terms  1  +  3+6+10+ 

9.  If  n  be  even,  shew  that 

n  (n      ^\      n{n  +  1)  («  +  2) 


+  2(re-l)  +  3(re-2)  + +|(l  +  l) 


12 

10.  Sum  to  n  terms  a"  +  (a  +  1)^  +  (a  +  2)"  +  

11.  Sum  to  n  terms  1 '  +  2'x  +  3''x'  +  i'x^  + 

12.  If  the  tei-ms   of  the  expansion  of  {a  +  b)"  be  multiplied 

respectively  by  nr,  (n-l)r%  {n-2)r\ ,  n  being  a  positive 

integer,  find  the  sum  of  the  residting  series. 

13.  Expand  ,„ in  a  scries  of  ascending  powers  of  x, 

^         {\-x)—cx 

and  shew  that  the  coefficient  of  x"  is 

T.  A.  2« 


n 
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14.  Find  the  coefficieut  of  x'"'2/"  in  tlie  expansion  of 

a;  (1  —  ax) 
(1  —x){l  —  ax  —  by)  ' 

,^      ^,,        ,,    ,,      2n      2n(2n  +  2)      2n(2n  +  2)  (2n  +  i) 

15.  Shew  that  1  +   .,  + \    ^     '  +  — ^    ^      '\ + 

o  o  .  0  o  .  b .  y 

.^„  (^     n      n  (n  +  1)      n  (n  +  1)  (*^  +  2)  ) 

r     3         3.6  3.6.9  i 

16.  If  j?^  denote  the  coefficient  of  a;'"  in  the  eximnsion  of 
(1  +  x)",  where  n  is  a  positive  integer,  shew  that 

1\  ^  2^2  ^  h\  _^  ^  «7^  _  n{7i+l)  _ 

Po         1\  1\  Pn-1  1  •  2 

ft-t.^.'- .ti£>"  =  i.i.L .'. 

2       3  n  2      3  ?i 

1 1  )   =  7t Vi  ^^^^ 

n{;n  +  \) {n+p—\)      n     (n  —  l) {n-^p—2) 

\P  1  '  \P 

n{n-\)     {n-  2) («  +p  —  3) 

■""TTs--  -jy        —^ 

is  zero  when  n  and  p  are  positive  integers  and  n  greater  than  p. 

18.  If  shot  be  piled  on  a  triangiihir  base,  each  side  of  which 
exhibits  9  shots,  find  the  whole  number  contained  in  the  pile. 

19.  Find  the  number  of  shot  contained  in  5  courses  of  an 
unfinished  triangular  pile,  the  number  in  one  side  of  the  base 
being  15. 

20.  The  number  of  balls  contained  in  a  truncated  pile  of 
which  the  top  and  bottom  are  rectangular,  is 

■^  {2^^  +  3  {in  +  n  -  l)^:*  +  Qmn  -  Zni  ~  Zn  +1}, 

"where  m  and  n  represent  the  number  of  balls  in  the  two  sides  of 
the  to]),  and  p  the  number  of  balls  in  each  of  the  slanting  edges. 
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21.  Shew  that  r  +  2' +  3V +74" 

22.  Shew  that 

(1  +  xv)  (1  +  x'v)  (1  +  a;-''v) (1  4-  x"v) 

-^^TT^"^^     (l-j)(l-.-)    "^ 

(l-a;)(l-a;^)(l-a;^)  

23.  In  the  expansion  of  (1  +  x)  (1  +  ex)  (1  +c'''x)  (1  +  c^a;)  ... 
the  number  of  factors  being  infinite  and  c  less  than  unity,  the  co- 
efficient of  a:'  is 


(l-c)(l-c^)(l-c^) (1-0- 

24.  If  J,  be  the  coefficient  of  x'  in  the  expansion  of 

{1+xyfl+^j  (l  +  ^^   (^  +  ^3)  ^^'^  infinitum, 

2^  1072 

prove  that         A^=  — — -  {A^_  +  A^_^),  and  that  A^  =  o-tr  ' 

25.  If  n  be  any  multiple  of  3,  sliew  that 

i-(.-i)^("-^)(:''-3)-('-^)(''-^)(''-»). =  (-1)-. 

LI.     INEQUALITIES. 

672.  It  is  often  useful  to  know  which  is  the  gi-eater  of  two 
given  expressions ;  propositions  relating  to  such  questions  are 
usually  collected  under  the  head  Inequalities. 

We  say  that  a  is  greater  than  h  when  a  —  h  is  a  positive 
quantity.     See  Art.  95. 

27—2 
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673.  A7i  inequidity  will  still  hold  after  the  same  quantity  has 
been  added  to  each  member  or  taken  from  each  member. 

For  siippose  a>  b,  tliei'efore  a  -b  is  positive,  therefore 
a  d=  c  -  (6  ±  c)  is  positive,  therefore  a  ±  c  >  6  ±  c. 

Hence  we  may  infer  that  a  term  may  be  removed  from  one 
member  of  an  inequality  and  affixed  to  the  other  with  its  sign 
changed. 

674.  If  the  signs  of  all  the  terms  of  an  inequality  be  changed 
the  sign  of  inequality  must  be  reversed. 

For  to  change  all  the  signs  is  equivalent  to  removing  each 
term  of  the  first  meuilier  to  the  second,  and  each  term  of  the 
second  member  to  the  first. 

675.  An  ineq^iaUty  loill  still  hold  after  each  member  has  been 
multiplied  or  divided  by  the  same  positive  quantity. 

For  suppose  a  >  b,  therefore  a  -  6  is  positive,  therefore  if  m  be 
positive  m,  (a  -  b)  is  positive,  therefore  ma  >  nib  ;    and  similarly 

—  (a  -b)  is  ]>ositive,  and  -  >  -  . 
m  '  'in      VI 

In  like  manner  we  can  shew  that  if  each  meml)er  of  an  ine- 
quality be  multiplied  or  divided  by  the  same  negative  quantity, 
the  sign  of  inequality  must  be  reversed. 

676.  If  a>6,  a'>b',  a"  >b",  then 

a  +  a'  +  a"  + >b  +b'  +  b"  + 

For  by  supposition,  a  -  b,  a'  -  b',  a"  —  b", are  all  positive; 

therefore  a  —  b  +  a'  —  b'  +  a"  —  b"  + is  positive ;  therefore 

a  +  a  +  a"  + >b  +  b'  +  b"  + 

677.  If  a>6,  a'  >b',  a"  >b", and  all  the  quantities  are 

positive,  then  it  is  obvious  that  aa'a" >bb'b" 

678.  If  a  >6,  and  a  and  b  are  positive,  then  a"  >b",  where  n 
is  any  positive  quantity. 

This  follows  from  the  preceding  Article  if  n  be  an  integer.    If  n 

be  fi-actional  suppose  it  =-;  let  a' =  h  and  b''  =  k;  then  h  is  >Jc, 
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and  we  have  to  prove  thsit  It!'  >  k'' ;  this  we  can  prove  indii-ectly  ; 

i       ^  i_        1 

for  if  h^  -  a',    then    h  =  k  ;    and    if   li'  <  k'',  then  h  <k  ;    both  of 

1        1 
these  results  ai-e  false;  hence  we  must  have  h''>k^. 

If  71  he  a  negative  quantity,  let  n-  —  m,  so  that  m  is  positive; 

then    —  <,— ;  that  is,  a''<b''. 
a        0 


679.     Let  Is    1%    "" 


-  Ije  fractions   of    which  the  de- 


K  -  K 

nominators  are  all  of  the  same  sign,  then  the  fraction 
a,  +  «„  +  ft,  + +  a 


lies  in  mamitude  between  the  least  and  the  greatest  of  the  fractions 


_  a,      a„      a^         a    ,      .      .  ,.  -,         r- 

For  su])]wse  j^  ,  ~  ,   -j-^ , ...  -^  to  be  m  ascending  order  ot  mag- 
»!     ^2      *3         6„ 
nitude,  and  suppose  that  all  the  denominatoi'S  are  jjositive;  then 

T^  =  r^ ,  therefore  a ,  =  6,  x  r 

y^  >  r' ,  therefore  a,>  b  y.  =- 
h^       h^  ^ 

=-^  >  —  ,  therefore  a.>h^y.  £- 
&3      6,  -^  6 

and  so  on; 

therefore,  by  addition, 

a  +a^  +  a^+  +  a^>  (b^  +  b^  +  h^+ +b 


.1  r  . 


therefore 


a,  +  a,  4-  a^  + +  (7„      a^ 

6.  +  6„  +  6.,  +  +6       6, 


Similarly  we  may  prove  that 
a,  +  a„  +  a.,  +  . 


h,  +  b+b,+ 


+  a„      a„ 
+  6„      h' 
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In  like  manner  the  theoi-em  may  be  estabKshed  when  all  the 
denominatoi's  are  supposed  negative. 

If   ^  =  =-='  =  T^  =  ...  ,  then  each  of  these   fractions  is  equal  to 

the  fraction  whose  numerator  is  the  sum  of  the  numerators  and 
denominator  the  sum  of  the  denominators.      See  Art.  384. 

680.  Since  {x-yY  or  a^-lxy-^tf  is  a  positive  quantity  or 
zero,  according  as  x  and  y  are  unequal  or  equal,  we  have 

\  («'  +  y')  >  xy, 

the  inequality  becoming  an  equality  when  x  =  y.     Hence 

i  (a  +  6)  >  ^{ab)  • 

that  is,  the  arithmetic  mean  of  two  quantities  is  greater  than  the 
geometric  mean,  the  inequality  becoming  an  equality  when  the 
two  quantities  are  equal. 

681.  Let  there  be  n  positive  quantities,  a,  h,  c,  ...k;  then 

^a  +  6  +  c  +  ...  +  k\" 


^  j  >  abc  ...  k, 


n 

unless    the  n  quantities    are  all   equal,  and   then   the  inequality 
becomes  an  equality. 

For  ah  <  (  -^\  ,  cd  <  {-'^- 


a  +  h    c  +  d\ 

T-'~Y"^{  2 

«  +  &  +  c  +  f? 


therefore  ahcd  <  (     ^     .  —^  )  ; 


and  —^-  .  — -r-  < 


therefore  ahcd  <  , 

4 

By  proceeding  in  this  way  we  can  shew  that  if  j)  be  any  posi- 
tive integral  power  of  2, 

/a  +  h  +  c  +  d-'r  ...y 
abed  ...  [2^  lactors)  <  ( )  . 

,   ,       a  +  b  +  c-\-  d+  ...  (n  terms)     ^         , 
JN  ow  let  p  =  n  +  r,  and  let  ^ =  t,  and 
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suppose  each  of  the  remaining  r  quantities  out  of  the  p  quantities 
to  be  equal  to  t ;  we  have  then 

abed  ...  in  fectors)  x  r<  ( )      :  that  is,    <  C'^''  \ 

^  '  \n^T  J  '  ' 

therefore  ahcd  ...  {n  factors)  <r  ;  that  is,    <  | ^  j  . 

Thus  the  theorem  is  proved  whatever  be  the  number  of  quan- 
tities a,  b,  c,  d,  ..  The  inequality  becomes  an  equality  when  all 
the  71  quantities  are  equal. 

We  may  also  write  the  theorem  thus, 

a  +  b  +  c  +  d+ .  ,    ,     J- 

>  (abed ...)"; 

by  extending  the  signification  of  the  terms  arWonetical  meoM  and 
geometrical  mean,  we  may  enunciate  the  theorem  thus  :  the  arith- 
metical mean  of  any  number  of  positive  quantities  is  greater  than 
the  geometrical  mean. 

682.  The  following  pi'oof  of  the  theorem  given  in  the  pre- 
ceding Ai-ticle  mil  be  found  an  instructive  exei'cise. 

Let  P  denote  (abed ^)",  and  Q  denote —  . 

n 

Suppose  a  and  b   respectively  the   gi'eatest    and  least  of  the  n 

quantities    a,    b,    c,    d,  k ;    let   ai  =  6i  =  |(a  +  6),    and    let 

1 

P\  =  {cifiicd k)"  ;  then  since  aj)^  >  ab,  we  have  P^  >P.      Next 

if  the  factors  in  P^  be  not  all  equal,  remove  the  greatest  and  least 
of  them,  and  put  in  their  places  two  new  factors,  each  equal  to 
half  the  sum  of  those  removed ;  let  P^  denote  the  new  geometrical 
mean ;   then  P.,  >  P^.     If  we  proceed  in  this  way,   we  obtain  a 

series  P,  P^,  P^,  P^, P^,  each  term  of  which  is  greater  than 

the  preceding  term ;  and  by  taking  r  large  enough,  we  may  have 
the  factors  which  occur  in  P^  as  nearly  equal  as  we  please  ;  thus 
when  r  is  large  enough,  we  may  consider  P^  =  Q  ]  therefore  P  is 
less  than  Q. 

683.  We  will  now  compare  the  quantities 
a'"  +  b" 


and 


W- 


424  INEQUALITIES. 

We  suppose  a  and  h  positive,  ond  a  not  less  than  h 

,  ,^  +  6      a  —  h\"      fa  +  h      a  ~h 
<C  +  6"" 


/a  -^-h      a  —  h\"      [a  -vb      a  -  h\"' 

{m-l){m-2){7n-3)  fa  +  ^V'-"  ((^K  ^  \ 


+ 


~.        a-b.    .         ,        a  +  b     ...  ...    _„,. 

hmce  IS  less  than  ,  the  series  is  convergent  (Ai't.  oo4), 

so  that  we  have  a  result  which  is  arithmetically  intelligihle  and 

true.      Hence  if  m  be  Jiegative  or  any  ^^ositive  integer,  it  follows 

,,    ,    a"'  +  b"'      fa-^-by      -rr.         1  •  •  7   7         7 

tnat    — ~ —  >  1     ^     1  .     It  m   be  positive   and  less  than  unity, 

a""  +  6'"      /a  +  bV"  .  -11  .        ,  .  , 

<  I  — :; —  I  ,      It  remains  to  consider  the  case  m  which 


/a  +  6\  "• 


•2 
is  positive  and  greater  than  unity,  but  not  an  integer.     Suppose 

m  =  ~ ,  where  p\^>  q,  and  let  a  =  a%  ^  =  b\  A  =  a'',  5  =  /5''.     Then 

a'  +  6'^  .  fa  +  bY  ,.  a''  +  B^  .  /a'  +  /3'V 

— ^^ — -  is  >  or  <  I — —j  ,  according  as  — ^-!—  is  >  or  <  (  — k^)  > 

that    IS,    according    as    ( — ^ — )     is    >  or    <   — -^—  ;    that    is, 

/A  +  By  .                   A''  +  B'' 
according  as  (  — - —  j    is  >  or  < .     We   know  by   what 

has  already   been   proved,   that  the  expression  on    the   leftdiand 

side  is  the  greater,  since  -  is  positive  and  less  than  unity ;   hence 

a"'  +  b'"  .         (a-\-  bV"     ,  ....  , 

— ^ —  IS  >  I  — - —  1    when  m  is  positive  and  greater  than  unity. 

684.     Let  there  be  n  positive  quantities  a,  b,  c,  k  ;  then 

/a  +  b  +  c+ +  fi-y 

\  n  / 


a""  +  b'"  +  c"'  + +k"'      /a  +  b  +  c+ +  «;'• 

> 


n 
when  m  is  negative,  or  positive  and  greater  than  unity;  but  the 
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reverse  holds  when  m  is  positive  and  less  than  unity.     The  in- 
eqiialitj  becomes  an  eqiiaKty  when  all  the  n  quantities  are  equal. 

This   may  be   proved  by   a    method  similar  to   that  used   in 
Ai-t.  681.     We  will  suppose  in  negative,  or  positive  and  gi-eater 

than  unity.     Then  a"'  +  6"  >  2  ("^T,    c'"  +  d"' >  2  (^-^ 

XT-  r  m  7m  m  7m  .T    T /«  +   ^\ ""        /C  +  d 

therefore         a   +  b   +  c   +  d    >  2    '  '    •  ' 


>2 


Y   /c  +  dy) 

fa  +  h  +  c  +  dy 


,        -               oT  +  b""  +  c""  +  (:/"■      /a  +  b  +  c  +  dV" 
therefore         j >  I 1  . 

By  proceeding  in  this  way  we  can  establish  the  theorem  in 
the  case  where  the  number  of  quantities  is  />,  if  p  be  any  positive 
integi-al  power  of  2.  Now  let  p  =  n  +  r,  and  let  the  last  r  of  the 
p  quantities  be  aU  equal,  and  each  equal  to  t,  say,  where 

«  +  6  +  c  + (?i  terms) 

^=^  n  ' 

,        „  a'"  +  6'"  +  c"'+ /'«  +  6  +  c+ N"" 

thereiore >  I )  , 

n  +  r  \  n  +  r  J 

therefore         a   +6    +c    + +7-t   >(7i  +  r)[ ): 

^         '  \n  +  r  J 

that  is,  >  {n  +  r)f; 

therefore  a"*  +  &"*  +  c"*  + >  nf  ; 

which  was  to  be  proved. 

In  a  similar  way  we  may  estal)lish  the  rest  of  the  theorem, 
namely,  that  when  m  is  positive  and  less  than  unity  the  reverse 
holds. 

The  theorem  of  this  Article  may  also  be  established  by  a 
method  similar  to  that  used  in  Ai-t.  682. 

685.  If  X  and  /3  are  positive  quantities,  and  x  and  jSx  less 
than  unitv,   (1  +  x)^  is  less   than  ^j ^^  . 

'  1-/305 
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We  have  in  fact  to  shew  that  (1  +  x)"^  is  greater  than  1  -  [Sx. 
Now,  by  the  Binomial  Theorem, 

(i,.)-.=i_;j.,£(^^_^(£±i)(£±i)... , 

each  term  of  this  series  is  greater  than  the  succeeding  term,  for 

B  +  n 

- — -  X  is  less  than  imity,  since  x  and  Bx  are  each  less  than  unity. 

Hence,  as  in  Art.  558,  the  series  is  greater  than  1  —  ftx. 

68 G.      Let  y   be    a   positive   quantity  greater    than    (3 ;    then 

1  +  ya;  is  greater  than  provided  (1  •(-  yx)  (1  -  jSx)  is  greater 

than  1  ;  that  is  provided  [y-  ^)x  is  greater  than  ftyx^,  that  is 
provided  y  —  /3  is  greater  than  /Syx.  Hence  we  have  the  following 
result ;  if  x,  /S,  and  y  are  positive,  and  y  greater  than  (3,  then  by 
taking  x  small  enough  we  can  make  (1  +x)P  less  than  1  +  yx ; 
this  holds  however  small  the  excess  of  y  over  /8  may  be. 

687.  If  X  be  positive  log  (1  +  x)  is  less  than  x. 

For  suppose  y  =  log(l  +  x),  then  1  +x  =  e^  ;  and,  by  Art.  542, 

2  3 

y      V  1  •  1   •  1 

e^  =  1  +  ?/  -f  ' ,  +  1  o  + ;   which  IS  greater  than  y  +  1. 

til      [^ 

111  1 

As   an  example   put  for  x  ui   succession   ^,    -,    -j , -: 

J      o      4  ?t 

.31,41  .      n+l       1        ^  . 

we  have  log  ^  <  ^  ,    log  -  <  -  ,   log  -^—  <  -  .      Hence,  by 

TVX-  ,^+111  1 

addition,  lo^s  — ;r —  <  -;  +  ^  + +  -  • 

°     2         2      3  n 

688.  If  X  be  positive  and  less  than  unity  log  (1  +  x)  is  greater 
than  X  —  —. 

For  log (l+a;)  =  £c  —  -^  +  ^  "T"*" ''  ^^^^^^e,  as  in  Art.  558, 

we  see  that  log  (1  +  jp)  —  f  a;  —  —  j  is  a  finite  positive  quantity. 
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689.  If  £c  be  positive  and  less  than  nnity  log  ^j is  greater 

than  X. 

1  ^        01?        X* 

For     log  .j =  -log(l-aj)  =  a3  +  -^  +-  +-t+  ;      hence 

locr a;  is  a  finite  positive  quantity. 

°  1  —  x 

690.  The  following  three  examples  will  illustrate  the  subject 
of  Inequalities,  and  furnish  results  of  some  interest. 

_,      ,,  1.3.5 (2n-\)        ,  3.5.7 I2n  +  l) 

2.4.6 2n  "  2,4.6 2n      ' 

then  when  n  is  infinite  u^^  is  zero,  v^^  is  infinite  and  ^i^v^^  is  finite. 

XV    1  1     3     5  2r.-l 

We  have  ^^"  =  2-  4'  6 -J^  ^^^^ 

2     4     6               2n 
therefore,  by  Art.  3 i 6,  u,^ <-  .  ^  .  ^ ^ ^  (2). 

Therefore,  by  multiplication,  ti^  <  ~ . 

Hence,  by  increasing  n  we  can  make  ?t„  less  than  any  assigned 
quantity. 

^•■11  3     5     7  2n  +  1 

Similarly,  ^„  =  _  .  _  .  ^ __ (3); 

+1       f       1.     A  .^  Q-r       ^4     6     8  271  +  2 

therefore,  by  Art.  3/0,  v„>-  .  -  .  ^ ;r (4), 

'    -^  '    "     3     0     7  2«,  +  1  ^  ' 

,2*1+2 
Therefore,  by  multiplication,  v„"> — ^ —  ,  that  is,  >n  +  1. 

Hence,  by  increasing  n  we  can  make  v„  greater  than  any  as- 
signed quantity. 

Last,  by  (1)  and  (4)  we  see  that 

1  2w  +  2       ,    ^  .          w+1  ,  „       ^  ^    .•     •      1 

u,/v„>     ^r zr ,  that  is,>  -jr zr  ,  aud  therefore,  ajortiorx,>-^^  ; 

and  by  (2)  and  (3)  we  see  that  «„?;„<  1. 

Hence  w„v„  lies  between  „  and  1,  and  is  therefore  finite. 
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II.     If  m,  n,  a  are  in  descending  order  of  magnitude,  then 

/m  +  aV"  .        fn  +  a\" 

IS  <      - 

\TO  —  a)  \n  —  a) 

For  take  the  logarithms  of  both  sides  ;  thus  we  have  to  compare 


m  locr 


1  +  s  — +K— 4+ [   with   2a -1+     -,+  - -+..., 

and  the  first  of  these  is  less  than  the  second.      Hence  the  required 
result  follows. 

III.     Let  there  be  n  positive  quantities  a,  h,  c,  k ;  then 

^a  +  b  +  c  + +/j\"^'"^'" '. 

IS  <  a-'^'c" k\ 

n  J 

unless  the  n  quantities  are  equal,  and  then  the  inequality  becomes 

an  eqiiality. 

Let  there  be  two  unequal  quantities  a  and   h ;  we  have   to 

fa  +  hy^" 
shew  that  a^o^  is  >(  —^ — 1     . 

Suppose  a  greater  than  6;  let  a  =  c  +  ic,    h  =  c~  x. 

"We  have  to  shew  that  (1+")      (1~~)       is>l, 


that  is,  that 


or  that 


Now  the  logarithm  of  (^-^{j  (1  -  ^')  ^^ 
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and  this  is  a  positive  quuntity  ;  and  as  the  logarithm  is  positive 
the  expression  is  greater  than  unity. 

The  demonstration  is  then  extended  to  the  case  of  three  or 
moi-e  quantities  by  a  method  similar  to  that  used  in  Art.  682. 

The  problems  in  the  next  three  Articles  are  analogous  to  the 
subject  considered  in  the  present  Chapter. 

691.  Divide  a  given  number  2a  into  two  parts,  such  that 
theii-  product  shall  have  the  greatest  j^ossible  value. 

Let  X  denote  one  part  and  2a  -  x  the  other  part,  and  let  y 
denote  the  product ;  then  we  have  to  determine  x  so  that  y  may 
have  the  greatest  possible  value.  Since  y  —  x  (2a  -  x),  we  have 
V?  -  2ax  +  y  =  0  ;  therefore  a?  =  a  ±  ^f(a^  —  y).  Thus  since  x  must 
be  real  y  cannot  be  greater  than  a^,  and  x  =  a,  when  y  =  a^. 

692.  Divide  a  given  number  2a  into  two  parts,  such  that  the 
sum  of  theii"  sqiiare  roots  shall  have  the  greatest  possible  value. 

Let  X  denote  one  part  and  2a-  x  the  other  j)art,  and  let  y 
denote  the  sum  of  the  square  roots  of  the  parts ;  then  we  have  to 
determine  x  so  that  y  may  have  the  greatest  possible  value. 

Since  ^x  +  J(2a  -x)=y,  2a-x  =  (y  -  Jxf  =  y^-2y  Jx  +  x, 
and  2x  -  2y  Jx  +  f-2a  =  0;  therefore   ^/tc  =  |  ±  ^^  ^  ~  ^  ^ . 

Since  ijx  must  be  real  y^  cannot  be  greater  than  4rt,  thus 
2  Ja  is  the  greatest  value  of  y,  and  x  =  a  when  y  =  2  Ja. 

x^  +  a^ 

693.  Find  the  least  value  which   can  have  whatever 

X 

real  value  x  may  have. 

Put  -  —  =  2/,  then  x'-xy  +  a'  =  ^;  thus  «  =  |  =t  JJ^^^ , 

Hence  y^  cannot  be  less  than  4a° ;  or  2a  is  the  least  value  of  y. 

_       ,         x^  +  a^  a^  ...         ,, 

Or   thus,    =  x  I-—;    suppose   x  positive,   then   we   can 

put  tliis  expression  in  the  form   ijx .-\   +2a;  and  as  2a  is 

constant  the  least  value  of  the  whole  expression  will  be  obtained 
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when  the  positive  term  f  Jx j-  j    vanishes,  that  is,  when  x  =  a. 

r      1  x'  +  a' 

It  is  nnnecessaiy  to  considei'  negative  vahies  of  x,  because 


X 

lias  the  same  numerical  value  when  x  has  any  negative  value  as 
when  X  has  the  corresponding  positive  value. 

EXAMPLES    OF    INEQUALITIES. 

In  the  following  examples  the  symbols  are  supposed  to  denote 
positive  quantities ;  and  the  inequalities  may,  in  cei-tain  cases, 
become  equalities,  as  in  some  of  the  Articles  of  the  text. 

1.  If  a,  b,  c  be  such  that  any  two  of  them  are  greater  than 
the  third,  2  {ab  +  bc  +  ca)  >  a"  +  b'  +  c". 

2.  If  ^^  4-  m"  +  «,'  =  1,  and  V"  +  «i'^  +  n-  =  1,  then 

11'-^  mm'  +  nn'  <  1. 

3.  (rt  +  6  —  cf  +  [a  +  c  —  b)'  +  {b  +  c-  ay >ab  +  bc  +  ca. 

5.  ab  {a  +  b)  +  be  (b  +  c)  +  ca  {c  +  a)>  Qabc  and  <  2{a^+  6'  +  c''). 

6.  (a  +  b)  {b  +  c)  (c  +  a)  >  8abe. 

7.  Shew  that  a;^- 8x4- 22  is  never  less  than  6,  whatever 
may  be  the  value  of  x. 

8.  "Which  is  greater,  2x^  or  a;  +  1  ] 

9.  If  n  be  >  1,  then  x  +  —  is  >  1  +  -  ,  if  a;  be  >  1,  or  <  -  . 

'  nx  n  n 

„  (a  +  x)  (b  +  x) 

10.  Find  the  least  value  of  ^ '-^ . 

X 

11.  Divide  an  odd  integer  into  two  other  integers,  of  which 
the  product  may  be  the  greatest  possible. 

12.  If  a  >  6,  then  J  {a'  -  b"~)  +  J(2ab  -  ¥)  >  a. 

13.  If  a,  b,  c,  d  are  in  harmonical  progression,  a-^d>b-k-c. 

14.  If  a,  b,  c  are  in  harmonical  progression  and  n  a  positive 
integer,  a"  +  c">  2b". 
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15.  If  a>b,  shew  that  -rrg j-  is  >or  < — ~ — — -  ,  accord- 

V(«  +  «  )  J{x-  +  b-) 

iiig  as  K  is  >  or  <  ^'(ab). 

16.  If  a,  b,  c,  01'  b,  c,  a,  or  e,  a,  b  are  in  descending  order  of 
magnitude,  crb  +  b'c  +  c'a  >  a^c  +  ¥a  +  c'b;  if  they  are  in  ascendhig 
order  of  magnitude,  a'b  +  6^c  +  c^a<a^c  +  6^a  +  c*6. 

17.  {A'  +  B'  +  C'  ^  ...){a'  +  ¥  +  c'  +  ...)>{Aa  +  Bb  +  Cc+  ...)\ 

18.  3  (cA^  +  6^  +  c^)  >{a+b  +  c)  {ab  +  bc  +  ca). 

19.  9abc<{a  +  b  +  c)  (a^+b^ +  C-). 

n-1 

20.  -^—  (a,  +  a^  +  0,3  +  . . .  +  a  J  >  J(a^a^)  +  ^(aja^)  +  J(a„a^)  +... 

21.  The  difference  between  the  arithmetic  and  the  geometric 
mean  of  two  quantities  is  less  than  one-eighth  of  the  squared 
difference  of  tlie  numbers  di\'ided  by  the  less  number,  but  greater 
than  one-eighth  of  such  squared  diffei'ence  divided  by  the  greater 
number. 

'«  +  1\" 


22.     ' 


/«  +  1 V 


23.  \n>n^. 

24.  1.3.5  ...  (2?i-l)<«". 

25.  /2-i)(2-?)...(2-^-^)>i. 
\        n/  \        nj        \  n     /        n 

26.  a*-i- &*-f- c^>a6c(a  +  i  +  c). 

27.  8  («'  +  6"  +  0=*)  >  3  (a  -f-  b)  {b  +  c){c  +  a). 

28.  J?l,JL,j!L>3. 
04-c      a-l-c      a  +  o 

29.  (a-^b  +  cf>  27abc  aud  <  9  (a'  +  b' +  c'). 

30.  If  p  and  g  be  each  less  than  unity, 

log„(l  -p)   .  p  ,        J)  (I  -q) 

31.  -^  +  -^  +'^+ -I-  -^^^  +  -^^  +-!i>n. 

1    _       * 

32.  If  rt  and  x  both  lie  between  0  and  1,  then  ^         >  x. 

1  -  a 
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61) 4.  Througliout  the  present  Chapter  the  word  number  is 
used  as  an  abhreviation  i'or  j^osittve  inkger. 

695.  A  number  which  can  be  divided  exactly  by  no  number 
except  itself  and  unity  is  called  a  2>i'i'ii^e  number,  or  shortly  ap7'i//ie. 

696.  Two  numbers  are  said  to  be  prime  to  eacli  other  when 
thei'e  is  no  number,  except  unity,  which  will  divide  each  of  them 
exactly.  Instead  of  saying  that  two  numbers  are  j^i'ime  to  each 
other,  the  same  thing  is  expressed  by  saying  that  one  of  them  is 
pi-ime  to  the  other. 

697.  If  a  number  p  divides  a  product  ab,  and  is  prime  to  one 
factor  a,  it  must  divide  tlie  other  factor  b. 

Suppose  a  greater  than  p ;  peiform  the  ojjeration  of  finding 
the  greatest  common  measui'e  of  a  and  p ;  let  g,  q\  q",  ...  be  the 
successive  quotients,  .and  r,  r',r",  ...  the  correspondmg  remaiaders. 

Thus         a  =  pq  +  r,      p  =  7'q'  +  r',      r  =  r'q"  +  r",       . . .        multiply 

each  member  of  each  of  these   equations  by  b,  and  divide  by  p  ; 

,        -        ah      ^        br  br       ,     br'       br      br'       ,,     br" 

therefore  -=07  +  —  ,      6  =  — xo'+-,      —  =  —  x  a   +  -----  ,  ... 
])  })  p  p         p        f  p 

ah 
Since  —  is  an  integer,  it  follows  fi'om  the  first  of  these  equa- 
tions that  —  is  an  integer  :  then  fi'om  the  second  of  these  equations 
P 

—  is  an  integer  :  then  from  the  third  —  is  an  integer  ;  and  so 
p  ^     '  p 

on.      But,  since  a  and  p>  are  prime  to  each   other,  the  last  of  the 

6x1. 

remainders  r,  ■?■',  r",  ...  is  unity ;  therefore is  an  integer ;  that 

is,  b  is  divisiljle  by  p. 

698.  When  the  numerator  and  denominator  of  a  fraction  are 
prime  to  each  other  the  fraction  cannot  be  reduced  to  an  equivalent 
fraction  in  lower  terms. 
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Suppose  tliat  a  is  prime  to  b,  and,  if  possible,  let  -    be  equal 

to  -,  ,  a  fraction  in  lower  terms.      Since  y  =  —  ,  we  have  a  =  —  • 
0  0      0  b 

therefore  b  divides  ab' ;  but  b  is  prime  to  a,  therefore  b  divides  b' 
(Ai't.  697) ;  but  this  is  impossible,  since  b'  is  less  than  b  by  sup- 
position. Hence  -  cannot  be  reduced  to  an  equivalent  fraction 
in  lower  terms. 

a      a' 

699.  IfiL  is  2)rime  to  h,  and  -  =->,  then  a'  and  b'  must  be  the 

same  multiiiles  of  a.  and  b  respectively. 

a-         a'      a  ,  ,     ab'     ,     ,  ,  .        .  ,        «       , 

bince  77  =  y-  J  we  have  a  —  -^  :  but  6  is  prime  to  a,  therefore  o 
0       0  b 

divides  b';  hence  b'—nb,  where  n  is  some  integer;  therefore  a'—na. 

700.  If  a  prime  number  p  divides  a  p)'>'oduct  abed...  it  must 
divide  one  of  the  factors  of  that  product. 

For  since  ^  is  a  prime  number,  if  p  does  not  divide  a  it  is  prime 
to  a,  and  therefore  it  must  divide  bed...  (Art.  697).  Similarly,  if 
p  does  not  divide  6,  it  is  prime  to  b,  and  therefore  it  must  divide 
cd...  By  proceeding  in  this  way  we  shall  prove  that  p  must  divide 
one  of  the  factors  of  the  product. 

701.  If  o>  prime  number  divides  a°,  where  n  is  any  positive 
integer,  it  must  divide  a. 

This  follows  from  the  preceding  Article  by  supposing  all  the 
factors  equal. 

702.  If  a  number  n  is  divisible  by  p,  p',  p",  . . .  and  each  of 
these  divisors  is  prime  to  all  the  others,  n  is  also  divisible  by  the 
pi'oduct  pp'p"--. 

For  since  n  is  divisible  by  p,  we  have  n  =  pq,  where  q  is  some 
integer.  Since  p'  divides  pq  and  is  prime  to  j^,  p'  must  divide  q  ; 
hence  q  =  p'^-',  where  g^  is  some  integer ;  thus  n  =  pp'q,  and  is 
therefore  divisible  by  pp'.  By  proceeding  thus  we  may  shew  that 
n  is  divisible  by  pp'p" ... 

T.  A.  28 
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703.  If  a  and  b  he  each  of  them  'prime  to  c,  then  ab  is  prime 
to  c. 

For  if  ah  is  not  prime  to  c,  suppose  ah  =  nr  and  c  =  ns,  where 
n,  r,  and  s  are  integers  ;  then,  since  a  and  h  are  prime  to  c,  they 

a     r 

are  iirime  to  ns,  and  therefore  to  n  ;  but  a6  =  nr,  therefore  -  =  t  j 
^  no 

therefore  6  is  a  multiple  of  n  (Art.  699).     Hence  h  is  botli  prime 

to  n  and  a  multiple  of  n,  which  is  imj)0ssible.     Therefore  ah  is 

pi'ime  to  c. 

704.  //"a  and  b  are  -prime  to  each  other,  a"  ajidf  b°  «?-e  prime 
to  each  other  ;  m  and  n  heing  any  p>ositive  integers. 

For  since  a  is  prime  to  h,  it  follows  that  a  x  a  or  a*  is  prime 
to  h  (Art.  703) ;  similarly  a^  x  a  or  c«^  is  prime  to  h ;  and  so  on ; 
tlius  a"*  is  prime  to  h.  Again,  since  «'"  is  prime  to  h,  it  follows 
that  a™  is  prime  to  6  x  6  or  h' ;  and  so  on. 

This  Article  establishes  the  result  to  which  reference  was  made 
in  Art.  242. 

705.  No  rational  integral  algebraical  formtda  can  represent 
prime  numbers  only. 

For,  if  possilile,  sup^iose  that  the  formula  a  +  hx  +  ex"  +  dx^  +  ... 
represents  pi-ime  numbers  only ;  suppose  when  x  =  vi  that  the 
formula  takes  the  value  j),  so  that  ^j  =  a  +  bm  +  cm^  +  dm^  +  ... 
Put  for  X,  in  the  formula,  m  +  np,  and  suppose  the  value  then 
to  be  2^' '}  thus  p'  =  a  +  b  (m  +  np)  +  c  {m  +  n2)f  +  d  (m  +  njif  +  ... 
=  a  +  bm  +  cm^  +  dm^  + +  J/  (/?)  =  jij  +  J/(i>),  where  J/  (p)  de- 
notes some  multijyle  of  p  ;  thus  p>'  is  divisible  by  ^5,  and  is  therefore 
not  a  prime. 

706.  The  ommher  of  prhne  numbers  is  infinite. 

For  if  the  number  of  prime  numbers  be  not  infinite,  suppose  p 
the  greatest  prime  niimber  ;  the  product  of  all  the  jivime  numbers 

up  to  ^9,  that  is,  2.3.5.7.11 2^  ^^  divisilile  by  each  of  these 

prime  numbers ;    add   unity  to    this   product,    and    we    obtain   a 
number  which  is  not  divisible  by  any  of  these  prime  numbers ;  this 
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number  is  therefore  either  itself  a  prime  number,  or  is  divisible 
by  some  prime  num.ber  greater  than  ji  ;  thus  p  is  not  the  greatest 
prime  number,  which  is  contrary  to  the  supposition.  Hence  the 
number  of  prime  numbers  is  infinite. 

707.     //"a  is  prime  to  b,  and  the  quantities  a,   2a,   3a, 

(b  -  1)  a,  ai-e  divided  by  b,  the  remainders  will  all  be  different. 

For,  if  possible,  suppose  that  two  of  these  quantities  ma  and 

m'a  when  divided  by  b  leave  the  same  remainder  /•,  so  that 

r)ia  =  nb  +  r  and  vi'a  =  n'b  +  r  ; 

then  (/?i  -  m')  a  =  (ii  —  n')  b  ; 

,,        „  a      n-n' 

thereiore  y  = ,  : 

0      m-  m 

hence  m-m'  is  a  multiple  of  6  (Art.  699);  but  this  is  impossible, 
since  m  and  m  are  both  less  than  b. 

708.  A  number  can  be   resolved  into  prime  factors  in  only 
one  way. 

Let    N   denote    the   number;    suppose    N=abcd ,  where 

a,  b,  c,  d, are  prime  numbers  ecpial  or  unequal.      Suppose,  if 

possible,  that  A""  also  =  a/3yS  .  . ,  where  a,  (S,y,  8,  ...  are  other  prime 

numbers.       Then    abed -  ajiS-yS ;    hence    a    must    divide 

abed ,   and  therefore  must  divide  one  of  the  factors  of  this 

product ;  but  these  factors  are  all  prime  numbers  ;  hence  a  must 
be   equal  to  one  of  them,  a   suppose.     Divide  by  a  or  a,  then 

bed =/5y8 ;  from  this  we  can  prove  that  /3  must  be  equal 

to  one  of  the  factors  in  bed ;  and  so  on.     Thus  the  factors  in 

abed cannot  be  different  from  those  in  a/3y8 

709.  To  find  the  highest  power  of  a  prime  number  a  which  is 

contained  in  the  product  in. 

Let    /  (  —  )  denote  the  greatest  integer  contained  in  —  , 
\a )  a 

let    ^  (  — • )  denote  the  greatest  integer  contained  in  -j , 
let   7  I  -^,  1  denote  the  in-eatest  integer  contained  in  -, , 


and  so  on ; 

28—2 


43G  THEORY    OF   NUMBERS. 

then  the  highest  power  of  the  prime  number  a  which  is  con- 
tained in  '«i  is  I  (  —  \  +  I  ("Ij  +  /  f-3  j  + 

For  among  the  numbers  1,   2,  3,  ...  m,  there  are  I  ( — J  which 

contain  a  at  least  once,  namely  the  numbers  a,  2a,  3a,  4o, 

Similarly  there  are  -^  (  — » )  which  contain  a^  at  least  once ;  there 

are  /  (  ^r  I   which  contain  «■*  at  least  once ;  and  so  on.     The  sum 
WJ 

of  these  expressions  is  the  requii-ed  highest  power. 

This  proposition  will  be  illustrated  by  considering  a  numerical 

example.      Suppose  for  instance  that  m=14  and  a  — 2;  then  we 

have  to  find  the  highest  power  of  2  which  is  contained  in  |14. 

Here  /  f  —  j  =-- 7,    /  (  ^  j  =  3,    7("3J  =  1;    thus    the   required 

power  is  11.  That  is,  2^'  will  divide  [14,  and  no  higher  powder 
of  2  will  divide  j  1 4.  ISTow  let  us  examine  in  what  way  this  num- 
ber 11  arises.      Of  the  factors   1,  2,  3,  4, 14  there   are  seven 

which  we  can  divide  at  once  by  2,  namely  2,  4,  6,  8,  10,  12,  14. 
There  are  three  factors  which  can  be  divided  by  2  a  second  time, 
namely  4,  8,  12.  There  is  one  factor  wliich  can  be  divided  by  2 
a  thii'd  time,  namely  8. 

Thus  we  see  the  way  in  Avhich  7+3  +  1,  that  is  11,  arises. 

710.      The   2)roduct    of  any    n    successive   integers  is  divisible 
hy  \n. 

Let   on  +  1   be   the   first   integer;  we  have  then  to  shew  that 

(m+l)(ni  +  2) (m  +  n).  .  ^^  ^  ■  ^     .      ^ 

■ r IS  an  integer.  Multiply  both  nume- 
rator and  denominator  of  this  expression  by  [«i ;  it  then  becomes 

'in  +  71  p 

,  which  we  shall  denote  1  )y  — .       Let    a    be    any    prime 


\m\n  ^    Q 

number;    let    r^,    r^,    r^, denote    the  greatest    integers    in 

m  +  n     m  +  n      7n  +  n                           .     ,  ,  ^ 

respectively;    let    s^,    s„,    s^,  


'  2       >  ; 

a  a  a 
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J     ,,             X    X  •  X           .     m    m    ra  .     ,  , 

denote  the  greatest  integers  in  — ,  -^,  — j, respectively  ;  and 

Of         Cb  Cb 

let  ^,,  t^,  t^, denote  the  greatest  integers  in  -  ,    -^j    — , 

respectively.      Then  in  P  the  factor  a  occurs  i-aised  to  the  power 

r^  4-  r^  +  ?"3  + ;  in  Q  the  factor  a  occurs  raised  td  the  power 

5j  +  s„  +  S3  + +  t^  +  ^2  "^  ^3  "^ IS'ow  it  may  be  easily  shewn 

that  j'j  is  either  equal  to  s^  4-  t^  or  to  s^  +  t^  +  \,  and  that  r^  is 
either  equal  to  s^  +  t^  or  to  s^  +  t^^+l,  and  so  on.  Thus  a  occui's 
in  P  raised  to  at  least  as  high  a  power  as  in  Q.  Similarlj'  any 
prime  factor  which  occurs  in  Q  occurs  in  P  raised  to  at  least  as 
high  a  power  as  in  Q.     Thus  P  is  divisible  by  Q. 

711.  If  n  be  a  2))-i)ne  number,  the  coefficient  of  every  term  hi 
the  expansion  of  {&  +  b)°,  except  the  first  and  last,  is  divisible  by  n. 

For  the  general  form  of  the  coefficients  excluding  the  first  and 

.    n{n-\) (/i-r  +  1)        ,  ,  , 

la.st  IS  — ^ ■ — ^ ,   where    r   may   have   any   value 

from  1  to  n—\  inclusive.  Xow,  by  Art.  710,  this  expression  is 
an  integer ;  also  since  «.  is  a  prime  number  and  greater  than 
r,     no    factor     wliich     ocelli's     in  \r  '  can    di\T.de    n  ;     therefore 

{n—\){n  —  2) (?i  — r  +  1)    must    be    di\asible    by    [r.       Hence 

every  coefficient,  except  the  first  and  last,  Ls  di\T^sible  by  n. 

712.  If  n  be  a  prime  number,  the  coefficient  of  every  term  in 

the  expansion  of  (a  +  b  +  c  +  d+ )°,  except  those  of  dJ^,  b°,  c", 

d°, ,  is  divisible  by  n. 

Put  ^  for  b  +  c  ^  d  + ;  then 

(a  +  b  +  c  +  d+ )"=(«  +  /3)". 

By  Ai-t.  711,  every  coefficient  in  the  expansion  of  (a  +  ^y  is 
di\*isible  by  n,  except  those  of  a"  and  (3",  and  the  coefficient  of 
each  of  these  tenns  is  unity.     Again, 

/8"  =  (6  +  c  +  f^  + )"  =  (^  +  y)"  suppose ; 

and  every  coefficient  in  the  expansion  of  (6  +  y)"  is  divisible  1\v 
n  except  those  of  b"  and  y".  By  proceeding  in  this  way  we  arrive 
at  the  theorem  enunciated. 
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713.  If  n  he  a  2'>rime  number,  and  N  prime  to  n,  then  N"~'  —  1 
is  a  multiple  of  n.     (Fermat's  Theorem.) 

By  the  i^recediiig  Article, 

{a  +  h  +  c  +  d+ +  X-)"  =  a"  +  6"  +  c"  +  f/"  +  +k''  +  M  (n), 

where  31  {«)  denotes  some  multiple  of  n.  Let  each  of  the  quanti- 
ties a,   b,  c,  d,  k  be  equal  to  unity,   and  suppose  there  are 

^  of  them ;  thus  N"  =  i\^  +  J/  (n) ;  therefore  N  {N"-'  -  1)  =  JI  {n). 

Since  N  is  prime  to  n,  it  follows  that  iV""~'— 1  is  divLsible 
by  n. 

"We  may  therefore  say  that  ^"~'=  \+2^n,  where  2^  is  some 
positive  integer. 

714.  Since  w  is  a  prime  number  in  the  preceding  Article, 
n—l   is    an   even   n^^mber   except    when   n  =  2 ;    hence    we   may 

n-l  11-1 

write  the  theorem  thus,   [N  "  -  1)  (^V  ^  +1)  =  .!/(«);    therefore, 

n-l  71-1  n-1 

either  N  "'  -  1  or  i\'  '^  +  1  is  divisible  by  n,  so  that  N  ^  =pn->t-\, 
or  else  ~  pn  -  1,  where  ;j  is  some  positive  integer. 

715.  The  following  theorem  is  an  extension  of  Fermat's.  Let 
n  be  any  nvmiber ;  and  let  1,  a,  b,  c, w  — 1,  be  all  the  num- 
bers which  are  less  than  n  and  prime  to  n ;  suppose  there  are  m  of 
these  numbers  ;  then  will  x""  -\  =  M  (n),  when  for  x  we  substitute 
any  one  of  the  above  ni  numbers,  except  unity.  For  multi2:>ly  all 
the  m  numbers  by  any  one  of  them  except  unity,  and  denote  the 

multiplier  by  x ;  thus  we  obtain   I  .  x,  ax,  bx,  ex, {n-l)x; 

these  products  are  all  different  and  all  prime  to  n.  It  may  be 
easily  shewn  that  when  these  products  are  divided  by  71,  the  re- 
mainders are  all  diffe^-ent  and  all  j^rime  to  n ;  thus  the  remain- 
ders   must  be    the    original    m   numbers   1 ,  a,  b,  c,    n~l  ; 

they  will  not  necessarily  occur  in  this  order,  but  that  is  imma- 
terial for  the  object  we  have  in  view.     Hence  the    product  of 

the  new  series   of  m  nvimbers  x,  ax,  bx,  ex,  {n  -  l)  x,  can 

only  differ  from  the  product  of  the  original  m  numl)ers  by  some 
multiple  of  n ;  thus 

x"'ahc {n-\)  =  abc (/i  -  1)  +  J/  {n). 
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Since  two  of  the  three  terms  which  enter  into  this  identity 

are  divisible  by  ahc (?i—  1),  the  third  term  must  like^\^.se  be  so 

di^^dsible,  and  as  ahc («  —  1)  is  prime  to  n,  the  quotient  after 

M(n)  is  di-v-ided  by  abc (n—  1)  must  still  be  some  midtiple  of 

n,  and  may  be  denoted  by  M  (?i) ;  thus 

cc""  =  1  +  M{n),  and  of  —\  =  M  (/^). 

716.  We  will  now  deduce  Fermat's  theorem  from  the  result 
of  the  preceding  Article.     Suppose  n  a  prime  number ;  then  the 

numbers  1,  2,  3, n  —  \,  are  aU  prime  to  n ;  thus  m  =  n  —  \. 

Therefore  «""'—  1  =  J-f{n),  where  x  may  be  any  number  less  than  n. 
Next  let  ?/  denote  any  number  which  is  gi'eater  than  n  and  prime 
to  n,  then  we  can  suppose  i/  =2Jn  +  x,  where  p  is  some  integer  and 
X  is  less  than  n.     Therefore 

y"~*  =  (pn  +  x)"'^  =  a;"~^  +  {n-l)  x""'  jy-a  + =  x"~^  +  M (ii) ; 

but  we  have  already  shewn  that  £c"~'  =\  +  M  (n) ;  thus 
y"-'  =  1  +  J/  {n),  and  y""'  -  1  =  21  {n). 
Thus  Fermat's  theorem  is  estabKshed. 

717.  If  TL  he  a  prime  number,    1  +  n  —  1   is  divisible   hy  n. 
(Wilson's  Theorem.) 

By  Ai-t.  549  we  have 
\n-\  =.  {n  -  1)"-'  -  (?i  -  1)  {n  -  2)""' 

.  L"  -  ')  ("  -  1)  („  _  3)--  -  <"  -  ')  (»  -  ^)  ("  -  ^)  („  -  4)- ; 


1.2  y     -'  1.2.3 

by  Fermat's  theorem  we  have 

(7i-l)"~'  =  1 +/9j?i,     (?i- 2)""' =  1 +j?„«,     {n-2>y~^  ^\  +  p^n. 

where  p^,  V^i  p^, are  positive  integers.     Therefore 

\n-\=M{7i)  +  \  -(h-1) 

.  (7^-l)(>i-2)      (7i-l)(;.-2)(n-3)  , 
■^  1.2  ~  1.2.3 

the  series  1  -  (n  -  1)  + y-^ — —  -  . . .,  of  ?i  -  1  terms,  is  equal  to 

(1  —  1)""'  —  (—  1)""',  that  is,  to  —  1,  since  n—\  is  an  even  number. 
Thus  \n-\  =  J/  (/i)  -  1 ;  therefore  1  +  \n-\  is  tlivisible  by  n. 
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If  7t  be  not  a  prime  number,  1  +  |n  -  1  is  not  divisible  by  n. 
For  suppose  p  a  factor  of  n ;  then  p  is  less  than  n  —  1,  and  there- 
fore |«  — 1  is  divisible  by  p  ;  hence  1  +1^  —  1  is  not  divisible  by 
]),  and  thei-efore  not  divisible  by  n. 

718.  The  following  inference  may  be  drawn  from  Wilson's 
Theorem;  If  2^+1  be  a  prime  number,  {li^j"  +  (- 1)''  is  divisible 
by  2p  +  1. 

By  Wilson's  Theoi'em,  since  2p  +  1  is  a  prime  number, 
1  +12;;  is  divisible  by  2p  +  1.      Put  n  for  2^^  +  1,   then  \2p  may 

be  written  thus,  1  (w  -  1)  2  (n  -  2)  3  (?^  -  3) p{n-p);  if  these 

factors  be  supposed  multiplied  out,  it  is  obvious  that  we  shall 
obtain  (—  1)''  1^2^3" //  together  with  some  multiple  of  n. 

Hence  1  +  (-  l)*"  j!;^}^  must  be  divisible  by  7i,  and  thei-efore 
fbr+  (-  l)*"  must  be  divisible  by  n. 

719.  Let  X  denote  any  positive  integer;  then  the  number  of 
positive  integers  which  ai-e  less  than  x  and  prime  to  x  will  be 
denoted  by  L  (x). 

Considei',  for  example,  the  positive  integer  1 2  ;  there  are  4 
positive  integers  which  are  less  than  12  and  prime  to  12,  namely 
11,  7,  5,  1:  thusZ(12)=4. 

720.  I/m  be  prime  to  n  the7i  L  (mn)  =  L  (m)  x  L  (n). 

For  let  1,  a,  b, m-  1  be  the  positive  integers  which  are 

less  than  m  and  prime  to  m ;  then,  r  denoting  any  one  of  these, 
the  following  n  positive  integers  are  all  less  than  7nn  and  are  all 
prime  to  m, 

r,     r  +  m,     r  +  2m,  r  +  {n-l)  vi. 

And  every  positive  integer  which  is  less  than  mn  and  is  piime 
to  m  must  be  of  the  form  r  +  ^jpi,  where  p  is  zero  or  some  positive 
integer  less  than  n,  and  r  is  one  of  the  positive  integers  1,  a,  b,  ... 
VI  -  1. 

Hence  we  see  that  the  niimber  of  positive  integers  less  than 
mn  and  prime  to  m  is  n  x  L  (m). 
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Out  of  the  positive  integers  whicli  are  less  than  mn  and  prime 
to  m  we  must  now  determine  those  which  are  also  prime  to  n. 

Let  r  have  the  same  meaning  as  before.     If  we  divide  each 
term  of  the  set 

7',     r  +  m,     r  +  2m,  r  +  (?i  —  1 )  m 

by  n  the  remainders  will  all  be  different ;  this  is  shewn  by  the 
method  of  Art.  707  :  thus  the  remainders  must  be  0,  1,  2,  ...  ?i-  1; 
though  they  will  not  necessarily  occxn-  in  this  order.  If  a  re- 
mainder be  prime  to  n  the  corresponding  dividend  is  prime  to  n ; 
and  conversely  if  a  dividend  is  prime  to  n  the  corresponding  re- 
mainder is  jDrime  to  n.  It  follows  therefore  that  out  of  the  ?i 
positive  integers  in  the  above  set  there  are  L  (?i)  which  are  prime 
to  n.  And  since  this  holds  for  each  such  set  of  integers  as  we 
have  considered  it  follows  that  L  (mn)  —  L  (rti)  x  L  [n). 

Hence  if  I,  m,  n  are  all  prime  to  each  other,  we  have 
L  (Imn)  —  L  (Im)  x  L  («)  =  L{1)  x  L  (m)  x  L  (n) ; 

and  a  similar  result  holds  for  any  number  of  factors  which  are  all 
prime  to  each  other. 

721.      To  find  the  number  of  j^osllive  integers  whicli  are  less 
than  a  given  number  and  prime  to  it. 

Let  N  denote  the  number,  and  first  suppose  N=a^,  where  a 
is  a  prime  number.     The  only  terms  of  the  series  1,  2,  3,  4, N 

which  are  not  prime  to  N  are  a,  2a,  3a,  ia, ^  « J  and  there 

are   —  of  these  terms.     Hence  after  rejecting  these  midtiples  of 

a,  we  have  remaining  iV—  —  terms,  that  is,  ^^(1  —  j  terms  ;  thus 
a  \       a  J 

thei'e  are  N  {\  —  j  positive  integers  which  are  less  than  N  and 

prime  to  iV. 

Next,  suppose  N  ~  a^h'^<^ where  a,  b,  c, are  all  prime 

numbers. 
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Then,  by  Art.  720, 

L{N)  =  L(a}')  X  L {b')  X  L {c')  X 

=-0-i)-0-D-'(-^)^ 

by  the  fii'st  case. 

Thus  finally  if  H  =  a^b'^c^d' where  a,  h,  c,  d, are  all 

prime  numbers,  the  ntimber  of  positivs  integers  which  are  less 
than  N  and  prime  to  N  is 

<-i)(-DO-:)(-]) 

It  will  be  observed  that  in  this  theorem  unity  is  considered 
to  be  one  of  the  positive  integers  which  are  less  than  N  and  prime 
toi\^. 

722.  To  find  the  number  of  divisors  of  any  given  number. 

Let  X  denote  the  number,  and  suppose  X  =  a''b^c'' ,  where 

a,  b,  c, are  prime  numbers.  It  is  evident  that  N  will  be  divi- 
sible by  any  number  which  is  foi-med  by  the  product  of  powers  of 

a,  b,  c, jDrovided  the  exponent  of  the  power  of  a  be  comprised 

between  0  and  j),  the  exponent  of  the  power  of  b  between  0  and 
q,  the  exponent  of  the  power  of  c  between  0  and  r,  and  so  on  ; 
and  no  other  number  will  divide  X.  Hence  the  di\Tsors  of  JV 
will  be  the  various  terms  of  the  product 

(I  +a  +  a^  +  ...  +a''){l  +b  +  b'  +  ...  +b'')  {1+C  +  C-+  ...  +C'')  ...  ; 

the  number  of  the  divisors  will  therefore  be  (^^  +  1)  (§'  +  1)  (r  +  1)  . . . 
This  includes  among  the  divisors  imity  and  the  number  X  itself 

723.  To  find  the  number  of  loays  in  which  a  member  can  be 
resolved  into  two  factors. 

Let /f  denote  the  niimber,   and  suppose  X=a''b''c'' ,  Avhere 

a,  b,  c, are  prime  numbers.      First,  suppose  ji\^  not  a  perfect 

square ;  then  07ie  at  least  of  the  exponents  p,  q,  r, is  an  odd 

number  ;  the  requu-ed  number  then  is  ^(2^  +  mq  +^)  {r +1) , 

because  there  are  two  divisors  of  X  corresponding  to  every  way  in 
which  X  can  be  resolved  into  two  factors.     Next  suppose  X  a 


EXAJIPLES.      LII.  443 

perfect  square,  tlien  all  the  exponents  p,  q,  r, are  even ;  the 

reqviii'ed  number  is  found  by  increasing  (/;  +  1)  (5  +  l)(r  +  1) 

by  unity,  and  taking  half  the  result ;  for  in  this  case  the  square 
root  of  ^  is  one  of  the  divisors,  and  if  this  be  taken  as  one  factor 
of  N,  the  other  factor  is  equal  to  it,  so  that  only  one  divisor  arises 
from  this  mode  of  resolving  N  into  two  factors. 

It  will  be  observed  that  in  this  theorem  N  x  1  is  counted  as 
one  of  the  ways  of  resolving  N  into  two  factors. 

724.     To  find  the  sum  of  the  divisors  of  a  number. 
With  the  notation  of  Art.  722,  we  have  the  sum  equal  to 
(1 +a  + a' +  ...  +  aP)(l  +  6  +  5'+  ...  +  &*)  (l  +  c  +  c'+  ...  +  C'')  ...; 

aP+'-l     6'^>_1     c'+'-l 


that  is 


a-l     '     b-\     '     c-1 


72.5.  To  find  tlie  number  of  ways  in  ichich  a  number  can  be 
resolved  into  tioo  factors  which  are  prime  to  each  other. 

Let  the  number  iV^=  a^¥c\...  as  before.  Since  the  two  factors 
are  to  be  prime  to  each  other,  we  cannot  have  some  power  of  a  in 
one  factor,  and  some  power  of  a  in  the  other  factor,  but  a^  must 
occiu'  in  one  of  the  factors.  Similarly,  6*  must  occur  in  one  of  the 
factors ;  and  so  on.  Hence  the  required  number  is  the  same  as 
half  the  number  of  di\dsoi-s  oiabc....,  and  is  therefore  2""',  where 
n  is  the  number  of  different  prime  factors  which  occur  in  2s. 

EXAMPLES    OF   THE    THEORY    OF    NUMBERS. 

1.  \i'p  and  q  are  whole  numbers,  and  j^  +  5  is  an  even  num- 
ber, then  /»  -  5"  is  also  even. 

2.  Find  the  least  mvdtiplier  of  3234  which  will  make  the  pro- 
duct a  perfect  square. 

3.  Find  the  least  multiplier  of  1845  which  A\ill  make  the 
product  a  perfect  cube. 

4.  Find  the  least  multiplier  of  G480  which  will  make  the 
product  a  perfect  cube. 
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5.  Find  the  least  multiplier  of  13168  v,-hicli  will  make  the 
product  a  poiiect  cube. 

6.  If  the  sum  of  an  odd  square  numher  and  an  even  square 
number  is  also  a  square  number,  then  the  even  square  number  is 
divisible  by  16. 

7.  Every  square  number  is  of  the  form  5n  or  5?i±  1. 

8.  Every  cube  nimiber  is  of  the  form  7n  or  7?i±  1. 

9.  If  a  number  be  both  a  square  and  a  cube  it  is  of  the  fonn 
7n  or  7n+  1. 

10.  No  square  niimber  is  of  the  foiin  3/i  -  1. 

11.  No  triangular  number  is  of  the  form  3/i  —  1. 

12.  If  n  be  any  number  whatever,  a  the  diiference  between 
n  and  the  next  number  greater  than  n  which  is  a  square  number, 
and  b  the  diiference  between  n  and  the  next  number  less  than  ?i 
which  is  a  square  nimiber,  then  n  —  ab  is  a  square  number. 

13.  If  the  difference  of  two  numbers  which  are  prime  to 
each  other,  be  an  odd  number,  any  power  of  their  sum  is  prime  to 
every  power  of  therr  diiference. 

14.  If  there  be  three  numbers  one  of  which  is  the  sum  of  the 
other  two,  twice  the  sum  of  theii-  foui-th  powers  is  a  square  number. 

15.  Shew  when  oi  is  any  prime  number,  that  x"  —  I  and 
(x—iy  will  leave  the  same  remainder  when  divided  l)y  n. 

16.  If  '2p  +  1  be  a  prime  number  and  the  numbers  V,  2V--i>', 
be  divided  by  2p  +  1,  the  remainders  are  all  different. 

17.  Every  even  power  of  every  odd  number  is  of  the  form 
Sn  +  1. 

18.  Every  odd  power  of  7  is  of  the  form  8>i  —  1. 

19.  If  w  be  any  integer,  n'—  n  +  1  cannot  be  a  sqiiare  number. 

20.  If  )i  be  any  odd  integer,  n^+ 1  cannot  be  a  square  numbei-. 

21.  If  a  and  x  are  integers,  the  gi-eatest  value  of  ax  —  2x'  is 

the  integer  equal  to  or  next  less  than  — . 
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22.  Shew  that  n  (n-v\)  {2n  +  1)  is  always  divisible  by  6. 

23.  If  n  be  odd,  (n  -l)n  {n  +  1)  is  divisible  by  24. 

24.  If  n  be  odd  and  not  divisible  by  3,  then  «,^  +  o  is  divisible 
by  6. 

25.  If  n  be  a  prime  number  greater  than  5,  then  ?j^  -  1   is 
divisible  by  240. 

26.  fehew  that  =-rrTr  —  ttt  +  jr—  is  an  integer  if  m  be. 

120      24      30  ° 

27.  Shew  that  n^  -  n  is  always  divisible  by  42. 

28.  If  n  be  any  prime  number  and  x  any  integer,  prove  that 
x"  and  X  when  divided  by  n  will  leave  the  same  remainder. 

29.  If  ?i  be  any  prime  number  and  iV^ prime  to  n,  then  N'"—  1 
is  divisible  by  ?^^,  where  m  =  n  (n  —  1). 

30.  If  n  be  any  prime  number  greater  than  2,  except  7,  then 
n^  —  I  is  divisible  by  56. 

31.  If  ?i  be  any  prime  number  greater  than  2  and  N  any  odd 
number  prime  to  w,then  iV"~^  —  1  is  divisible  by  8n. 

32.  If  n  be  any  prime  number  greater  than  3  and  N'  piime 
to  n,  then  N"  -  ]^  is  divisible  by  Qn. 

33.  If  n  and  ^  be  diflFerent  prime  numbers,  and  each  greater 
than  3,  then  N"~^  -  1  is  divisible  by  2in. 

34.  Shew  that  1"  +  2"  +  3"  +  ...  +  (rn)"  is  a  multiple  of  n,  if  n 
be  any  prime  number  greater  than  2. 

35.  Shew  that  the  10""  power  of  any  number  is  of  the  form 
lln  or  ll?i4-  1. 

36.  Shew  that  the  12"*  power  of  any  number  is  of  the  form 
13/4  or  13;t  +  1. 

37.  Shew  that  the  9"'  power  of  any  number  is  of  the  form 
19u  or  19to±1. 

38.  Shew  that  the  1 1""  power  of  any  number  is  of  the  form 
23/1  or  23?i±l. 

39.  Shew  that  the  20"'  power  of  any  number  is  of  the  fonn 
25?^  or  25 /i  +  1. 
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40.  How  many  positive  integers  are  less  than  140  and  prime 
to  140? 

41.  How  many  positive  integers  are  less  than  360  and  prime 

to  3601 

42.  How  many  positive  integers  are  less  than  1000  and  prime 
to  1000? 

43.  How  many  positive  integei-s  are  less  than  3*  x  7^  x  11  and 
prime  to  it? 

44.  How  many  positive  integers  are  less  than  10"  and  prime 
to  it? 

45.  Find  the  number  of  divisors  of  140. 

46.  Find  the  number  of  divisors  of  1845. 

47.  Find  how  many  divisors  there  are  of  [9,  and  the  sum  of 
these  divisors. 

48  Find  the  number  of  ways  in  which  1845  can  be  resolved 
into  two  flictors. 

49.  In  how  many  ways  can  a  line  of  100800  inches  long 
be  divided  into  equal  parts,  each  some  multiple  of  an  inch  ? 

50.  In  how  many  ways  can  four  right  angles  be  divided  into 
equal  parts  so  that  each  part  may  be  a  multiple  of  the  angular 
unit,  (1)  when  the  unit  is  a  degree,  (2)  when  the  unit  is  a  grade  ? 

51.  How  many  different  positive  integral  solutions  are  thei-e 
of  xy=l  0"  ? 

52.  If  JV  be  any  number,  n  the  number  of  its  divisors,  and  F 

the  product  of  its  divisors,   shew  that  P  =  ^Y":   shew  that  i\^"  is 
in  all  cases  a  complete  square. 

53.  Find  the  least  number  which  has  30  divisors. 

54.  Find  the  least  number  which  has  64  divisors. 

55.  Suppose  a  prime  to  b,  and  let  the  series  of  quantities 
a,  2a,  3a,  ...  (b  —  1)  a  be  divided  by  b :  prove  that  the  sum  of  the 
quotients  arisiag  from   any  two  terms  equidistant  from  the  be- 
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ginning  and  end  will  be  a  -  1 ,  and  that  the  sum  of  the  correspond- 
ing remainders  will  be  h. 

56.  If  any  number  of  square  numbers  be  divided  by  a  given 
numljer  n  there  cannot  be  more  than  -^  different  remaindei's. 

57.  Express  generally  the  rational  values  of  x  and  y  which 
satisfy  \iQx  =  y^. 

58.  If  r,  the  radix  of  a  scale  of  notation,  be  a  prime  number 

r  +  1 
greater  than  2,  there  are  — „ —  different  digits  in  which  square 

numbers  terminate  in  that  scale. 

59.  If  any  number  n  can  be  resolved  into  the  sum  of  p  squares, 
2  (^  —  \)n  can  be  resolved  into  tlie  sum  of  ^;>  (/j  -  1)  squares. 

60.  If  n  be  any  positive  integer  2""+  low—  1  is  divisible  by  9. 

61.  If  P^  denote  the  sum  of  the  products  of  the  first  n  num- 
bers taken  r  together,   \  +  P^+ P^-^  ...+P^_^  is  a  multiple  oi\n. 

62.  Shew  that  the  100"'  power  of  any  number  is  of  the  form 
125«  or  \25n  +  1. 

LIII.     PROBABILITY. 

726.     If  an  event  may  happen  in  a  ways  and  fail  in  h  ways, 
and  all  these   ways  are  equally  likely   to   occur,  the  probability 

of  its  happening  is  -,  ,  and   the   probability  of  its  failing  is 

b  . 

f .     This  may  be  regarded  as  a  definition  of  the  meaning  of 

the  word  j^i^ohahility  in  mathematical  works.  The  following  ex- 
planation is  sometimes  added  for  the  sake  of  shewing  the  consist- 
ency of  the  definition  with  ordinary  language  :  The  probability  of 
the  happening  of  the  event  must,  from  the  nature  of  the  case,  be 
to  the  probability  of  its  failing  as  a  to  h ;  therefore  the  proba- 
bility of  its  happening  is  to  the  sum  of  the  probabilities  of  its 
happening  and  failing  as  a  to  a  +  h.  But  the  event  must  either 
happen  or  fail,  hence  the  sum  of  the  probabilities  of  its  happen- 
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ing  and  failing  is  certainty.  Therefore  the  probability  of  its  hap- 
pening is  to  certainty  as  a  to  a  +  b.  So  if  we  represent  certainty 
by  unity,  the  probability  of  the  happening  of  the  event  is  repre- 
sented by r-. 

''a  +  b 

727.  Hence  if  jo  be  the  probability  of  the  happening  of  an 
event,  1  —  p  is  the  probability  of  its  failing. 

728.  The  word  chance  is  often  used  in  mathematical  works  as 
synonymous  with  jjrobabiliti/. 

729.  When  the  probability  of  the  happening  of  an  event  is  to 
the  probability  of  its  failing  as  a  to  b,  the  fact  is  expressed  in 
popular  language  thus ;  the  odds  are  a  to  b  for  the  event,  or  b  to 
a  against  the  event. 

730.  Suppose  thei'e  to  be  any  number  of  events  A,  B,  C,  &,c., 
such  that  one  event  must  happen  and  only  one  can  happen  ;  and 
suppose  a,  b,  c,  &c.,  to  be  the  numbers  of  ways  in  which  these  events 
can  respectively  happen,  and  that  all  these  ways  are  equally  likely 
to  occur,  then  the  probabilities  of  the  events  are  pi'oportional 
to  a,  b,  c,  &c.  respectively.  For  simplicity  let  us  consider  three 
events,  then  A  can  happen  in  a  ways  out  of  a  +  b  +  c  ways  and 
fail    in    b  +  c  ways ;    therefore,    by  Art.  726,  the    probability  of 

^■I's  happening  is  j ,  and  the  probability  of  J.'s  failing  is 

C(/   ~T~  0   ~T~   C 

b  +  c  .     .  .  .  .       .         b 

T .     Similarly  the  probability  of  ^'s  happening  is  r , 

and  the  probability  of  C"s  happening  is  5 . 

^  "  ^^  a  +  b  +  c 

731.  We  will  now  exemplify  the  mathematical  meaning  of 
the  woi'd  probability/. 

If  n  balls  A,  B,   C,  ...,  be  thro^^•TL  promiscuously  into  a  bag 

and  a  person  draw   out  one  of  them^  the  probability  that  it  will 

.1  .  .    2 

be  ^  is  -  ;  the  probability  that  it  will  be  either  A  ov  B  is  -  . 
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The  same  supposition  being  made,  i£  iivo  balls  be  drawn  out 

2 

the  probability  that  these  will  be  A  and  B  is  —, ,,•      For  the 

n{n—  I) 

number  of  pairs  of  balls  is  the  same  as  the  number  of  combinations 
of  n  things  taken  two  at  a  time,  that  is,  ^n  (71-  1)  ;   and  one  pair 

is  as  likely  to  be  drawn  out  as  another ;  therefore  the  probability 

1  2 

of  ch-awing  out  an  assigned  pair  is  1-^^  n(n  -  1),  that  is,  — - — ■ — r-  . 

Again,  suppose  that  3  white  balls,  4  black  balls,  and  5  red  balls 

are  thrown  pronuscuously  into  a  bag,  and  a  person  draws  out  one 

3 
of  them;  the  probability  that  this  will  be  a  white  ball  is  — ,    the 

i 
probability  that  it  will  be  a  black  ball  is  -y^  >  ^'^'-^  the  probability 

that  it  will  be  a  red  ball  is  —  .     But  suppose  two  balls  to  be  drawn 

out  :     we  proceed    to    estimate  the  probabilities  of  the  different 
cases.     The  number  of  paii's  that  can  be  fonned  out  of  12  things 

is  ,jX  12x11,    that   is,    6G.      The    number   of  pairs    that   can  be 

fonned  out  of  the  3  white  balls  Ls  3  ;    hence  tlie  probability  of 

3 
clra%\dng  two  white  balls  is  —  .     Similarly  the  probability  of  draw- 


66 
66' 


6 
mg  two  black  balls  is  ww ;  and  the  probability  of  drawing  two  red 


,    ...     10 

balls  IS  — .      Also  since  each  white  ball  might  be  associated  with 

each  black  ball,  the  number  of  pairs  consisting  of  one  white  ball 
and  one  black  ball  is  3x4,  that  is,   12  ;  hence  the  probability  of 

12 
drawing  a  white  ball  and  a  ])lack  l^all  is  — .  .      Similarly  the  proba- 

.20 
bility  of  drawing  a  black  ball  and  a  red  ball  is  — r  J  and  the  i)ro- 
^  ()b  ^ 

.15 
bability  of  drawing  a  red  ball  and  a  white  ball  is  -— .      The   sum 

66 

T.   A.  29 


450  PROBABILITY. 

of  the  six  probabilities  which  we  have  just  foiuid  is  unity,  as,  of 
course,  it  should  be. 

We  will  give  one  exani})le  from  a  snl)j(;et  which  constitutes  an 
impoi'tant  application  of  the  theory  of  probability.  According  to 
the  Carlisle  Table  of  Mortality,  it  appears  that  out  of  G 3 35  persons 
living  at  the  age  of  14  years,  only  6047  i-each  the  age  of  21  years. 
As  we  may  suppose  that  each  individual  lias  the  same  probability 

of  being  one  of  these  survi^  ors,  we  may  say  that  ^  „  , .  is  the  ])ro- 

bability  that  an  individual  aged   14  yeai'S  will   reach  the   age  of 

288 
21  years  :   and  is  the  probability  that  he  will  not  reach  the 

age  of  21  years. 

732.  Suppose  that  there  are  two  independent  events  of  which 
the  respective  probabilities  are  known  :  we  proceed  to  estimate 
the  probability  that  both  will  happen. 

Let  a  be  the  number  of  ways  in  which  the  first  event  may 
happen,  and  h  the  number  of  ways  in  which  it  may  fail,  all  these 
ways  being  equally  likely  to  occur ;  and  let  a  be  the  number  of 
ways  in  which  the  second  event  may  happen,  and  h'  the  number 
of  ways  in  which  it  may  fail,  all  these  ways  being  equally  likely  to 
occur.  Each  case  out  of  the  a  +  h  cases  may  be  associated  with 
each  case  oirt  of  the  a'  +  b'  cases  ;  thus  there  are  («  +  h)  [a'  +  h') 
compound  cases  which  are  equally  likely  to  occur.  In  aa  of 
these  compound  cases  both  events  happen,  in  bb'  of  them  both 
events  fail,  in  ah'  of  them  the  first  event  happens  and  the  second 
fails,  and  in  a'b  of  them  the  first  event  fails  and  the  second 
happens.     Thus 

7 rr-r-i — ttv  is  the  iH'obability  that  both  events  happen 

{a  +  b){a'  +  h)  ^  ^ 

7 ,.  .  , — rr  i«  the  probability  that  both  events  fail, 

(«  +  b){a:  +  b) 

ab'  |is  the  probability  that  the  first  event  hapjiens  and 

(a  +  b)  {a  +  b)  (     the  second  event  fails, 

a'b  ris  the  probability  that  the  first  event  fails  and  the 


{a  +  b)  [a  +  b')  \     second  event  happens. 
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Thus  if  p  and  />'  be  the  respective  probabilities  of  two  inde- 
pendent events,  pp'  is  the  probability  of  the  happening  of  both 
events. 

733.  The  probability  of  the  concurrence  of  two  dependent 
events  is  the  product  of  the  probal;)ility  of  the  first  into  the 
probability  that  when  that  has  happened  the  second  will  follow. 
This  is  only  a  slight  modification  of  the  principle  established  in 
the  preceding  Ai-ticle,  and  is  proved  in  the  same  manner ;  we 
have  only  to  suppose  that  a  is  the  number  of  ways  in  which 
after  the  fij-st  event  has  happened  the  second  will  follow,  and  h' 
the  number  of  ways  in  which  after  the  first  event  has  happened 
the  second  will  not  follow,  all  these  ways  being  supposed  equally 
likely  to  occiu*. 

734.  In  like  manner,  if  there  be  any  number  of  independent 
events,  the  pi'obability  that  they  will  all  happen  is  the  product  of 
their  respective  probabilities  of  happening.  Supjiose,  for  example, 
that  there  are  three  independent  events,  and  that  ^;,  j^'j  p"  '^^6  their 
respective  probabilities.  By  Art.  732,  the  probability  of  the  con- 
currence of  the  first  and  second  events  is  pp  ;  then  in  the  same 
way  tlie  probability  of  the  concvirrence  of  the  first  two  events  and 
the  third  is  pp' x p" ,  that  is,  J^P'p"-  Biniilarly  the  probability  that 
all  tlie  events  fail  is  {\  -  ■p){^  —  p')  {^  —  J'")-  The  probability 
that  the  first  event  hap{)ens  and  the  other  two  events  fail  is 
p  (1  —  p')  (1  —2^")  j  ^iicl  so  on. 

735.  We  will  now  exemplify  the  estimation  of  the  probability 
of  compound  events. 

(1)  Required  the  prol^ability  of  throwing  an  ace  in  the  first 
only  of  two  successive  tlirows  with  a  single  die.  Here  we  reqviii'e 
a  conq)Ound  event  to  happen  ;  namely  at  the  first  throw  the  ace 
is  to  appear,  at  the  second  throw  the  ace  is  not  to  ap2)ear.      The 

probability  of  the  first  simple  event  is  „  ,  and  of  the  second  sinq)le 

5  5 

event   .  ;  lience  the  i-equired  probaljility  is  ^. 

20—2 
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(2)  Suppose  3  white  balls,  4  black  balls,  and  5  red  balls  to  be 

thrown  i)ronusciiously  into  a  bag  ;  required  the  probability  that  in 

two  successive  trials  two   retl  balls   will   be  drawn,   the  hall  first 

drawn  being  replaced  before  the  second  trial.      Here  the  probability 

5 
of  drawing  a  red  ball   at  the  first  trial  is    —  .  and  the  ])robability 

is  the  same  of  drawing  a  red  bail  at  the  second  trial ;  hence  the 
proljability  of  drawing  two  red  balls  is  (  i  9  )  • 

(3)  Suppose  now  that  we  require  the  probability  of  drawing 

two  red  balls,  the   ball  first   drawn  not  beirig  replaced  befiore  the 

second  trial.      This  will  be   an  example  of  Art.  733,      Here   the 

.  .       .      5      . 

probability  of  drawing  a  red  ball  at  the  first  trial  is  ir~ ;  if  a  red 

ball  be  drawn  at  first,  out  of  the  eleven  balls  which  remniii  four 
are  red,  and  therefore  the  probability  that  a  second  trial  will  give 

4 

a  red  ball  is  r-y ;  hence  the  probability  of  drawing  two  red  balls  is 

—  X  — .      This  is  the  same  result  as  we  found  in  Art.  731,  for 

the  probability  of  drawing  two  red  balls  simidtaneoiisly ;  and  a 
little  consideration  will  shew  that  the  results  ought  to  coincide. 

(4)  Eequired  the  probability  of  throwing  an  ace  with  a  single 

.    5 
die  in  two  trials.      The  proljability  of  failing  the  first  tnne  is  ^  , 

5 
and  the  probability  of  failing  the  second  time  is  also  ^  ;  hence  the 

/g\2  25 

probability  of  fixiling  twee  is  {-\  ,  that  is,  ^  .      Hence  the  pro- 

25  11 

bability  of  not  failing  twice  is   1  -  ^  .  that  is,   ^^  ;  this  is  there- 
fore the  probability  of  succeeding. 

(5)  In  how  many  trials  will  the  probability  of  throwing  an 
ace  with  a   single   die   amount   to   -  ?     Suppose   x   the    number 
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of  trials  ;  therefore   the   probability  of  failing  x  times  in  succes- 
sion is  (p  j  ,  by  Art.  734.      Hence  the  probability  of  succeeding 

is     l-fjrj   ;     therefore    1  -  (vfj   =^;     hence    (-j   = -;     hence 

5  1  lof  2 

X  log  ^  =  log  H  ,  therefore  x  =  — -^ ^.     By  using  the  values 

o  I  log  o  —  log  5  ° 

of  the  logarithms,  we  find  a;  =3-8  nearly.      Thus  we  conclude  that 

in  3  trials  the  probability  of  success  is  less  than  |,   and  that  in 

4  trials  it  is  greater  than  |. 

(6)     In  how  many  trials  is  it  an  even  wager  to  throw  sixes 

with  two  dice  ?     The  probability  of  sixes  at  a  single  throw  with 

two  dice  is  -  x  ~ ,  that  is,    —  ;  hence  the  probability  of  not  having 

.     35 

sixes  is    ^ .     Suppose  x  the   number   of  trials ;    then   we  have 

1  —  (  TTT? )    =  K  ;    hence    (  7^  )   =  7:  ;    therefore 


/35y^i. 
V36y     2 ' 


36/       2  '  log  36  -  log  35  " 

By  using  the  values  of  the  logarithms,  we  find  x  lies  between  24 
and  25,  which  we  interpret  as  before. 

(7)  To  find  the  probability  that  two  individuals,  A  and  B, 
whose  ages  are  known,  will  be  alive  at  the  end  of  a  year.  Let  p 
be  the  probalsility  that  A  will  be  alive  at  the  end  of  a  year,  p'  the 
probability  that  B  will  be  alive;  then  pp'  is  the  probability  that 
both  will  be  alive  at  the  end  of  a  year.  The  values  of  p  and  p' 
can  be  found  from  the  Tables  of  Mortality  in  the  manner  exempli- 
fied in  Art.  731. 

(8)  To  find  the  probability  that  one  at  least  of  two  indivi- 
duals, A  and  B,  whose  ages  are  known,  will  be  alive  at  the 
end  of  a  given  number  of  years.  Let  jj  be  the  probability  that  A 
will  be  alive  at  the  end  of  the  given  number  of  years,  2^'  ^'^^ 
})rol)ability  that  B  will  be  alive.  Then  1  -p  is  the  probability  that 
A  will  Ije  dead,  and  \  -  p  is  the  probability  that  B  will  be  dead. 
Hence  (1— p)(l— ^;')  is  the  probability  that  both  will  be  dead. 
The  })robability  that  V)oth  will  not  be  dead,  that  is,  that  one  at 
least  will  be  alive,  is  \  -  (1- p)  (\  —p'),  that  is,  p  +p'  —pp'. 
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736.  If  an  event  may  happen  in  different  independent  ways, 
the  probability  of  its  happening  is  the  sum  of  the  pi-obabilities 
of  its  happening  in  the  different  independent  ways. 

If  the  independent  ways  of  happening  are  all  equally  probable, 
this  proposition  is  merely  a  repetition  of  the  definition  of  proba- 
bility given  in  Art.  726;  and  if  they  are  not  all  equally  probable, 
the  proposition  seems  to  follow  so  naturally  from  that  definition, 
that  it  is  often  assumed  without  any  remai'k.  The  following 
method  of  illustrating  it  is  sometimes  given  :  Suppose  two  urns 
A  and  B;  let  A  contain  2  white  balls  and  3  black  balls,  and  let 
B  contain  3  white  balls  and  4  black  balls  ;  requii-ed  the  pro- 
bability of  obtaining  a  white  ball  by  a  single  drawing  from  one  of 
the  urns  taken  at  random.      Since  each  urn  is  eqi;ally  likely  to  be 

taken,  the  probability  of  taking  the  urn  A  is  - ,   and  the  proba- 

2 
bility  then  of  drawing  a  white  ball  from  it  is  i^ ;  hence  the  proba- 
bility of   obtaining   a   white   ball   so   far  as  it   depends   on  A  is 

12.. 

-  X  -.  Similarly,  the  probability  of  obtaining  a  white  ball  so  far 
^      o 

1      3 
as  it  depends  on  5  is  ^  x  - .      Hence  the  proposition  asserts  that 

12      13 

the  ijrobabilitv  of  obtaining  a  white  ball  is^xTr+^rX-,   that  is, 
•  o  2      5      2      7 

1  /2      3\ 

o  (  K  "*"  7  )  •      -^^^^  accuracy  of  this  result  may  be  confirmed  by  the 

following  steps  :  First,  without  affecting  the  question,  we  may  re- 
place the  urn  A  by  an  urn  A',  containing  any  number  of  balls  we 
lAeiise,  2)rovided  the  ratio  of  the  white  halls  to  the  black  halls  he  that  of 

2  to  3  ;  and  similarly,  we  may  replace  the  urn  B  by  an  urn  B', 
containing  any  number  of  balls  we  please,  j)'>'Ovided  the  ratio  of  tlie 
white  halls  to  the  hlack  halls  he  that  of  3  to  4^.  Let  then  A'  contain 
14  white  balls  and  21  black  balls,  and  let  B'  contain  15  white  balls 
and  20  black  balls ;  thus  A'  and  B'  each  contam  35  balls. 
Secondly,  without  affecting  the  qiiestion,  we  may  now  siijipose  the 
balls  in  A'  and  B'  collected  in  a  single  urn ;  thus  there  will  be 
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70  balls,  of  wMcli  29  are  white.      The  probability  of  th-awang  a 

09  14+15 

•white    ball    ^^-ill    therefore    be    ^ ;     that    is,  — ;     that    is, 

/  U  lO 


1  /14      15\       ,        .1  /2      .3\ 

737.  The  probability  of  the  happening  of  one  or  other  of  two 
events  which  cannot  concur  is  the  sum  of  their  separate  pro- 
babilities. For  the  complete  event  we  are  considering  occurs  if 
the  first  event  happens,  or  if  the  second  event  happens ;  thus 
the  proposition  is  a  case  of  the  preceding  proj^osition. 

738.  The  probability  of  the  happening  of  an  event  in  one 
trial  being  kno^^^l,  required  the  probability  of  its  happening  once, 
twice,  three  times,  etc.,  exactly  in  n  trials. 

Let  p  denote  the  probability  of  the  happening  of  the  event  in 
one  trial,  and  q  the  probability  of  its  failing,  so  that  q=l—2).  The 
probability  that  in  71  trials  the  event  will  occur  in  one  assigned 
trial,  and  fail  in  the  other  n—\  trials  is  p^""'  (Art.  734) ;  and  since 
there  are  n  trials,  the  jirobability  of  its  happening  in  some  one  of 
these  and  tailing  in  the  rest  is  np(^~^.  The  probability  that  in  n 
trials  the  event  will  occur  in  two  assigned  trials,  and  fail  in  the 

11/  \71/ 1  ) 

other  n—2  trials,  is  X>'c['~^ ;  and  there  are  — ^ —  —-  ways  in  which 

the  event  may  happen  t'svice  and  fail  w  —  2  times  in  n  trials ;  there- 
fore the  probability  that  it  will  happen  exactly  twice  in  n  trials  is 
ni^n—  1) 


1.  2 


'P^(i'  ^.      Similarly  the  probability  that  the  event  will  hap- 

1        1  •  •  .   1     •    ^('^  —  1)  ('^ ""  2)    3  „_3  , 

pen  exactly  three  tmies  m  n  trials  is  — —  f  q      ;  and 

the  probability  that  it  will   happen  exactly  r  times  in  n  trials  is 
n{n—\\ (?^  — ?'  +  l)    _  __. 

Similai'ly,    the   probability  that  the   event   will  fail  exactly  r 

,.,    .    w(w-l) (?i-?-+l)    „_^  , 

times  m  n  trials  is , — «    '7  . 

[r  '       '■ 

739.     Thus  if  (jt)  +  qf  be  expanded  by  the  Binomial  Theorem 
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in  the  series  />"  +  7ip"~^q  +  &c.,  the  terms  will  represent  respectively 
the  probabilities  of  the  happening  of  the  event  exactly  n  times, 
n—\  times,  n  —  2  times,  <fec.,  in  n  ti-ials.  Hence  we  may  de- 
termine what  is  the  most  probable  number  of  successes  and 
failures  in  n  trials ;  we  have  only  to  ascertain  the  greatest  term  in 

a 

the  above  series.      Let  us  suppose,  for    example,    that  p  =    -—7  , 

q  = J  ,  11  —  m  {«  +  h),  where  a,  b,  and  m  are  integers ;  then,  by 

Art.  511,   the  most  probable  case  is,   that  of  r  failures  and  n  —  r 

successes,  where  r  is  the  greatest  integer  contained  in  ^— ,  that 

^  +  1 
9 

is,  in  mb  H r  !    so    that     r  =  7iib,    and    71—  r  =  7na.     The    most 

'  a  +  b 

probable  case  therefore  is,  that  in  which  the  numbers  of  successes 

and  failures  are  proportional  to   the   probabilities  of  success  and 

failure  respectively  in  a  siiagle  trial. 

740.     The  probability  of  the  happening  of  the  event  at  least  r 

times  in  n  trials  is 


n{n—\)    „ 

n{n-\){n-  2) {r  +  V 


2)"  +  np-'q  +       ^  ^  ^     j/-  q  + 


pq 


for  if  the  event  happen  every  time,  or  fail  only  once,  twice, 

(n  —  ?•)  times,  it  happens  r  times ;  therefore  the  probability  of  the 
happening  of  the  event  at  least  r  times  is  the  sum  of  the  proba- 
bilities of  its  happening  every  time,  of  failing  only  once,  twice, 

n  —  r  times ;  and  the  sum  of  these  is  the  expression  given  above. 

For  example  ;  in  five  throws  with  a  single  die  what  is  the 
probability  of  throwing  exactly  three  aces?  and  what  is  the  pro- 
bability of  throwing  at  least  three  aces  1 

1  5 

Here  p-~q  =  -       w  ---  5,     r  =  3  :     thus    the    probability    of 

DO 

,       ,  .     5.4.3  /1\V5\^    ,,    ,  .       250 

throwmg  exactly  three  aces  is   :j — ^ — ^  l^j  (  ^  1  ,   that  is,  ^„„     ; 
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and     the     probability     of     throwing     at     least     three     aces     is 

The  folloNving  four  Articles  contain  problems  illustrating  the 
subject. 

741.  A  and  B  play  a  set  of  games,  in  which  ^'s  probability 
of  winning  a  single  game  is  2^,  and  B's  probability  is  q ;  required 
the  probability  of  ^'s  winning  in  games  out  of  m  +  n. 

If  A  wins  in  exactly  m  +  r  games  he  must  win  the  last  game 
and  m  —  I  games  out  of  the  preceding  m  +  7-  —1  games  ;  the  proba- 
bility of  this  is  3Ip"'~^q''p,  where  31  is  the  number  of  combinations 
of  7?t  +  r-l  things  taken  m—1  at  a  time;  that  is,  the  probability  is 
\m  +  r  —  1 

Now  in  order  that  A  may  win  m  games  out  of  in  +  n,  he  must 

win  m  games  in  exactly  m  games,  or  in  exactly  m  +  1  games,  , 

or  in  exactly  m  +  n  games.      Hence  the  probability  required  is  the 

sum  of  the  series  obtained  by  giving  to  r  the  values  0,  1,  2, n 

\m  +  r  —  1 
in  the  expression  .  -  p'"q'',  that  is,  the  requu-ed  probability  is 

„  r.  m(7n+l)    ,  vi(m  +  l) (ni  +  7i-l)     ) 

p"''^l+viq+        ^,^     'q-+ +  ^ '—^ ^q"^. 

If  A  in  order  to  win  the  set  must  win  m  games  before  B  wins 
n  games,  A  must  win  7n  games  out  of  m  +  n-\;  the  probability 
of  this  event  is  given  by  the  preceding  expression  with  the  omis- 
sion of  the  last  term.  Similarly,  the  probability  of  ^'s  winning  n 
games  out  oi  vi  ■¥  n—\  is 

„  f,  n{n  +  \)    „  nin  +  V) ln  +  m—'2)    „ 

<f[l^np^^^p^^ ■"- VEI ' 

This  problem  is  celebrated  in  the  history  of  the  tlieory  of 
probabilities,  as  the  first  of  any  difficidty  which  was  discussed; 
it  was  proposed  to  Pascal  in  1G54,  with  the  simplification  however 
which  arises  from  supposing  ^>  and  q  to  be  equal. 
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It  appears  from  the  preceding  investigation  that  the  probability 
of  ^'s  winning  r  games  out  of  n  is 

f,  ?-(r-t-l)    „  r(r+l) {n-V)    „\ 

v'\^^^-'i^-\:Tr^ ^    — ^\^ — -^'Y 

but  this  prol)ability  must  fi'om  the  nature  of  the  question  b(;  the 
same  as  the  probability  of  the  happening  of  an  event  at  least  r 
times  in  n  trials  -w^hen  the  probability  of  the  event  is  ^.  Thus  the 
expression  just  given  mustlje  equivalent  to  that  given  in  Art.  740; 
.we  may  verify  this  as  follows  :  Denote  the  expression  just  given 
by  w,,,  and  that  given  in  Art.  740  by  m„,  and  let  v  ^,  and  u  ^, 
denote  respectively  what  they  become  when  n  is  changed  to  7i  +  1 ; 
then  we  shall  shew  that  if  ?<.^_  =  i;__  when  n  has  any  specific  value, 
then  also  w.^^+j  ='"„+!  • 

We  have  u^  =  tt^^  {})  +  q) ;  now  m__  (p  +  ?)  gives  two  series,  and 
when  the  like  terms  in  these  two  series  are  united  we  obtain 

{n  +  \)n h'  +  l)    ,„+,_,     n(n-'[) (^  +  1) 

-^ r — ^ — ^ -p<i       +— r -pq       , 

\n+\-r  \n  -  r  ^   ^ 

,.       J,  ,  .      n(7i-l) r    ^ 

therefore  u  .,  =  ii  (p  +  q)-i , ^ P  Q         ; 

T    ,     .       1  n{n-\) r    ^  „^i_^ 

and  obviously  v  ^,  =  v  ^ ^i ' V  Q        • 

This  shews  that  '<„+ j  =  v,+,  if  ■?<•„  =  v,-  Now  obviously  ?t^  is  equal 
to  v„  when  n  —  r ;  therefore  u^  is  equal  to  v,,  for  every  value  of  n 
greater  than  r. 

For  some  more  remarks  on  this  problem  the  student  is  re- 
ferred to  the  History  of  ProhahiUty,  page  98. 

742.     A  bag  contains  n+\  tickets  which  are  marked  with  the 

numbex's   0,  1,  2,  n,   respectively.     A  ticket  is  drawn  and 

replaced  :  required  the  probability  that  after  r  dra-wdngs  the  sum 
of  the  nu.mbers  dra-wn  is  s. 

The  number  of  drawings  which  can  occur  is  (w  +  l)',  for  any 
one  of  the  tickets  may  be  drawn  each  time.     The  number  of  ways 
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in  wliicli  the  sum  of  the  di'a wings  will  amount  to  s  is  the  coeffi- 
cient of  af  in  the  expansion  of  (ic"  +  a;'  +  «"  + +  x")'' ;  because 

this  coefficient  arises  from  the  different  modes  of  forming  s  by  the 
addition  of?-  numbers  of  the  series  0,  1,  2, n.  Thus  the  pro- 
bability required  is  found  by  dividing  this  coefficient  by  {n  +  l)"". 

The  above  coefficient  may  be  obtained  by  the  Multinomial 
Theorem  ;  or  we  may  proceed  thus  : 

{x'  +  x'  +  x'+ +  xy  =  {\~_^^"' r=  (1  -  ^"^7  (1  -  ^y  > 

and  (l—x)  =1  —  ra;      +  —  — ^' x — ^ — ^ x       + 

(l-x)  '  =  l+rx+     ^     ^^'x-+     ^         ^    g -x^+ 

We  must  therefore  find  the  coefficient  of  x'  in  the  product  of  these 
two  series  ;  it  is 

r  (r  -f-  1) (r  +  .s  -  1)  r  (r  +  1) (r  -i-  s  -  ?^  -  2) 

\s  '  \s  —  n—  1 

r(r-l)    r{r+l) {r+s-2n-3) 

"^     1.2     •  \s-2n-2  *"■' 

this  series  is  to  stop  at  the  (i  +  1)*  term,  where  i  is  the  greatest 

integer  contained  in  r- ;  then  the  required  pi'obability  is  ob- 

taiiied  by  dividing  this  series  by  (w  +  1)'". 

It  is  not  difficidt  to  determine  the  probability  that  after  r 
drawings  the  sum  of  the  numbers  drawn  shall  not  exceed  s ;  see 
History  of  Prohnh'dity,  page  208. 

743.  A  box  has  three  equal  compartments,  and  four  balls  are 
thro^vn  in  at  random  :  determme  the  jirobability  of  the  different 
aiTangements,  assuming  that  it  is  equally  likely  that  any  ball  will 
fall  into  any  compartment. 

Since  it  is  equally  likely  that  a  ball  will  fall  into  any  com- 
partment there  are  3  equally  likely  cases  for  each  ball ;  and  on 
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the  whole  there  are  S*  eqiialhj  likely  cases.     Now  there  are  four 
possiljle  arrangements. 

I.  All  the  balls  may  be  in  one  compartment ;  this  can  happen 
in  3  ways. 

II.  Any  three  of  the  balls  may  be  in  any  one  of  the  com- 
pai'tments,  and  the  remaining  ball  in  either  of  the  remaining 
compartments ;  this  can  happen  in  4.3.2  ways. 

III.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  one  of  the  remaining  balls  in  one  of  the  remaining  compart- 
ments and  the  other  in  the  other  ;  this  can  happen  in  6.3.2  ways. 

IV.  Any  two  of  the  balls  may  be  in  any  one  compai'tment, 
and  the  other  two  balls  in  either  of  the  remaining  compartments ; 
this  can  happen  in  6  .  3  ways. 

Thus  the  probabilities  of  the   different  arrangements  are  re- 
spectively TTT  ,    ^  ,    T7r ,    rTT  ;    the  sum   of  these   fractions   is,   of 
^  "^    81      81      81      81 

course,  miity. 

In  the  preceding  solution  the  point  which  deserves  particular 
attention  is  the  statement  that  there  are  81  equally  likely  cases  ; 
for  when  this  is  admitted  all  the  rest  follows  necessarily.  If  this 
is  not  admitted  and  the  student  substitutes  any  other  statement  in 
the  place  of  it,  he  will  be  really  taking  another  problem  instead  of 
the  one  intended.  In  fact  iii  a  problem  which  relates  to  permuta- 
tions, combinations,  or  probabilities,  it  is  not  unfrequently  found 
that  different  results  are  obtained  because  diflferent  meanings  have 
been  attached  to  the  enunciation ;  especial  care  is  necessary  in 
these  subjects  to  ensure  that  whatever  meaning  is  given  to  the  enun- 
ciation should  be  consistently  retained  throughout  the  solution. 

We  will  next  consider  the  general  problem  of  which  the  present 
is  a  particular  case. 

744.  A  box  is  divided  into  m  equal  compartments.  If  n  balls 
are  thrown  in  promiscuously,  required  the  probability  that  there 
will  be  a  compartments  each  containing  a  balls,  h  compartments 
each  containing  (S  balls,  and  so  on,  where  aa  +  bfi  +  cy  + —■}(,. 
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Since  any  ball  may  fall  into  ayiy  compartment,  there  are  vi" 
cases  equally  likely  to  occur.  We  shall  first  shew  that  the  num- 
ber of  different  ways  in  which  the  71  balls  can  l^e  divided  into 
a+  b  +  c  -^ parcels  containing  a,  /3,  y, balls  respectively  is 

\n 

hYm\\yr-'-\^\^\i ^'^  ''^' 

For  consider  first  in  how  many  ways  a  parcel  of  a  balls  can  be 

,         ,   -  ...         ,  ^    .     n{n—\) (n  —  a  +  \) 

selected  irom  n  balls  ;  the  result  is  — j ^^ ways. 

Then    consider    in    how    many    ways   a  second  parcel   of  a  balls 

can    be    selected    from    the    remaining  n-  a  Ijalls ;    the  result  is 

(7i-a)ln-a-\)  (?^-2a+l)         ^,.     .,     ,  ,.    ,  ,       „ 

\ .      bimilarlv   a   third    parcel    01 

\a 

a    balls    can    be    selected    from    the    remaining    n  -2a  balls   in 

{n-2a)  (n-2a-\)  (w-Sa  +  l) 

: ^ ways.      We  might  then  at 

first  infer  that  the  numljer  of  wa}'s  in  which  three  parcels  of  a  balls 

each  can  be  selected  from  n  balls  is  — ^^ ']"]'  ) > 

a  la  ]a 

and  this  is  correct  in  a  certain  sense ;  but  each  distinct  group  of 
three  parcels  has  in  this  way  occurred  [3  times,  and  we  must  there- 
fore divide  by  [3  in  order  to  obtain  the  number  of  diffei'ent  ways 
in  which  three  parcels  of  a  balls  each  can  be  selected  from  n  balls. 
Similarly  the  number  of  different  ways  in  which  a  parcels  of  a  balls 

each   can  be   selected   from   n  balls  is   ~ "n  \'-r • 

{[a}"  [a 

By  proceeding  thus  we  oljtain  the  proposed  result. 

Now  the  number  of  ways  iu  wliich  the  parcels  can  be  arranged 

in  the  m  compartments  is  7«  {in  —  1)  (to  —  2) {in  —  *•  +  1),  where 

s  =a-^h  -V  c  -^ Hence,  the  2)robal)ility  required  is 

Nm{m-  1)  (m-  2) (m  -  s  +  1) 

For  example,  suppose  six  balls  thrown  into  a  bo.x  wliich  has 
three  compartments.      The  seven  possible  modes  of  distribution 
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are,  6,  0,  0  ;  1,  5,  0 ;  2,  4,  0  ;  3,  3,  0 ;  1,  1,  4;  1,  2,  3;  2,  2,  2  ; 
and  tlieir  respective  probabilities  are  fractions  whose  common 
denominator  is  243,  and  numerators  1,  12,  30,  20,  30,  120,  30. 

745.  If  'p  represent  a  person's  chance  of  success  in  any  trans- 
action, and  m  the  sum  of  money  which  he  will  receive  in.  case 
of  success,  then  the  sum  of  money  denoted  by  pm  is  called  his 
expectation.  This  is  a  definition  of  the  meaning  we  shall  attach  to 
the  word  expectation,  and  might  of  course  be  stated  arbitrarily 
without  any  further  remark  ;  it  is  however  iisixal  to  illustrate  the 
propriety  of  the  definition  as  follows.  Suppose  that  there  are 
m  +  01  slips  of  paper,  each  luuing  tlie  name  of  a  person  Avrltten 
upon  it,  and  no  name  recurring ;  let  these  be  placed  in  a  bag,  and 
one  slip  di'awn  at  i-andom,  and  suppose  that  the  person  whose 
name  is  drawn  is  to  receive  £a.  Now  all  the  expectations  must 
be  of  equal  value,  because  each  jierson  has  the  same  chance  of 
obtaining  the  prize  ;  and  the  sum  of  the  expectations  must  be 
worth  £a,  because  if  one  person  bought  up  the  interests  of  all  the 
persons  named,  he  would  be  certain  of  obtaining  £.a.  Hence,  if 
£x  denote  the  expectation  of  each  person,  we  have  {m  +  n)  x  =  a; 

a 

thus  X  = . 

Also,  it  is  evident  that  the  value  of  the  expectation  of  two  per- 
sons is  the  sum  of  the  values  of  their  respective  expectations  ;  and 
so  for  three  or  more  persons.      Hence  the  value  of  the  expectation 

of  m  persons  is   .      ISTov/  supiwse  that  one  person  has  his 

^  m  +  n  ^  ^ 

name  on  m  of   the  slips ;    then    his    expectation  is  the    same  as 

the  sum  of  the  expectations  of  m  jiersons,  each  of  whom  has  his 

ma 

name  on  one  slii)  ;   that  is,   his  expectation  is  .      But  Ins 

^  ^  m  +  n 

chance  of  winning  the  prize  is ,  since  he  has  ni  cases  out  of 

°  ^  m  +  71 

m  +71  in  his  favour  ;   thus   his  expectation  is  the  product  of  his 

chance  of  success  into  the  sum  of  money  which  he  will  receive  in 

case  of  success. 
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746.  An  event  has  happened  which  must  have  arisen  from 
some  one  of  a  given  number  of  causes  :  requii-ed  the  probability 
of  the  existence  of  each  of  the  causes. 

Let  there  be  n  causes,  and  suppose  that  the  probability  of  the 
existence  of  these  causes  was  estimated  at  P^,  P^,...P^  respectively, 
before  the  event  took  place.  Let  p^  denote  the  pi'obability  of  the 
event  on  the  hypothesis  of  the  existence  of  the  first  cause,  let 
2)^  denote  the  probability  of  the  event  on  the  hyjjothesis  of  the 
existence  of  the  second  cause,  and  so  on.      Then  the  probability  of 

Pp 

the  existence  of  the  ?•"'  cause,  estimated  after  the  event,  is      ^    , 

where  "ZPp  stands  for  P^p^  +  P„p^  +  ...  +  P^Pn- 

From  our  first  notions  of  probability  we  must  admit  that  the 
probability  that  the  j*"^  cause  was  the  true  caiise  is  p)roportionid 
to  the  antecedent  probability  that  the  event  would  happen  from 
this  cax;se,  and  may  therefore  be  represented  by  GP^p^.  And 
since  some  one  of  the   causes   must  be  the  true   cause  we  have 

C{P^p^  +  P,^p,^+  ...-(•  Pj^,}  =  1,   therefore  C  =  ^^^  ■>  therefore  the 

PrPr 

probability  that  the  r^  cause  was  the  ti'ue  cause  is  ;s-^ . 

747.  The  preceding  Article  will  require  some  illustration  before 
it  will  be  fully  appreciated  by  the  student.  Let  there  be,  for 
example,  two  iirns,  one  containing  7  white  balls  and  3  black  balls, 
and  the  other  5  white  balls  and  1  black  ball ;  suppose  that  a 
white  ball  has  been  dra\\ii,  and  we  wish  to  know  what  the  probability 
is  that  it  came  from  the  first  urn,  and  what  the  probability  is  that 
it  came  fronx  the  second  urn.  It  must  have  come  from  one  of  the 
two  ui'iis,  so  that  the  sum  of  the  required  probabilities  is  unity. 
Instead  of  the  given  urns  let  us  substitute  two  others  which  have 
the  whole  number  of  balls  the  same  in  each  urn,  and  such  that 
each  urn  has  its  white  and  black  balls  in  the  same  proportion 
{IS  the  urn  which  it  replaces.  Thus  we  may  suppose  one  urn  with 
21  white  balls  and  9  black  balls,  and  tlie  other  with  25  white  balls 
and  5  black  balls.    Each  una  now  contains  30  balls,  and  the  chance 
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of    each  ball    being   drawn,  is  the  same.      Since,   by  supposition, 

a  white   ball  is  drawn  we  luay  suppose  the  black  balls  to  have 

been  removed,  and  all  the  white  balls  put  into  a  new  urn.      Thus 

there  would  be  46  white  balls  ;  and  the  probability  that  the  white 

21 
ball  drawn  was  one  of  the  21  is  7-7;  ,  and  the  probability  that  it 

4d 

25  75 

was   one  of  the  25  is  ~  .      Now  here  7^1  =  T~  >  ^''^^  Pi^  p  >  ^^^^ 

?h         21  «2  25 

=  -r-^  ,  and —  =  -—  .      Thus  the  i-esult  am-ees  with  that 

P1  +  P2      'to  Ih+l^i      46  ° 

given  by  the  theorem  in  Art.  746,  supposing  that  P^  and  P^  are  equal. 

Next,    suppose    that    there   had    been  4   urns,   each   having  7 

white   balls  and  3  black  balls,  and  3   urns,  each  having  5   white 

balls  and  1  black  ball.      In  this  case,  by  proceeding  in  the  manner 

just  shewn,    we   may    deduce   that   the   probability   that  a   white 

ball  which  was  drawn  came  from  the  group  of  4  similar  urns  is 

4  X  21 
-7 — j^^j — ^ — ^  ;  and  the  probability  that  it  came  from  the  group 

3  X  25 

of  3  similar  urns  is  :; — jr^, ^ ?r?  •    Now  let  us  apply  the  theorem 

4  X  21  +  3  X  25  ^^  -^ 

of  Art.  746  to  estimate  the  ^probability  that  the  white  ball  came 

from   the  first  group  and  the  probability  that  it  came  from   the 

second  group.      Since  there  are  7  urns,  of  which  4  are  of  the  first 

4  3  7 

kind  and  3  of  the  second,  we  take  Pj  =  ^  ,  and  P„  =  =  ;  also  p^  =    -  , 

5 
and  2^2  =  7^  ■     Thus 

4       7  3      5 

^«~4       7       3      5'  ^-'"4      ^      3      5' 
7  ''io''7''  6  7""  10"^7''  6 

and  these  results  agree  with  those  which  we  have  afready  indicated. 

748.  It  is  usual  to  call  the  quantities  P^,  P^,  ...  P^^  of  Art.  746 
the  a  priori  probabilities  of  the  existence  of  the  respective 
causes;  and  Q^,  Q^,  ...  Q^  the  a  posteriori  probabilities.     Students 
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are  sometimes  perplexed  in  endeavouring  to  estimate P  ,  P  ,  ...P^- 
the  safest  plan  is  to  observe  that  the  product  P^p^  denotes  the 
probability  that  the  event  will  happen  as  the  result  of  the  r*  cause  • 
and  the  correctness  of  the  product  is  tlie  important  part  of  the 
solution,  because  P^  and  jy^  do  not  occui'  separately  in  the  results. 
The  whole  proposition  may  be  best  understood  if  arranged  in  the 
following  order.  First  suppose  the  different  causes  all  equally 
])robable  before  the  observed  event  j  let  ct,  denote  the  probability 
of  the  occurrence  of  the  event  on  the  hypothesis  of  the  existence 
of  the  r"*  cause  ;  then  the   probability  of  the  r***  cause,  estimated 

after  the   occurrence  of  the  observed   event,  is  : — - .     This  seems 

nearly  self-evident,  and  if  any  doubt  remains  it  may  be  removed 
by  the  mode  of  illustration  given  in  the  first  part  of  Art.  747. 
Secondly,  suppose  that  the  tei-ms  in  S-sr  can  be  arranged  in  groiips  ; 
suppose  there  to  be  fj.^  terms  in  the  first  group,  and  that  each 
term  is  equal  to  p^,  suppose  there  to  be  /x^  terms  in  the  second 
group,  and  that  each  term  is  equal  to  p^ ,  and  so  on,  the  last  group 
consisting  of />i„  terms,  each  equal  to  p„.  Then  2ct  may  be  written 
^fj-p,   where  the  series   2/x/j  consists  of  n  terms.     Thus  the  proba- 

Ijility  of  the  r*  cause  is  ^-^  .      Also   the  probability  of  the  first 

group  of  causes  is  the  STim   of  the  separate    probabilities  of  the 

members  of  that  group,   that  is,   ^r^  .      Similar   exijressions  hold 

for  the  proljabilities  of  the  other  groups.  Thus  we  finally  arrive 
at  the  results  given  in  Art.  746,  where,  in  fixct, 

749.  When  an  event  has  been  observed,  we  may,  by  Art.  746 
estimate  tlie  probability  of  each  cause  from  which  that  event 
could  have  arisen ;  we  may  then  proceed  to  estimate  the  jn-o- 
bability  that  the  event  will  occur  again,  or  that  some  other  event 
will  occur.  For  by  Art.  736  we  multiply  the  probability  of  each 
cause  by  the  probability  of  the  happeuing  of  the  required  event  on 
T.  A.  30 


466  PROBABILITY. 

the  h}^iotliesis  of  the  existence  of  that  cause,  and  the  sum  of  all 
such  jn-oducts  is  the  probability  of  the  happening  of  the  requii-ed 
event. 

For  example,  a  bag  contains  3  balls,  and  it  is  not  known  how 
many  of  these  are  white ;  a  white  ball  has  been  drawn  and 
replaced,  what  is  the  probability  that  another  drawing  will  give 
a  white  ball  1 

There  are  three  possible  hypotheses  :  (1)  all  the  balls  may  be 
white,  (2)  only  two  of  the  balls  may  be  white,  (3)  only  one  of  the 
balls  may  be  white.  We  have  first  to  find  the  probability  of  each 
hy|)othesis  by  tlie  method  of  Art.  746.  On  the  first  hyj^othesis, 
the  observed  event  is  certain,  that  is,  the  probability  of  it  is  1  ;  on 

2 

the  second  hypothesis,  the  probability  of  the  observed  event  is  -  ; 

on  the  third  h}^:>othesis,    tlie  probability  of  the  observed  event  is 

- .  Hence,  assuming  that  before  the  observed  event  the  three 
o 

hypotheses  were  equally  probable,  we  have  after  the  observed 
event, 

(21)1 
probability  of    first    hypothesis  =  1  -f-  -  1  +  -+-•  =  -  , 

2      (         2      1)       1 
probability  of  second  hypothesis  =q-^i1  +  q+qiq) 

o        (^  oof        o 

probability  of  tliird  hyi^othesis  =o-^,l  +  o  +  o'=ft' 

O         (^  O         OJ         D 

The  probability  that   another  drawing  will  give  a  white  ball  is 

1  .  12 

~  X  1,  so  far  as  it  depends  on  the  first  hypothesis  ;  it  is  ^  x  -,  so 

li  O  O 

far  as  it  depends  on  tlie  second  h\^othesls  ;  and  it  is  ^  x  - ,  so  far 

as  it  depends  on  the  thu-d  hyjiothesis.     Hence  the  requii-ed  pro- 

12       1  7 

bability  is  2  +  g  +  jg  ;  that  is,  ^ . 

Suppose  that  in  the  enunciation  of  this  problem  instead  of  the 
words  "it  is  not  knoAvai  how  many  of  these  are  white  "  we  had  the 
words  "  it  is  known  that  each  ball  is  either  white  or  black."     We 
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may  understand  the  new  enunciation  as  equivalent  to  the  old, 
and  so  give  the  same  solution  as  before.  We  may  however,  and 
perhaps  most  naturally,  understand  the  new  enunciation  differ- 
ently, namely  tliat  the  probability  that  each  ball  is  white  is  to  be 

taken  as  -  before  the  observed  event.  In  this  case  we  cannot  as- 
sume that  the  three  hypotheses  are  equally  probable  before  the 

13  3 

observed  event ;    the  probabilities   must  be  -^ ,    „ ,  and  -  respec- 

80  8 

tively  by  Ai-t.  734.  Then  after  the  observed  event  we  shall  obtain 
-.  ,  ^ ,  and  -  respectively  for  the  probabilities.  And  the  proba- 
bility that  another  ch'awing  will  give  a  white  ball  is  -7  +  -  +  r— . 

750.  We  give  another  example.  Suppose  a  bag  in  which 
the  ratio  of  the  number  of  white  balls  to  the  whole  number  of 
balls  is  unknown,  and  it  is  equally  probable,  a  j^riori,  that  the  ratio 

is  any  one  of  the  following  quantities  x,  1x,  3ic,  nx;  suppose 

a  white  ball  to  Ije  drawn  and  replaced  :  required  the  probability 
that  another  drawing  will  give  a  white  ball. 

Here  n  hyj^otheses  can  be  formed.  On  the  first  hypothesis  the 
}jrobability  of  the  observed  event  is  £c,  on  the  second  hy|3othesis  it 
is  2«,   on  the  third  2)X,  and  so  on.      Hence  the  probability  of  the 

first  h\mothesis  is  —y-^ ^ ^r  ;    that  is,  -— r-  .       The 

■'^  £c(l  +  2  + -t-w)  '?i(?i+l) 

2x2 

l)robal)iUtv  of  the  second  hvpothesis  is  —. ,  .    The  probability 

"^  "  "  w  (W+  1) 

2x3 

of  the  third  hypothesis  is  —. ^,  .      And    so    on.       Hence    the 

•'^  ?i(?t+l) 

2a; 
probability  that  another  drawing  will  give  a  white  ball  is  — - — --y. 

2x  X  2'         ,              , ,         ,     .      2a;  X  3' 
on  the  first  hypothesis,  — -. ^v  on  the  second  hypothesis,  — -. l-t 

on  the  third,  and  so  on.      Hence  the  required  probability  is 


9-1 


r  +  2^+ +iA; 


'Zx 
n{n+l)  (' 

30—2 
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tliat  is, TT  .  ^ 7^ ;  that  is, '- . 

71  {n+  1)  b  S 

When    n   is    very    great    this    approximates  to   —^  ,      If  the 

o 

ratio    of   the    numljer    of   the  white   Ijalls  to  the  whole  numljer 

of  balls   is   equally   likely,  a  priori,   to  have  any  value  between 

zero  and  unity,  then  x  is  indefinitely  small  and  nx  =  1,  so  that  the 

2 
recpiired  probability  is  ^  . 

751.      The  following  problems  will  illustrate  the  subject. 

(1)  A  bag  contains  m  white  balls  and  n  black  balls  ;  if  j)  +  g 
balls  are  drawn  out,  what  is  the  probability  that  there  will  be  p 
white  balls  and  q  black  balls  occun'ing  m  an  assigned  order  ?  We 
suppose  2^  less  than  m  and  q  less  than  n ;  and  the  balls  are  not 
replaced  in  the  bag  after  being  drawn  out. 

Suppose,  for  example,  that  the  first  ball  is  required  to  be  white, 
the  second  to  be  black,  the  third  to  be  black,  the  fourth  to  be 
white,  and  so  on  in  any  assigned  order.  Then  the  required  proba- 
bility is  the  product  of 

m  n  n-  \  m  —  \ 

7n  +  n'    m  +  ti  —  1  '    m  +  n  —  2  '   m  +  7i  —  3' 
therefore  the  required  probability  is 

7n {m  -\)  (m-'i)  ...  (m-p  +  \)n(7i-\){n-2)  ...  {ii-  q  +  \) 
[rn  +  7i)  {on  +  ??.  —  1 )  {in  +n  —  2)  ...  {m  +  7i-p  —  q+\) 
and  it  will  be  observed  that  so  long  as  p  white  balls  and  q  black 
balls  are  required,  the  probability  is  the  same  whatever  may  he  the 
assig7ied  order  in  which  they  are  to  occui'. 

(2)  The  suppositions  being  the  same  as  in  (1),  what  is  the 
probability  of  p  white  balls  and  q  black  balls  occurring  m  any 
order  tvhatever  1 

Let  N  represent  the  number  of  difierent  orders  in  which  p 
white  balls  and  q  black  balls  can  occur ;  then  the  required  proba- 
bility is  obtained  by  multiplying  the  probability  found  in  (1)  by 

I  »  -t-  a 

N.     And  N  -  ^==  . 
\P\l- 
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The  problems  (1)  and  (2)  are  inti'oductory  to  one  wliicli  we  shall 
now  consider. 

(3)  A  bag  contains  m  balls  which  are  known  to  be  all  either 
white  or  black,  Vjut  how  many  of  each  kind  is  unknown ;  suppose 
p  white  balls  and  q  black  balls  have  been  di'a'svn  and  not  replaced ', 
find  the  probability  that  another  drawing  will  give  a  white  ball. 

The  observed  event  here  is  the  ch'awing  of  ^j  white  balls  and  q 
black  balls.  To  render  this  possible,  the  original  number  of  white 
balls  may  have  been  any  number  from  m  —  q  to  p  inclusive,  and 
the  number  of  black  balls  any  number  from  q  to  m  —  p  inclusive. 
Let  us  denote  the  hypothesis  of  7n  —  q  white  and  q  black  by  11^ , 
and  the  hyjjothesis  of  ni  —  q  —  1  white  and  q  +  1  black  by  II„ ,  and 
so  on.      Then  11^  gives  for  the  probability  of  the  observed  event 

Mx  ("^-g)(»^-g-l) {m-q-p+l)  1.2.3 q  ^ 

m[ni—l) {vi  —  q—p  +  l) 

where  21  denotes  the  number  of  different  Avays  in  which  j)  white 
balls  and  q  black  balls  can  be  combined  in  ])  -i-  q  trials.     Put  C  for 

.¥ 

ni(ni  —  l) (in  —  q  —  p+i)' 

then  II ^  gives  for  the  probability  of  the  observed  event  CP^Q^, 

where  P^  =  (in  —  q)  (m  —  q  ~  1 ) (»*—?  —  i^  +  l)j 

and  ()j  =  1.  2.  3  q. 

Also,  II„  gives  for  the  probability  of  the  observed  event  CP^Q^, 

whei'e  P^  =  (in  —  q—\) {m      q  —  2^)} 

and  (?„  =  2.3.4 ?(?  +  !). 

Thus,  if  n  =  m  —  p  —  q  +  '2,   we  find  for  the  probability  of  Hi, 
P^Qi  ,  •  ,  ,      AQi 

P/A  +  I\Q.-^ +A-,^„-,  '  "'  "'^  '   ^^  '~^" 

P  Q 

Similarly  the  probability  of  //„  is  -—  ;  and  so  on.      Now  the 

probability  of  drawing  a  white  ball  on  another  trial 

11  ^      ■      TT    •     ^\Q\      "i  -  V  -  Q 

on   tlie    hyi)othesis  //,   is  — t-—  x : 

o         in  —  p-q 

II  1      •      7r    •     ^iQi      in  — p  —  q— \ 

on  the    hypothesis   n,   is       _,     x ; 

•'^  S  rn-p-q     ' 
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and  so  on.      Thus  the  whole  probability  of  drawing  a  wliite  ball  is 

The  series  in  brackets  is  of  the  same  kind  as  S  with  p  +  \ 
written  instead  of />,  the  number  of  terms  being  one  less  than  in  *S'. 

\p^q           \n—\+p-k-q 
Now  by  Art.  C70,     S^  , —  ,  x  -, , 

■^  \2)  +  q+l  \n-2         ' 

\p+l\q    \n—l  +p  +  q 
hence  the  series  within  brackets  is  ;-= ==r-  1 ; 

IP  +  q  +  2         In  —  6 


and  the  required  probability  is  "  — 


p  +  q  +  2      m  —  p-  q     p  +  q  +  2' 
For  a  more  general  investigation  connected  with  this  impoi't- 
ant  problem  the  student  is  referred  to  the  History  of  Probability, 
page  454. 

752.  The  mathematical  theory  of  probability  has  been  applied 
to  estimate  the  probability  of  statements  which  are  supported  by 
assertions  or  by  arguments.      We  will  give  some  examples. 

The  probability  that  A  speaks  truth  is  p,  and  the  probability 
that  B  speaks  tiiith  is^';  what  is  the  probability  of  the  truth  of 
an  assertion  which  they  agree  iii  making  1  There  are  two  possible 
hypotheses  ;  (1)  that  the  assertion  is  tiiie,  (2)  that  it  is  not.  If 
it  be  time,  the  chance  that  they  both  make  the  assertion  is  jjp' ;  if 
it  be  false,  the  chance  that  they  both  make  it  is  (1  — /))  (1  —p')- 
Hence,  by  Art.  746,  the  probabilities  of  the  truth  and  the  falsehood 
of  the  assertion  are  respectively 

pp'  ^^^^^       ^l-p)jl_.pj_^ 


pp  +  (1  -jp)  (1  -p)  pp'  +  (1  -p)  (1  -/)  * 

Similarly,  if  the  assertion  be  also  made  by  a  third  person  whose 
probability  of  speaking  truth  is  p",  the  proljabilities  of  the  truth 
and  the  ftilsehood  of  the  assertion  are  respectively 

pp'p"  ^^^^      (1  -p)  (1  -p')  (1 -;^1_  . 


pp'p"  +  (1  -p) (1  -p) (1  -/')  '     pp'p"  +  (1  -p) {i-p) (1  -p") ' 

and  so  on  if  more  persons  join  in  the  assertion. 
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753.  We  will  make  a  few  remarks  on  the  preceding  Article. 

When  we  say  that  the  probability  of  J.'s  speaking  tinith  is  p, 
we  mean  that  out  of  a  large  number  of  statements  made  by  A ,  the 
ratio  of  the  number  that  are  true  to  the  number  that  are  not  true 
is  that  of ^  to  I  —J) ;  thus  the  value  of  p  depends  on  the  correct- 
ness of  ^-I's  judgement  as  well  as  on  his  veracity. 

The  result  in  Art.  752  gives  the  probability  of  the  truth  of  the 
assei'tiou,  so  far  as  that  trath  depends  solely  on  the  testimony  of 
the  witnesses  considered ;  there  may  be  from  other  sources  addi- 
tional evidence  for  or  against  the  assertion.  Thiis  the  person  who 
is  estimating  the  probability  may  himself  have  a  conviction  more 
or  less  decided  in  favour  of  the  asseiiiion  which  is  independent  of 
the  testimony  he  receives  from  the  "witnesses.  It  has  been  proposed 
to  combine  this  conviction  with  the  testimonies  which  are  con- 
sidered in  the  problem.  Thus,  if  there  be  two  witnesses  with  pro- 
babilities p  and  p'  respectively  of  speaking  the  ti-uth,  and  a  thii'd 
l>erson  estimates  the  probability  of  the  tiiith  of  the  assertion  at  p" 
from  his  own  independent  sources  of  belief,  then  to  him  the  odds 
in  favour  of  the  trath  of  the  assertion  are 

pp'p"  to  {I -p)  (I -p')  {I -p"). 

Still  the  i-esult  is  considered  unsatisfactory  by  some  wi-iters, 
who  object  with  gi'eat  reason  to  the  solution  on  the  gi-ound  that  it 
omits  all  consideration  of  the  circumstance  that  it  is  the  same 
occiu'rence  to  which  the  several  testimonies  are  offered.  In  the 
follo^ving  jn-oblem  this  circumstance  is  expressly  considered. 

754.  Two  persons,  whose  probabilities  of  speaking  the  truth 
are  p  and  j)'  resjiectively,  assert  that  a  specified  ticket  has  been 
drawn  out  of  a  bag  containing  n  tickets  :  required  the  probability 
of  the  tmth  of  the  assertion. 

The  observed  event  here  is  the  coincident  testimony  of  A  and  B 
in  favour  of  a  specified  ticket. 

Here  -  is  the  a  irriori  i)robaVjilitv  that  the  specified  ticket  would 
n 

be  drawn.     The  probability  of  the  observed  event  on  the  hypo- 
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w' 

thesis  that  the  si^ecified  ticket  was  drawn  is  then  ^^ ,     The  pro- 

n 

bability  of  the  observed  event  on   the  hypothesis  that  it  was  not 

n-\ 
drawn  might  at  first  be  supposed  to  be  (1  —p)  (1  -p') ;  but 

if  the  persons  have  no  inducement  to  select  the  specified   ticket 
among  those  really  undrawn,  this  expression  must  be  mviltiplied  by 

, yT^,  which  is  the  probability  of  theii-  selecting  the  s[>ecified 

ticket  among  the  undraAvn  tickets.      Thus  the  probability  of  the 

observed  event  on  the  second  hvpothesis  is —  .      Thus 

■  ^  n  {u  -  1 ) 

the  odds  in  favour  of  the  truth  of  the  assertion  are 

PP'  ,     (1  -;^)(1  -/)  ,  ,     (1  -p)  (1  -p') 

-^—  to  ^ /       -, ,         ,  or  PP    to  ^ — ^ — ^-^ . 

n  n[n-  1)  n-\ 

755.  The  question  in  Art.  752  is  respecting  the  truth  of 
concurrent  testimony  ;  we  may  now  consider  the  truth  of  tra- 
ditionary testimony.  A  says  that  B  says  that  a  certain  event 
took  place  :  required  the  probability  that  the  event  did  take  place. 
Let  J)  and  p  be  the  probabilities  of  speaking  the  truth  of  A 
and  B  respectively.  The  event  did  take  place  if  they  botli  speak 
truth,  or  if  they  both  speak  falsehood ;  and  the  event  did  not 
take  place  if  only  one  of  them  speaks  truth.  Thus  the  odds  that 
the  event  did  take  place  are 

PP'  +  (1  -P>)  (1  -P")  to  p  (1  -p')  +/  (1  -p). 

756.  If  there  be  n  witnesses,  each  of  whom  has  transmitted  a 
statement  of  an  occurrence  to  the  next,  and  if  p  be  the  |)robability 
of  speaking  the  truth  of  each  witness,  the  probability  of  the  truth 
of  the  statement  is  to  the  probability  of  its  falsehood  as  the  sum  of 
the  odd  terms  of  the  expansion  of  {p  +  q)"  is  to  the  sum  of  the  even 
terms,  q  being  put  equal  to  \  —  2^  after  the  expansion  has  been 
efiected.  For  the  statement  is  tiiie  if  all  the  witnesses  speak  truth, 
or  if  two,  or  four,  or  any  even  number  speak  falsehood. 

757.  Suppose  that  certain  arguments  ai-e  logically  sound, 
and  that  the  probabilities  of  the  truth  of  their  respective  premises 
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are  known  :  required  tlie  probability  of  the  tiiith  of  tlie  conclusion. 
For  example,  suppose  that  tliere  are  three  arguments,  and  let 
f,  p',  p"  denote  the  respective  probabilities  of  their  premises.  The 
conclusion  is  valid  tuiless  all  the  arguments  fail.  The  chance  that 
they  all  faU  is  (1  -|>)  (1  -  j^')  (1  ~P")  j  hence  the  chance  that  they 
do  not  all  fail  is  \  -  [\  -  j))  (1  -  j'^')  (1 -p"),  which  is,  therefore, 
the  required  probability. 

758.  Of  such  an  extensive  subject  as  the  Theory  of  Proba- 
bility only  an  outline  can  be  given  in  an  elementary  work  on 
Algebra.  The  student  who  is  prepared  for  further  investigation 
will  find  a  list  of  the  necessary  books  in  the  article  Prohahility  in 
the  English  Gyclopcedia ;  to  tliat  list  may  be  added  the  work  of 
Professor  Boole  on  the  Laws  of  Thought.  For  a  discussion  of 
the  first  principles  of  the  subject  the  student  may  consult  De 
Morgan's  Formal  Logic,  Chapters  ix.  and  x.,  and  Venn's  Logic  of 
Chance.  We  may  also  refer  to  the  History  of  the  Mathematical 
Theory  of  Prohahility,  from  the  time  of  Pascal  to  that  of  Laplace; 
this  work  introduces  the  reader  to  almost  every  process  and  every 
species  of  problem  which  the  literature  of  the  sul)ject  can  furnish. 

EXAMPLES    ON    PROBABILITY. 

1.  The  odds  against  a  certain  event  are  3  to  2  ;  and  the  odds 
in  favour  of  another  event  independent  of  the  former  are  4  to  3. 
Find  the  odds  for  or  against  their  happening  together. 

2.  Supposing  that  it  is  8  to  7  against  a  person  who  is  now 
30  years  of  age  living  till  he  is  60,  and  2  to  1  against  a  person 
who  is  now  40  living  till  he  is  70  :  find  the  probability  that  one 
at  least  of  these  persons  wUl  be  alive  30  years  hence. 

3.  A  party  of  23  persons  take  their  seats  at  a  round  table  : 
shew  that  it  is  10  to  1  against  two  specified  individuals  sitting 
next  to  each  other. 

4.  The  chance  that  A  can  solve  a  certain  problem  is  j ;  the 

.    .    2 
chance  that  Jj  can  solve  it  is  ^  :  find  the  chance  that  the  problem 

o 

will  be  solved  if  they  both  try. 
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5.  Find  the  cliance  of  di-awing  two  black  balls  and  one  I'ed 
from  an  urn  containing  five  black,  three  red,  and  tvv^o  white. 

6.  Find  the  probability  that  an  ace  and  only  one  mil  bo 
thrown  in  two  trials  with  one  die. 

7.  Find  the  probability  of  throwing  one  ace  at  loast  in  two 
trials  with  one  die. 

8.  Find  the  odds  against  throwing  one  of  the  two  numbers 
7  or  11  in  a  single  throw  with  two  dice. 

9.  Two  purses  contaui  the  same  number  of  sovereigns  and  a 
different  number  of  shillings  ;  one  purse  is  taken  at  random  and  a 
coin  is  drawn  out  :  shew  that  it  is  more  likely  to  be  a  sovereign 
than  it  would  be  if  all  the  coins  had  been  in  one  purse. 

10.  There  are  four  men,  A,  B,  C,  D  whose  powers  of  rowing 
may  be  represented  by  the  numbei'S,  6,  7,  8,  9,  respectively  ;  two  of 
them  are  placed  by  lot  in  a  boat,  and  the  other  two  in  a  second 
boat.  Find  the  chance  which  each  man  has  of  being  a  winner  iia 
a  race  between  the  boats. 

11.  Tn  one  throw  with  a  pair  of  dice  find  the  chance  that 
there  is  neither  an  ace  nor  doublets. 

12.  If  from   a   lottery  of  30   tickets   marked    1,   2,   3,    

four  tickets  be  drawn,  find  the  chance  that  1  and  2  will  be  among 
them. 

13.  A  has  3  shai-es  in  a  lottery  where  there  are  3  prizes 
and  6  blanks ;  B  has  1  share  in  another  where  there  is  but  1  prize 
and  2  blanks.  Shew  that  A  has  a  better  chance  of  getting  a  prize 
than  B  in  the  ratio  of  16  to  7. 

14.  Two  bags  contain  each  4  black  and  3  white  balls ;  a 
person  draws  a  ball  at  random  from  the  first  bag,  and  if  it  be 
white  he  puts  it  into  the  second  bag  and  then  draws  a  ball  from 
it  :  find  the  chance  of  his  drawing  two  white  balls. 

\5.  A  coin  is  thrown  up  n  times  in  succession  :  find  the 
chance  that  the  head  -will  present  itself  an  odd  number  of  times. 

16.  When  n  coins  ai-e  tossed  up,  find  the  chance  that  one 
and  only  one  will  turn  up  head. 


EXAMPLES.       LIII.  475 

17.  Supposing  the  House  of  Commons  to  consist  of  m  Tories 
and  n  Whigs,  find  the  probability  that  a  committee  oi  p+  q 
selected  by  lot  may  consist  of  jy  Tories  and  q  Whigs. 

18.  Find  the  chance  that  a  person  with  two  dice  will  throw 
aces  at  least  four  times  in  six  trials. 

19.  Find  the  chance  of  throwing  an  ace  with  a  single  die 
once  at  least  in  six  trials. 

20.  If  on  an  average  9  ships  out  of  10  return  safe  to  port, 
find  the  chance  that  out  of  5  ships  expected  at  least  3  will 
arrive. 

21.  In  three  throws  with  a  pair  of  cUce,  find  the  probability 
of  having  doublets  one  or  more  times. 

22.  Find  the  chance  of  throwing  double  sixes  once  or  ofbener 
in  thi'ee  throws  with  a  pair  of  dice. 

23.  In  a  lottery  containing  a  large  number  of  tickets  where 
the  prizes  are  to  the  blanks  as  1  to  6,  find  the  chance  of  drawing 
at  least  2  prizes  in  5  trials. 

24.  If  four  cards  be  drawn  from  a  pack,  find  the  probability 
that  there  will  be  one  of  each  suit. 

25.  If  four  cards  be  drawn  from  a  pack,  find  the  probability 
that  they  will  be  marked  one,  two,  three,  four,  of  the  same  suit. 

26.  If  ^'s  skill  at  any  game  be  double  that  of  B,  the  odds 
against  J.'s  winning  4  games  before  B  wins  2  are  131  to  112. 

27.  Two  persons  A  and  B  engage  in  a  game  in  which  A\ 
skill  is  to  ^'s  as  2  to  3.  Find  the  chance  of  yI's  winning  at  least 
2  games  out  of  5. 

28.  Three  white  ])alls  and  five  black  are  placed  in  a  bag,  and 
three  persons  draw  a  ball  in  succession  (the  balls  not  being  re- 
placed) until  a  white  ball  is  drawn.  Sliew  that  their  respective 
chances  are  as  27,  18  and  11. 

29.  In  each  game  that  is  played  it  is  2  to  1  in  favour  of  the 
winner  of  the  game  before.  Find  the  chance  that  he  who  wins  the 
fij'st  game  shall  win  three  or  more  of  the  next  four. 
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30.  A  certain  stake  is  to  be  won  by  the  first  person  wbo 
tlii-ows  ace  -with  a  die  of  n  faces.  If  there  be  p  persons,  find  the 
chance  of  the  r"'  person. 

31.  There  are  3  parcels  of  books  in  another  room  and  a  pai-ti- 
cular  book  is  in  one  of  them.  The  odds  that  it  is  iii  one  particular 
parcel  ai-e  3  to  2  ;  but  if  not  in  tliat  parcel  it  is  eqiially  likely  to 
be  in  either  of  the  others.  If  I  send  for  this  parcel  giving  a 
description  of  it,  and  the  odds  I  get  the  one  I  describe  are  2  to  1, 
find  my  chance  of  getting  the  book  I  want. 

32.  In  a  purse  are  ten  coins,  all  shillings  except  one  which  is 
a  sovei'eign ;  in  another  are  ten  coins  all  shillings.  Nine  coins  are 
taken  from  the  former  purse  and  put  into  the  latter,  and  then 
nine  coins  are  taken  from  the  latter  and  put  into  the  former. 
A  person  is  now  permitted  to  take  whichever  purse  he  pleases  : 
find  which  he  should  choose. 

33.  One  urn  contained  5  white  balls  and  o  black  balls ;  a 
second  lu-n  contained  10  white  balls  and  10  black  balls  ;  a  ball,  of 
which  colour  is  not  known,  was  removed  from  one  urn,  but  which 
is  not  known,  into  the  other.  A  drawing  being  now  made  from 
one  of  the  urns  chosen  at  random,  what  is  the  chance  that  it  will 
give  a  white  ball  ? 

34.  Find  the  chance  of  throwing  15  in  one  throw  with  3  dice. 

35.  Find  the  chance  of  thro^ving  17  in  one  throw  with  3  dice. 

36.  Find  the  chance  of  throwing  not  more  than  10  with  3  dice. 

37.  When  2n  dice  are  thro\\^l,  prove  that  the  sum  of  the  num- 
bers turned  up  is  more  likely  to  be  In  than  any  other  number. 

38.  When  2ri  + 1  dice  are  throAvii,  prove  that  the  chance 
that  the  su.m  of  the  numbers  turned  up  is  In  +  4  equals  the 
chance  that  the  sum  of  the  numbers  turned  up  is  In  +  3,  and 
that  the  chance  is  greater  than  the  chance  that  the  sum  is  any 
other  number. 

39.  Out  of  a  set  of  cards  numbered  from  1  to  10  a  card  is 
di-awn  and  replaced  :  after  ten  such  drawings  what  is  the  proba- 
bility that  the  sum  of  the  numbers  drawn  is  24  ? 
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40.  Counters  niiinbered  0,  1,  2,  n,  are  placed  in  a  box; 

after  one  is  drawn  it  is  put  back,  and   the  process   is  repeated. 
Fiud  the  probability  that  m  di'awings  will  give  the  counter  marked  s. 

41.  There  are  10  tickets  5  of  which  are  blanks  and  the  others 
are  marked  1,  2,  3,  4,  5  :  find  the  probability  of  drawing  10  in 
three  trials,  the  tickets  being  replaced. 

42.  Find  the  probability  in  the  preceding  Example  if  the 
tickets  are  not  replaced. 

43.  From  a  bag  containing  n  balls  2^  balls  are  dra%\ai  out  and 
replaced,  and  then  q  balls  are  drawn  out.  Shew  that  the  proba- 
bility of  exactly  r  balls  being  common  to  the  two  drawings  is 

[p\q  [n  —  p\n-q 
\n  \r  \p  —  r  \q  —  r  \n  —  p  —q  +  r' 

44.  Eight  persons  of  equal  skill  at  chess  draw  lots  for  part- 
ners and  play  four  games ;  the  four  winners  draw  lots  again  for 
partners  and  play  two  games ;  and  the  two  winners  in  these  play 
a  final  game  :  find  the  chance  that  two  assigned  persons  will  have 
played  together. 

45.  In  a  bag  are  m  white  balls  and  9^  black  balls.  Find  the 
chance  of  drawing  first  a  white,  then  a  black  ball,  and  so  on 
alternately  until  the  balls  remaining  are  all  of  one  colour. 

If  m  balls  are  drawn  at  once,  find  the  chance  of  drawing  all  the 
white  balls  at  the  first  trial. 

46.  In  a  bag  are  n  balls  of  m  colours,  p^  being  of  the  first 
colour,  p^  of  the  second  colour,  .../>,„  of  the  m."*  colour.  If  the 
balls  be  ch"awn  one  by  one,  find  the  chance  that  all  the  balls  of  the 
first  colour  will  be  first  drawn,  then  all  the  balls  of  the  second 
colour,  and  so  on,  and  lastly  all  the  balls  of  the  m*^  colour. 

47.  A  bag  contains  n  balls ;  a  person  takes  out  one  and  puts 
it  in  again  ;  he  does  this  n  times  :  find  the  probaliility  of  his  hav- 
ing had  in  his  hand  every  ball  in  the  bag. 

48.  Two  players  of  equal  skill,  A  and  ^,  are  playing  a  set  of 
games.  A  wants  2  games  to  complete  the  set,  and  B  wants  3 
games.      Compare  the  chances  of  A  and  li  for  winning  the  set. 
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49.  If  three  persons  dine  together  find  in  how  many  different 
ways  tliey  can  be  seated  in  a  row.  When  they  have  dined  toge- 
ther exactly  so  many  times,  taking  theii-  places  by  chance,  find  the 
probaljility  that  they  will  have  sat  in  every  possible  arrangement. 

50.  iV"  is  a  given  number  ;  a  lower  number  is  selected  at  ran- 
dom, find  the  chance  that  it  will  divide  JV. 

51.  A  handful  of  shot  is  taken  at  random  out  of  a  bag: 
find  the  chance  that  the  number  of  shot  in  the  handful  is  prime  to 
the  numl^er  of  shot  in  the  bag.  For  example,  suppose  the  number 
of  shot  in  the  bag  to  be  105. 

52.  If  ?^  =  a'■,  and  any  number  not  greater  than  ?i  be  taken 

at  random,  the  chance  that  it  contains  a  as  a  factor  s  times  and  no 

.     1         1 

more  is r-,  . 

ft"      a' 

53.  Two  persons  play  at  a  game  which  cannot  be  di-awn, 
and  agree  to  continue  to  play  iintil  one  or  other  of  them  wins 
two  games  in  succession  :  given  the  chance  that  one  of  them  wins 
a  single  game,  find  the  chance  that  he  wins  the  match  described. 
For  example,  if  the  odds  on  a  single  game  be  2  to  1,  the  odds  on 
the  match  will  be  16  to  5. 

54.  A  person  has  a  pair  of  dice,  one  a  regular  tetrahedron, 
the  other  a  regular  octahedron  :  find  the  chance  that  in  a  single 
throw  the  sum  of  the  marks  is  greater  than  6. 

55.  There  are  three  independent  events  of  wliich  the  px"0- 
babilities  are  respectively  p^,  j)^,  2^^'  ^^^^  ^^^  probability  of  the 
happening  of  one  of  the  events  at  least ;  also  of  the  happening  of 
two  of  the  events  at  least. 

56.  A  certain  sum  of  money  is  to  be  given  to  one  of  three 
persons  A,  B,  G,  who  first  throws  10  with  three  dice  :  supposing 
them  to  thi'ow  successively  in  the  order  named  until  the  event  has 
happened,  find  theii-  respective  chances. 

57.  The  decimal  -parts  of  the  logarithms  of  two  numbers 
taken  at  random  are  found  from  a  table  to  7  places  :  find  the  pro- 
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bability  that  the  second  can  be  subtracted  from  the  first    with- 
out borrowing  at  all. 

58.  A  undertakes  with  a  pair  of  dice  to  throw  6  before  B 
throws  7  ;  they  throw  alternately,  A  commencing.  Compare  their 
chances. 

59.  A  person  is  allowed  to  draw  two  coins  from  a  bag  con- 
taining four  sovereigns  and  four  shillings :  find  the  value  of 
his  expectation. 

60.  If  six  guineas,  six  sovereigns,  and  six  shillings  be  put 
into  a  bag,  and  three  be  drawn  out  at  random,  find  the  value  of 
the  expectation. 

61.  Ten  Russian  ships,  twelve  French,  and  fourteen  English 
are  expected  in  port.  Find  the  value  of  the  expectation  of  a 
merchant  who  will  gain  £2100  if  one  of  the  first  two  which 
arrive  is  a  Russian  and  the  other  a  French  ship. 

62.  From  a  bag  containing  3  guineas,  2  sovereigns,  and  4 
shillings,  a  person  di'aws  3  coins  indiscriminately  :  find  the  value 
of  his  expectation. 

63.  Find  the  woi-th  of  a  lottery-ticket  in.  a  lottery  of  100 
tickets,  having  4  prizes  of  £100,  ten  of  £50,  and  twenty  of  £5. 

64.  A  bag  contains  9  coins,  5  are  sovereigns,  the  other  four 
are  equal  to  each  other  in  value  :  find  what  this  value  must  be  in 
order  that  the  expectation  of  receiving  two  coins  out  of  the  bag 
may  be  worth  24  shillings. 

65.  From  a  bag  containing  4  shilling  pieces,  3  unknown 
English  silver  coins  of  the  same  value,  and  one  unknown  English 
gold  coin,  four  are  to  be  drawn.  If  the  value  of  the  drawer's 
chance  be  15  shillings,  find  what  the  coins  are. 

66.  A  and  B  subscribe  a  sum  of  money  for  which  they  toss 
alternately  beginning  with  A,  and  the  first  who  throws  a  head  is 
to  win  the  whole.  In  what  proportion  ought  they  to  subscribe  ? 
If  they  subscribe  equally,  how  much  should  either  of  them  give 
the  other  for  the  first  throw  ? 
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67.  There  are  a  number  of  counters  in  a  bag  of  which  one  is 
marked  1,  two  2,  &c.  up  to  r  marked  r;  a  person  draws  a  number 
at  random  for  which  he  is  to  receive  as  many  shillings  as  the  num- 
ber marked  on  it  :  find  the  value  of  his  expectation. 

68.  A  bag  contains  a  number  of  tickets  of  which  one  is 
marked  1,  four  marked  2,  nine  marked  3,  ...  iip  to  r'^  marked  r; 
a  2)erson  draws  a  ticket  at  random  for  which  he  is  to  receive-  as 
many  shillings  as  the  number  marked  on  it :  find  the  value  of  his 
expectation. 

69.  A  man  is  to  i^eceive  a  certain  number  of  shillings;  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5,  but  he  is 
ignorant  of  the  order  in  which  they  stand  :  find  the  value  of  his 
expectation. 

70.  From  a  bag  containing  a  counters  some  of  which  are 
marked  with  numbers,  h  counters  are  to  be  drawn,  and  the  drawer 
is  to  receive  a  number  of  shillings  equal  to  the  sum  of  the  numbers 
on  the  counters  which  he  draws  :  if  the  sum  of  the  numbers  on  all 
the  counters  be  n,  find  the  value  of  his  expectation. 

71.  There  are  two  arns ;  one  contains  8  white  balls  and 
4  black  balls,  and  the  other  contains  12  black  balls  and  4  white 
balls ;  from  one  of  these,  but  it  is  not  known  from  which,  a  ball 
is  taken  and  is  found  to  be  white  :  find  the  chance  that  it  was 
drawn  from  the  ui'n  containing  8  white  balls. 

72.  Five  balls  are  in  a  bag,  and  it  is  not  known  how  many 
of  these  are  white  ;  two  being  drawn  are  both  white  :  find  the 
probability  that  all  are  white. 

73.  A  purse  contains  n  coins  and  it  is  not  known  how  many 
of  these  are  sovereigns  ;  a  coin  drawn  is  a  sovereign  :  find  the 
probability  that  this  is  the  only  sovereign. 

74.  A  bag  contains  4  white  and  4  black  balls;  two  are  taken 
out  at  random,  and  without  being  seen  are  placed  in  a  smaller 
bag  ;  one  is  taken  out  and  proves  to  be  white,  and  replaced  in  the 
smaller  bag  :  one  is  again  taken  out  and  proves  to  be  again  white, 
find  the  probability  that  both  balls  in  the  smaller  bag  are  white. 
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75.  Of  two  purses  one  originally  cinitained  25  sovereigns,  and 
the  other  10  sovereigns  and  15  shillings;  one  purse  is  taken  by 
chance  and  4  coins  drawn  out  which  prove  to  be  all  sovereigns  : 
find  the  probability  that  this  purse  contains  only  sovereigns,  and 
the  value  of  the  ex^jectation  of  the  next  coin  that  will  be  ch'awn 
from  it. 

76.  A  bag  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  not  either  a  £5,  a  £10,  or  a  £20  note ; 
at  three  successive  dips  in  the  bag  (the  note  being  replaced  after 
each  dip)  a  £5  note  was  drawn.  Find  the  probable  value  of  the 
contents  of  the  bag. 

77.  It  is  3  to  1  that  A  speaks  the  truth,  4  to  1  that  B  does, 
and  6  to  1  that  C  does  :  find  the  probability  that  an  event  took 
place  which  A  and  B  assort  to  have  happened  and  wliich  G  denies. 

78.  A  speaks  truth  3  times  out  of  4,  B  4  times  out  of  5  ;  they 
agree  in  asserting  that  from  a  bag  containing  9  balls,  all  of  dif- 
ferent colours,  a  white  ball  has  been  drawn  :  shew  that  the  proba- 

.96 
bility  that  this  is  true  is  q=  • 

79.  Suppose  thirteen  witnesses,  each  of  whom  makes  but  one 
false  statement  in  eleven,  to  assert  that  a  certain  event  took  place; 
shew  that  the  odds  are  ten  to  one  in  favour  of  the  truth  of  their 
statement,  even  although  the  a  jyriori  probability  of  the  event  be 

80.  One  of  a  })ack  of  52  cards  has  been  removed  ;  from  the 
remainder  of  the  pack  two  cai-ds  aie  drawn  and  are  found  to  be 
spades  :  find  the  chance  that  tlie  missing  card  is  a  spade. 

81.  Two  persons  walk  on  the  same  road  in  opposite  directions 
duinng  a  +  b  +  c  minutes,  one  completing  the  distance  in  a  minutes 
and  the  other  in  b  minutes  :  find  the  chance  of  their  meeting. 

82.  Find  how  m;my  odd  nuniljors  taken  at  random  must  be 
multiplied  together,  that  there  may  be  at  least  an  even  chance  of 
the  last  figure  being  5.     Given  log,^  2  =  '30103. 

T.  A.  31 
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759.  Equations  may  be  proposed  which  require  peculiar  arti- 
fices for  their  solution;  in  the  following  collection  the  student  will 
find  ample  exercise  :  he  should  himself  try  to  solve  the  eqiiations, 
and  aftei'wards  consult  the  solution  here  given. 

,       x'+2x+2      £c'+8a;  +  20      a;=  +  4a;  +  6      a;'  +  G.K+12 

1.      = + -. = ^—  + 5 . 

cc  +  l  a;+4  x  ■¥  2  x+  3 

1  4  2  3       " 

Here  x+l  +  — ,  +  x  +  i  + r  =  a;  +  2  + ^  +  x  +  3  + „  , 

x+l  x  +  i  x  +  2  x+  6 

14  2  3 

so  that  ,  H ,  —  ^  H :.  ', 

x+l      x  +  4:      x  +  2      X  +  6 


therefore 
that  is 


I ^___^ ^_ 

x+l      x  +  2      x+  3      a;+4' 


cc^  +  3a;  +  2  ~      a;^  +  7a;  +  1 2  ' 
therefore  either  x  =  0,  or  x^  +  3a;  +  2  =  a;^  +  7a;  +  12  ; 
from  the  latter  4a;  =  —  1 0  ; 

therefore  x  =  -  2^. 

1111 

-5    +■ 


{x  +  a)-  -b'^      {x  +  bf  -a^      x'  -  {a  +  b)'      x^  -  [a  -  bf  ' 

Here  ^         f         2x        \  1  1 

x  +  a  +  b  \nf  -{a-  bfj  "  x^  -  (a  +  by      x^-{a-  bf  ' 


therefore 
therefore 


I  X-  {a  +  b)  1 


x  +  a+b  x^-  {a-  b)'      x?  —  {a  +  bf  ' 
x-{a  +  b)    _  1 


x''  -{a-  by     X-  (a  +  b)' 

therefore  {x  -  (a  +  6)}"  =  a;"  -  {a  -by-, 

therefore  2a;  («  +  b)  =  {a  +  by  +  (a  —  by  ; 

a'  +  b' 
a  +  b 


therefore 
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OX'  \o      a;. 


/        8\ 
then  3  (y^  +  q  )  =  ^^l/>    ^o  that   y^  - 

4 
therefore  2/  =  2  or  ^  ; 

therefore  x^  —  12  =  6x  or  4a; ; 

therefore  x  =  Q  or  -2  or  3  ±^(21). 

(5a;'  +  10a;-  +  1)  (Sa"  +10a'  +  l) 


Wy      25  _  1 
~3^  "*"  9   ~  9  ^ 


4. 


Here 


(a;*  +  10a;' +  5)  (a*  +  10a' +5) 

5a;"  +  10a;'  +  1  _a'+l0a'  +  5a^ 
x'  +  lOa;^'  +  5x  "  da'  +  10«'  +  1  ' 


adding  and  subtracting  the  numerator  and  denominator  of  each 
fraction,  we  have 

'x  +  1\*      /I  +  a 


X  -  1/        \1  —  a 

therefore = ;    therefore    x=  -  . 

X'  -  1       1  -  rt  a 

5.  (a;  -  1)=*  +  (2.V  +  3f  =  27a;-''  +  8. 

Since  (a;  -  1)  +  (2a;  +  3)  =  3x  +  2,   divide  both  sides  by  3a;  +  2, 
2 
which  gives  x  =  —  ^  for  one  vahie  of  x ;  and  we  obtain 

(a;  -  1)'  -  (a;  -  1)  (2a;  +  3)  +  (2a;  +  3)'  =  9a;'  -  Ga;  +  4, 


that  is 

3a;' +  9a; +13  =  9a;' -6a; +  4, 

therefore 

6a;'-15a;  =  9; 

tlierefore 

,     5a;      25      25      3      49  ^ 
^  ~T  "^IG  ~  16  "^2  ~  16' 

therefore 

5         7 
X  -      -  ^  T  \          therefore  a;  =  3  i 
4         4 

1 

2' 

31—2 
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6.     31{ =- + ;j-V  +  370  =  29^ -+ ^\ 

{  x  +  l         x  +  i  )  (,  X  +  2  x  +  6  ) 

^,  (24 -5a;      5  -  6x     ..)      ..flT-Ta;      8a;+55     ^ 

Here  31  \ r-  + j-  +  1 U  =  29  ^ w-  + „    -  1 

[x+l         x+4  )  [  x+2  x+3 

^,  1 24 -5a;     „     5  -  6a;       .)      _-rl7-7a;     _     8a; +  55     ^} 

or  31  \ :j-  +  5  + +  6  U  29  ^ ^    +  7  + 5-  -  8  V , 

ta;  +  l  a;  +  4  j  (  a;  +  2  x  +  3         j 

,       ^  01  (29  29    )      ^^  f   31  31   ) 

therefore       31  \ r-  + r  [  =  29  • + ,  \  ■ 

[x+l      a;  +  4j  (a;  +  2      a;  +  3  j 

,       .  1111 

therefore  r  ■) -.  = ^  +  is  j 

a;  +  l      33  +  4      X  +  2      x+  3 


therefore 


1111 


a;  +  l      a;+2      a;+3      a;  +  4' 
therefore  (a;  +  1)  (x  +  2)  =  (a;  +  3)  (a;  +  4) ; 

therefore  3a; +  2  =  7  a; +  12; 

therefore  4  a;  =  —  10; 

therefore  x  =  —  2J. 

1  (a;+l)(a;-3)      1  (a;  +  3)(a;-5)  _   2   (a; +  5) (a;- 7)  _  92 
5  (a; +  2) (a; -4)  ^  9  (^4)(^^)      13  (a;  +  6)(«^)  ~  585 ' 

It  IS  clear  that  the  numera  n'  and  denominator  of  each  fraction 
involves  the  expression  a;'^-2a;,  put  therefore  (a;-l)^  =  y;  then 
the  equation  becomes 

I2/-4      I3/-I6       2   y-36  _  92 
5  ^^  "^  9  2/  -  25  ~  13  2/ -49  ~  585  ' 

XT  1       1       2        92 

Now  ^  +  n  -Tq  =  -Q-  ' 

o      9      13      oSo 
subtracting  corresponding  terms,  we  have 

1     5         1       9  2       13 

5  y^  ^  9  7^^25  ~  13  t^^^  ~    ' 

112 

that  18 + —- —  =  0 ; 

y  -9     y -  25     2/-49 


therefore 


that  is 
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1111 


y-2     2/- 49      2/- 49     2/^25' 

-40        24 


2/-9      2/-25' 

therefore  3  (?/  -  9)  +  5  (y  -  25)  =  0, 

that  is  82/=152j 

therefore  2/  =  19  and  «  =  1  ±  ^/(19). 

X  +  Za        ...  a  +  3a; 
8.  ft' . 7,    =  J{ac) =-  • 

x^  x  +  Za      c2  c  +  3a;      ^    ^  •      a^"  +  Saa;'      c'  +  3c'a; 
Here      —  5-  =  -i 5-  ,    that  is    ~ r-  =  -^ j  ; 

addinc  and  subtracting  the  numerator   and  denominator  of  each 

^       .  ,  {x^A^a^-f      {c^  +  x^-f 

fraction,  we  have  — ^  = — -. r-  ; 

(a;^  -  a'^f      {c^  -  x^f 

x^-  +a^      c^  +  a;^       .       ,        x      c 
therefore  —, ,  =  -; r ;    therefore  -  =  -  ; 

therefore  a  -  ±  v/(^^)- 

Here  {x  +  J(2ax)  +  «}  + ^Q-— .^ =  2, 

therefore  a;  +  ,/(2aa,-)  +  a  +  -^  ^  j^^ax)  +  a  ''  ^  ' 

therefore  {a;  +  ^/(2aa;)  +  0]'  -  2  {x  +  J{2ax)  +  a}  +  1  =  0  3 
therefore  x  +  a+  J{2ax)  =  1  ; 

therefore  {x  +  af  -  2  (a;  +  «)  +  1  =  2aa; ; 

therefore  x''-2x+\  ^2a-a' ; 

therefore  a;  =  1  ±  J{2a  -  a'). 
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10. 

{x  +  a)  [x  +  2a)  [x  -  3«)  (x  —  4a)  =  c^ 

Here 

{x  +  a)  {x  -  3rt)  {x  +  2a)  {x  -  -ia)  =  a\ 

that  is 

{x'  -  2ax  -  3a-)  {x'  -  2ax  -  8a')  -  g\ 

Let 

x"  —  2ax  -  ya', 

then 

tv 

therefore 

.11        121      c"  ,  25 
^           "^        4        a        4 

therefore 

11      (46"  +  25a*)'^ 
y=2^          2a'         ' 

therefore 

IW      (4c^  +  25a7^ 
x--2ax=  -2"  *^ 2 ' 

therefore 

fiUa'      (4c''  +  25a*)h 

11. 

6a;^-7i;G  +  2  '  12a;'-17a;  +  6~^'*'      ^"^  ^  ■'• 

Here 

(2;.;  -  1)  (3a;  -  2)   '  (3^  -  2)  [ix  -  3)  "  ^"^^     ^^  ^^^     ^^' 

or 

3.-2^2.-l)(4.-3)=(^'"-^^(^"-'^^ 

therefore 

2  =  (2a;-  l)'(4a;  -  1)  (4a;  -  3) 

=  (2a;  -  1)'  {2  (2a;-  1)  +  1}  {2  (2a;  -  1)  -  1}. 

Let 

y  =  2x-l, 

then 

/(4/-l)  =  2; 

therefore 

,    f       I        1       2      33 

^      4  "^  64      64  ^  4  "  64  ' 

therefore 

y'-\{l^J-i?>); 

therefore 

^='V^=\\l^J[l(l^J^^\\ 
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/x+6\  /x  -  iV      /a;-6\  /a;  +  9\- _  ^  x-  +  36 

a;  +  6  /a;  —  4Y     a;  -  6  /«  +  9\-    a?  +  6      a;  -  6 
a;  —  6  V«  +  4/      a;  +  6  \a;  —  9/      a;  -  6      a;  +  6  ' 

therefore        ^-^  |(^^j  -  V  =  ^^6  [^  "  ^^4;  / ' 


that  is 


36a;         a;  +  6     16a; 


a;  +  6      (a;  -  9)-      a;  -  6  (a;  +  4)' ' 
thei'cfore  a;  =  0  is  one  vahie ;  and  for  the  other  values  we  have 

fx  -  6\"     16  /x  —  9\"      ,,        .        X—  Q         2a;— 9 

=  ± 


fx-  6\-     16  /a;-9\-      ^-        „ 


a;  +  G         3  a;  +  4  ' 
therefore         3  (a;--  2x -  24)  =.  ±  2  (a;=  -  3a;  -  54) ; 
these  quadratics  can  now  be  solved  in  the  ordinaiy  way. 


13. 

x^  +  lax  +ac              ax 

x^  +  '2cx  +  ac      {x  +  a){x+ c) 

Let 

{x  +  a)  (a;  +  c)  r=  xy, 

then 

V?  +  2aa;  +  ac     a 

X'  +  2ca;  +  ac      y' 

^,       „  2  [x'  +  ax  +  CX  +  ac)      a  +  y 

therefore        — ^^ — ^ — -. r = — , 

2x  [a  —  c)  »  —  2/ 

(x  +  a)(x  +  c)      a  +  y 

or  -^ /^     ,    ^  = -, 

X  {a  —  c)  tt  —  y 

, ,  y         a  +  y 

thus  -^—  = ^  : 

a  - c      a  —  y 

therefore  y'  —  yc  -  ac  —  a^  ) 

c      1 
therefore  y  =  -  ±  -  J{g^  +  4ac  —  4rt")  =  a  suppose ; 

thus  ^  a;"  +  a;  (a  +  c)  +  ac  =  xa  ; 

therefore  x'  +  x{a  +  c  —  o.)^  —  ac  ; 

therefore  x  = ^ —  ±  „  ^[{a  +  c-af  -  4ac}. 
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14.         2(..+  «)(x-4c)  +  (a-cr  =  ^-^||i^. 

(x  +  cY 
Here  {x  +  af  +  (x  +  c)' ^  ^         ' 


c\{x  +  a)  +  (a:  +  c)} 
Let  x-v  a  =  y  {x  ■\- c) (a), 

"^'^^  y'^^-il^) ^^> 

From  (a)  a;  +  c  +  a  -  c  =  ?/  (x  +  c)  ; 

a  -  c 
therefore  x  +  c  = ^  ; 

a  -  c       1 

therefore  (/3)  becomes  y  +  1  =  ■ o  _  -.  ; 

.     a-c     ^      a      ,,        .  /«\i 

therefore         y  = +  1  =  -  ;    therefore  y  =  |      |  ; 

c  c  \c  / 

yc  -  a      or  c  -  ac*          \i  «       c' 
tJierefore  a;  =  ^j =  — r— — 3-  =  («c)    -i 1  • 

{x  +  a  +  b)^+ (x  +  c +  dy      m 

{x  +  a  +  cf  +  {x  +  b  +  ciy  ^  n  ^  ^' 

Let       «  +  6  =  a  +  /3|        thei'efore  a  =  ^{a  +  b  +  c  +  d), 
c  +  d  =  a- (3)  '  (3  =  ^{a  +  b-c-d), 

let        «  +  c  =  a^  +  /5j|      therefore  a^  =  i(a  +  6  +  c  +  r/)  =  a, 
6  +  c/  =  a,-^,l^  /3^^i(a_6  +  c-f/). 

Hence  by  assuming  x  +  a  =  y,  (1)  may  be  put  into  the  shape 

{y  +  /3y  +  {y-  pr  _  m      ^^.    f  +  lOffi^  +  5y^'  _  m 


{y + /s,)^ +{y- (i,r    *^  '       f  +  K'y^^/ + 52/^;    «  ' 

or  2/'CH-m)  +  10/(«/3'^-m/3;)  =  5(myS;-7?/3^) (2), 

which  is  a  common  quadratic  equation. 

.j-„  m  _  ft'  _{a  +  b  -c  ~  dy 

w  "  /3/  "  {a-b  +  c-  dy  ' 

(2)  takes  the  form  y*  =  .5^^/?,^ ;  therefore  3/  =  (/))^  (/8/3,)-, 

or  X  =  y-  a  =^  ^  [^)*  J{{a  -  dy  -  (6  -  c)"j  -  (a  +  6  +  c  +  fZ)]. 
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16.  cB^  +  a^  +  2/^  +  &^  =  ^/2  {x{a  +  y)-h  {a-y)], 
x'-a'-y^+  b'  =  J2{x{a-y)  +  b{a  +  y}}. 

Adding  and  subtracting, 

x'  +  h'  =  J-2{ax+hy) (a), 

y'  +  a'  =  J2{xy-ah); 
multiplying  together, 

(x'  +  }f)  {y^  +  a^)  =  2  («a;  +  hy)  {xy  -  ah), 
or  {ax  +  hyY  +  {xy  -  abf  =  2  {ax  +  by)  {xy  -  ah) ; 

oc  -\-  u 
therefore         ax  +  hy  =  xy-  ah  ;    therefore  y  =  a  ——7  . 

Substituting  in  (a), 

x'^b^-  =  cJ2[x  +  ^^^  =  aJ2''--t^; 

therefore,  neglecting  the  impossible  root,  x  -b  ^a  J2  ; 
therefore  x  =  a  i^/2  +  b, 

and  2/  =  « ^  =  0  ^/2+  a. 

17.  {x'  +  y'-¥c')K{x-y  +  c)^  =  2{4:xy)^ (1), 

'^U' (2,. 

y      X      c  ^ 

Since      {x-y  +  c)^  =  x'^  +  y'+c''-  2xy  +  2xg -  2yc, 

and  from  (2)  _         xc—xy~yc  =  0 (a); 

therefore  {x  -y  +cy  =  x^  +  y^  +  c" ; 

therefore  (1)  becomes  {x  -y  +  c)'  -  ixy  ^  4c  {x -  y)  from  (a) ; 

therefore  {x  -  y  -  c)'  =  0  ; 

therefore  y  =  x  -  c, 

but    y  =^ ;  therefore  x''  —  c"  =  cx  ;  thei'(;fore  x°  —  ex  +  -  =  —  : 

x  +  c  '  44' 

c  c 

tlierefore  x  =  ^{\  ±J')),   and  y  =  -  (-  1  ±  J 5). 
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18.  ^{x'  +xy  +  y- -  a^  +  J^  {x" -y-)  =  0 (1), 

2  {x'-xz  +  z'-  h")  +  ^3  {x'  -  z')  =  0 (2), 

y^_,'+3(2/«-'-c^)  =  0 (3). 

Mviltiplying  (1)  by  2  it  becomes 

Z{x  +  yr  +  {x-yY  -^'1  JZ{x'  -f)  =  ice  ■ 
therefore  J3{x  +  y)  +  x -y  =  ^  2a. 

Similarly  from  (2)  J'd  {x  -  z)  +  x  +  z  ^  ^^  2b. 

By  subtraction  we  obtain  on  the  left-hand  side  (^3  -  1)  (y  +  «), 
and  on  the  right-hand  side  ±  2  (a  —  6)  or  ±  2  (a  +  6) ;  thus  we  have 
four  values  for  y  +  z:  choose  any  one  of  these  and  denote  it  by 

From  (3)    2/  +  Qyz"  =  8^",  that  is  (y  +  zf  +  {y  -  zf  -  8c^ ; 

therefore  {y  -  zY  =  8c^  -  m' ; 

therefore  ?/  -  ^  =  (8c'  -  m^f  ; 

therefore     2/  =  i {m  +  (8c'  -  m'f  \,  and  z  =  ^{m-{8c^-  m')^ }. 

And  a;{^3+l}  =  ±2a-2/{v'3-l} 


m. 


=  ±  2a  -  ^^^^5-^  {m  +  (8c'  -  m'f 


thus  X  is  known. 


19.  3a3  +  3?/-»  =  3  (1) 


14  —  9- 

«^^  +  y^-^  =  ^^o^ (2), 


a;'  +  2/'  +  ;s'  =  3a;?/;s  +  ^^^^ (3). 

From  (1)  3  (a?  4-  2/  +  «)  =  -is  +  3 (a), 

From  (2)  a;^  +  y^  +  «"  =  2«-  +  7  -  .^ (/?), 

17;5  +  44 
From  (3)       2  (x'  +  2/'  +  «'  -  Sajys)  = ^ (y)"^ 
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tlien  multiplymg  (a)  aud  {(i)  together  and  subtracting  (y),  we  have 
x^  +  y^  +  z^  +  S  (x'l/  +  xy'  +  xz'  +  x'z  +  y^z  +  y:^  +  ^xyz 

or  {x^y^-z)'  =  {^z-Vf- 
therefore  x  +  y  —  z—\. 

From  (1)  x^■y=-z^\\ 

therefore  2-1=^  +  1;   therefore  z  =  S  ; 

,       „      ,     14 -9^     5 
therefore  x  +  y  ^2,      x'  +y'  —  z  -i ^ =  ^  ; 

therefore   2  (x^  +  y')  -  {x  +  yf  =  5  -  4:  =  1  ;    therefore   x-y  =  ^l ; 
therefore  a;  =  1|  or  -  ,   and  y  =  -  ov  1|. 

^Q  (ac  +  1)  jx'  +  1)  _  (a'  +l){xy  +  l)  ^^^  ^ 

x+l  y+l  "" ' 

(ac+l)if^l)      (c'+l)(xy  +  \) 

y+l  x+l  ^"''" 

From  (1)  ^=  -. ....(a), 

^  '  xy+l      y+lac+l 

-n  /.-.x  V^  +  1         V  +1      C^  +  1 

From  (2)  ^ =  "^ — ^ . ; 

xy  +  l      x+l    ac+ 1 

the>.fo,-e  (xHl)(y;.l)^(gVj)(»-H-_l)^ 

(a;2/+l)'=  {ac+lf 

Subtractmg  denominators  from  numerators,  we  have 

(x-y)-        (a-cY  x-y  a-c  .  . 

-, TTa  =  7^ TTz }   therefore  ^  =  ± (B)  : 

{xy  +  ly      {ac  +lf'  xy  +  l        ac  +1  ^^  ' 

thei-efore  « - 2/  =  (a-'V  +  1) r  ,  or  (xy  +  I) z-  : 

thei-efore  using  the  first  vahie  and  calling =  m, 

*  '^  ac+l 


we  have  y  (1  +  f)ix)  ~  x  -m ;  therefore  y  - 


mx 
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x'+l      xy+1     a^  +  1  ^ 


Now  from  (a) 


x  +  l        y+l    '  ac+1  ' 


X  —  inx 

a;°  +  1      a^  +  1      1  +  vi.c  d"  +  \  x?  +  \ 

triereiore 


03+1      ac+\'    x-oii      ,       ac  +  1  '  1  +  mx  +  x  —  m* 

-^ +  1 

1  +mx 

therefore      (ac  +  1)  (1  +  mx  +  x  -  m)  =  {a^  +  l){x +  1) ; 

or  I  +ac  +  x{a-c)  +  x  (1  +  ac)  -{a-c)  =  (a^  +  1)  +  a;  (a^  +  1)  • 

therefore     x  (a  -  c)-  ax  {a  -  c)  --=  a{a-  c)  +  (a  -  c)  ; 

therefore    x  {I  -  a)  ^  I  +  a  ;   therefore  x  =  ;| ; 

1  —  a 

1 +  a      a  —  c 


x  —  m  1  -  a      1  +  ac  1  +  c 

1  +  mx  {1  +  a)  (a  —  c)        1  -  c  ' 

(l-a)(l+ac) 

l-« 

Siniihirly,  if  we  use   the  negative  sign  in  (j3),  we  have  •= 

I  -  c 
and  --        for  the  corresponding  vahies  of  x  and  y. 

2 1.     (2y/  -  1) [x*  +4:X  +  3)'^-  {2x  -  1)  (/  +  4y  +  3)-' 

^(x-2/)(x+y-2xi/  +  4:) (1), 

\/\xy-lJ      \/  \2x-lJ      x+l  ^'' 

From  (1)     (2y  -  1)  (x'  +  4:X  +  3)''  -  (2x  -  1)  {/  +  4y  +  3)^ 

=  x^  -y^  -  2x^y  +  2xy^  +  ix-iy 
=.y'{2x-\)-x%2y-l)  +  2{2x-\)-2{2y-l) 
=  {y^  +  2){2x-\)-{x'+2){2y-\); 
therefore 

(22/  -  1)  [x'  +  2  +  J{x'  +  ix  +  3)]={2x-l){f+2  +  J{y'  +  4y  +  3)}, 
x'  +  2  +  Jix'+ix-v?,)      f+2  +  J{y'  +  Ay  +  ?,) 


2x-\  2y-l 

Now  x'  +  4.r  +  3  =  {x^  +  2x+\)  {x^  -  2x  +  3)  =  uv 
if  u  =  x^  +  2x  +  \   and  v  =  a'  —  2.x-  +  3  ; 

therefore  u  +  v  ^2  (x'  +  2)  and  u-v  -2  {2x  —  1) 


(a) 
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Hence  (a)  assumes  tlie  form 

{Ju  +  Jvf  ^  {Ju,  +  >,)^ 

U  —  V  ^1  -  'i'l  ' 

whei-e  u^=  if  -\-  1y  -^  1,  and  t^^  =  y^  -  2y  +  3  ; 


thus 


therefore 


^u  +  ^v       Ju^  +  JVy,  u      Ml 

—. ^  =  -^^ ^V-  ;  therefore  -  =  —  : 

Ju  -  Jv      Ju^  -  Jv^  V      Vi 

o;^  +  2cc  +  1      y^  +  '2>/  +  I 


x'-2x+3      f-2y  +  3' 

adding  and  subtracting  the  numerator  and  denominator  of  each 
fraction,  we  have 

c^  +  2_  _  if +2  _ 

2«"^I  "  2?/  -  i  ^ 

therefore         2?/«^  +  iy  -  x'  —  2  =  2xy'  +  ix  —  y^  -  2  ; 
therefore  2yx  (x  -y)  -  (a--*  —  y')  —  i{x  —  y)-0', 

x  +  i 
therefore     x  =  y  \  or  2xy  =  a;  +  y  4-  4,   so  that  y  —  7^ ^  . 

Substituting  the  vahie  y  =  aj  in  (2),  we  have 

./ ( -2 — ^ )  =  ^j  *^^'  f  =  ^  '}  therefore  x=  l\  and  y  =  1  i. 

.      .       .„  x  +  i  y  +  l       3(a;+l)         3 

Agam,  if  2/  =  H---1  ,  then  -  — 


2a;- 1'  a-y-1       (x+lf       a;  + 1  ' 

2y-l  9  ,  2/  +  1  3 

tlius  .- — =r=7s iT^)  and  "^ — r- =  ,;. -. 

2a; -1      (2a;- 1)  x+l      2x-l 

Hence  equation  (2)  becomes 

V  \^^+l)  ~  2^^  "  2a;^ '  °'  V  V^TTlj  "  2^^  ' 

1  12 

therefore =  — — ^-^  ,    or  ^:Ji?  -  16a;  =  11; 

;<;+!   (2.t;-l)- 

therefore  4x-*  -  1 6a;  +  1 G  =  27  ;  therefore  2a;  -  4  =  ±  3  ^3  ; 
therefore  x^\{i^?>  J'i) ;   and  y  =  ^^^  =  ^  (yl^)  • 
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MISCELLANEOUS    KXAJll'LES. 

1.  Solve    J{l+x')-J{l-x')  =  Jil-x'). 

2.  Solve  x^  {^  -  y)  =  «y  {y  —  ■'^)> 

y^  (rt  -  x)  =  hxix  —  n). 

3.  If  x"  +  xy  +  y"  =  c", 

X'  +  xz  ■¥  ^  =  6", 
y"  +  yz  +  z-^  a', 
prove  that 

xy  +  yz  +  zx=     /|^  {2a'¥  +  Wc'  +  2cV -  a'  -  h*  -  c')^^  • 
and  shew  how  to  solve  the  equations. 

4      Solve  sc' -  ix-  8         2/2 

5.  Determine  c  so  that  5a;  +  4y  =  c  may  have  ten  positive  in- 
tegral solutions  excluding  zero  values,  and  c  may  be  as  gi'eat  as 
possible. 

-rr    x°  —  yz  y^  —  xz  ,  ,  ,   ,,  , 

6 .  If  — :; — - — r  =  -^Vi T  ^"^^  ^1  V ■>  ^  '^^  uueQual,  tlieu  each 

a;  (1  -  2/-)      2/  (1  -  ^^) 

z^  —  xy 

member  of  this  equation  will  be  equal  to  -j^ r- ,  to  x  +  y  -\-  z, 

z\\.  —  xy) 

.        1      1      1 

and  to  -  H V  -  . 

x     y      z 

7.  Shew  that  if  n  and  N  are  very  nearly  equal, 

/N\k       N         n  +  N  - 

I  —  1  =  -TF +  — :; ^'6'T  nearlv, 

\nj      N+n         4:11  "^ 

and  that  the  error  is  apiiroximateJy  ^ — r^^^- — r^ . 
^  ^  Hn  [jy  +  n) 

8.  A  man's  income  consists  partly  of  a  salary  of  £200  a  year, 
and  partly  of  the  intei-est  at  3  per  cent,  on  capital,  to  which  he 
each  year  adds  his  savings  ;  his  annual  expenditure  is  less  by  £95 
than  five-fourths  of  his  income  :  shew  that  whatever  be  the  origi- 
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nal  capital  its  acciunulated  value  will  approximate  to  £6000.  If 
the  original  capital  be  £1000,  shew  that  it  will  be  doubled  in 
about  thii-ty  years  ;  ha\-iiig  given 

log  2  =  -301030,         log  397  =  2-598790. 

9.  If  n  be  a  positive  integer,  and  c=  t y^,  shew  that 

1  -  (?i  -  1)  c  +  ^ ':^ ^c'  -  ^  ^^   .      '^ '  c'  +  ... 

m  —  1     (?ft  +  1)" ' 

10.  If  a;  be  any  pi-ime  numbei',  except  2,  the  integral  part  of 
(1  +  J2Y,  diminished  by  2,  is  divisible  by  ^x. 

11.  If  any  number  of  integers  taken  at  random  be  multi- 
plied together^  shew  that  the  chance  of  the  last  figure  of  their 
product  being  5  continually  diminishes  as  the  number  of  integers 
multiplied  together  increases. 

12.  Two  purses  contain  sovereigns  and  shilliugs;  shew  that 
if  either  the  total  numbers  of  coins  in  the  two  purses  are  equal, 
or  if  the  number  of  sovereigns  is  to  the  number  of  shillings  in 
the  same  ratio  in  both,  then  the  chance  of  drawing  out  a  sove- 
reign is  the  same  when  one  purse  is  taken  at  random  and  a  coin 
drawn  out  as  it  is  when  the  coins  are  all  put  iu  one  pm-se  and  a  coin 
drawn  out.  If  neither  of  these  conditions  holds,  the  chance  is  in 
favour  of  the  purse  taken  at  random  whenever  the  purse  with  the 
greater  number  of  coins  has  the  smaller  propoi-tion  of  sovereigns. 

LV.     MISCELLANEOUS  PROBLEMS. 

760.  We  have  already  given  in  previous  Chapters  collections 
of  problems  which  lead  to  simple  or  quadratic  equations ;  we  add 
here  a  few  examples  of  somewhat  greater  difficulty  with  their 
solutions. 

I.  Each  of  three  cubical  vessels  A,  B,  C,  whose  capacities  are 
as  1    :  8   :   27  respectively,    is   partially    filled    with    water,   the 
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quantities  of  water  in  them  being  as  1  :  2  :  3  respectively.  So 
much  water  is  now  poured  from  A  into  B  and  so  much  from  B 
into  C  as  to  make  the  depth  of  water  the  same  in  each  vessel. 
After  this  128i  cubic  feet  of  water  is  jioured  from  C  into  B,  ami 
then  so  much  from  B  into  A  as  to  leave  the  depth  of  water  in  A 
twice  as  gi'eat  as  the  depth  of  water  in  B.  The  quantity  of  water 
in  ^  is  now  less  by  100  cubic  ieet  than  it  was  originally.  How 
much  water  did  each  of  the  vessels  originally  contain  ] 

Let        X  -  the  number  of  cubic  feet  in  A  originally  ; 

therefore  2a;  =  the  number  of  cubic  feet  in  B  oi-iginally  ; 

and  3a;  =  the  number  of  cubic  feet  in  C  originally. 

Now  when  the  depth  of  the  fluid  is  the  same  in  all,  it  is  clear 
that  the  quantities  vary  as  the  areas  of  the  bases  of  the  vessels,  that 
is,  are  as  1  :  4  :  9.     Therefore,  since  6a;  is  the  total  quantity,  the 

quantitv  in  ^  = ; r-  =--  ,  and  the  quantities  in  B  and  C  are 

^  '  9  +  4  +  1        / 

12a;  27a; 

—^    and  -  —  respectively. 

Again,  when  the  depth  in  A  is  twice  that  in  B,  the  quantity  in 
A  is  lialf  ix.s>  much  as  that  in  B. 

Now   A   contains  as -100;    therefore   B  contains   2  (a; -100), 

27a; 
and  G  contains 128i. 

07-j. 
therefore  3  (a;  -  1 00)  +  ^  -  1 284  =  6a; ; 

therefore  -300  +  1284; 

900      7 
therefore  x  =  350  +  —=-  x  -  =  500  ; 

/         6 

therefore  the  quantities  in  A,  B,  Cat  first  were  500,  1000,  1500 
cubic  feet  respectively. 

3.  Three  torses  A,  B,  G  start  for  a  race  on  a  coui-se  a  mile 
and  a  half  long.     When  B  has  gone  half  a  mile,  he  is  three  times 
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as  far  ahead  of  A  as  he  is  of  0.  The  horses  now  going  at 
uniform  speeds  till  B  is  within  a  quarter  of  a  mile  of  the  winning 
post,  (7  is  at  that  time  as  much  behind  ^  as  ^  is  behind  B,  but 

1    th 

the  distance  between  A  and  B  is  only  j^     of  what  it  was  after  B 

1  '■'^ 
had  gone  the  first  half  mile.     C  now  increases  his  pace  by  -^    of 

what  it  was  before,  and  passes  ^176  yards  from  the  winning  post, 
the  respective  speeds  of  A  and  B  remaining  unaltered.  Wliat  was 
the  distance  between  A  and  C  at  the  end  of  the  race  ? 

Let  Ha;  =  the  distance  in  yards  between  B  and  C  at  the  end 
of  the  first  i  mile,  33a;  =  the  distance  in  yards  between  B  and  A 
at  the  end  of  the  first  |  mile.  When  B  has  gone  1;^  miles  B  is  3a; 
aliead  of  A,  and  6x  ahead  of  C ;  therefore  Avhile  B  went  |  mile  or 
1320  yards,  A  went  1320  +  30a;  yards,  and  G  went  1320  + 5a;  yards. 

Hence,  after  C  increases  his  pace,  the  speeds  of  ^ ,  ^,  C  will  be 

54 
pi'oportional  to  1320  +  30a;,  1320,  and  --  (1320  + 5a;)  respectively. 

Do 

Since  C  passes  B  when  he  is  176  yards  from  the  post ;  therefore 
while  B  was  going  440  —  17G  or  264  yards,  C  went  264  +  6x ; 

therefore      1320   :  ||  (1320  + 5a;)    ::  264   :  264  +  6a;, 

54 
therefore  1320  +  30a;  =  ^  (1320  +  5a;); 

therefore  x  (1590  -  270)  =  1320  ; 

therefore  a;  =  1  ; 

also  it  will  be  found  that   C's  increased  pace  is  equal  to  ^'s ; 

therefore  there  will  be  the  same  distance  between  them  at  the  end 

of  the  race  as  there  is  when  ^  is  ;^  mile  from  the  winning  post, 

namely  3a;  or  3  yards. 

3.  A  fraudulent  tradesman  contrives  to  employ  his  false 
balance  both  in  buying  and  selling  a  certain  article,  thereby 
gaining  at  the  rate  of  11  per  cent,  more  on  his  outlay  than  he 
would  gain  were  the  balance  <?*t*e.     If,  however,  the  scale-pans  ii\ 

T.  A.  32 
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whicli  tlie  article  is  weighed  when  bought  and  sold  respectively, 
were  interchanged,  he  would  neither  gain  nor  lose  by  the  article. 
Determine  the  legitimate  gain  per  cent,  on  the  article. 

Let  w  and  w^  he  the  appai-ent  weights  of  the  same  article 
when  bought  and  when  sold. 

Let  p  —  the  prime  cost  of  a  unit  of  weight, 
X  =  the  legitimate  gain  per  cent.  ; 

then  an  article  which  cost  piv  is  sold  for  to^  \P  '^  ^~(^c\)  > 

1      xi             J.-            (         V^\               ix  +  \\)pw  ... 

therefore  by  the  question  w,  [p  +  -i-^  I  -  top  =  ^ ^^      (1 ). 

Again  in  the  supposed  case  the  cost  of  the  article  =j)w  and  tlie 
selling  price  =pw(l  +  Yoq)  ^ 
therefore  pw^  ^pwil  +  ~A (2). 

From  (1),         w,  (l  ^  ^)  =  w  (l  +  "^^  ; 
from  (2),  w  (l  +  ^^j  =  lo^  ; 

therefore  (^  +  lOoj  ^  ^  ■*■  ^T00~  ^ 

therefore  x'  +  100a;  =  1100,  so  that  (x  +  50)'  =  3600  ; 
therefore  a;  +  50=:±60; 

therefore  a;  =^  10. 

4.  A  person  buys  a  quantity  of  corn,  which  he  intends  to 
sell  at  a  certain  price ;  after  he  has  sold  half  his  stock  the  price 
of  corn  suddenly  falls  20  per  cent.,  and  by  selling  the  remainder 
at  this  reduced  price,  his  gain  on  the  whole  is  diminished  30  per 
cent.  ;  if  he  had  sold  f  ths  of  his  stock  before  the  price  fell,  and 
the  diminution  in  the  price  had  been  in  the  proportion  of  £20 
on  the  prime  cost  of  what  he  before  sold  for  £100,  he  would 
have  gained  by  the  whole  as  many  shillmgs  as  lie  had  bushels  of 
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corn  at  first.     Find  what  the  corn  cost  him  per  bushel,  and  what 
he  hoped  to  gain  per  cent. 

Let  X  =•  the  cost  price,  in  pounds,  per  bushel, 
y  =  the  gain  per  cent,  he  expected  ;  then 

aj  (  1  +  -— —  I  -  the  price  per  bushel  for  which  he  sold  half  his  com ; 

K  «  (  1  +  t^tt;  )  =  the  price  per  bushel  for  which  he  sold  the  other 
half;  therefore  the  average  price  per  bushel  =  r-r  ( 1  +  ^^~\ ; 

therefore  his  gain  per  bushel  =^  —  M  +  -~\  -  x. 

If  he  had  sold  the  whole  as  he  sold  the  first  half,  the  gain 

1/X 

Too 

7    yx 

[olo 

V        1 
therefore  -^  =  r-^r :     therefore    y  —  50. 
500      10^  ^ 


per  bushel  would  have  been  y— ^  ; 

therefore  by  the  question  —  M+_j-a;=  —  —  , 


Now  the  prime  cost  of  what  he  at  first  sold  for  100  is 


1  +  ^- 
100 

.     200 
that  IS   -—- ,  and  if  he  were  to  lose  £20  on  this,  the  loss  per  cent. 

would  be      „  ,  that  is  30. 

^UO 

T 

Thus  in  the  supposed  case  the  average  selling  price  of  a  bushel 
3x  /         V  \      X  (         V  \       7      X  /9      '^IN 

X      111  31a; 

gain  on  a  bushel  =  t  x  -^ —  «  =^  tt^  ,  and  this  by  the  question 

equals  one  shilling  ;  therefore  -^^  =  — r  ;  therefore  x=-^  . 

ov       zU  31 

32—2 
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5.  A  and  B  having  a  single  horse  travel  between  two  mile- 
stones, distant  an  even  nnmber  of  miles,  in  2'^^  hours,  riding 
altei-nately  mile  and  mile,  and  each  leaving  the  horse  tied  to  a 
mile-stone  until  the  other  comes  up.  The  horse's  rate  is  twice 
that  oi  B ;  B  rides  first,  and  they  come  together  to  the  seventh 
mile-stone.  Finding  it  necessaiy  to  increase  theii*  speed,  each 
man  after  this  walks  half  a  mile  per  hour  faster  than  before,  and 
the  horse's  rate  is  now  twice  that  of  A,  and  B  again  rides  first. 
Find  the  rates  of  travelling,  and  the  distance  between  the  extreme 
mile-stones. 

Let  2x  =  the  distance  they  travelled  in  miles.  Now  at  first  A 
walks  4  miles  and  rides  3  miles  while  B  walks  3  miles  and  rides 
4  miles,  or  A  walks  4  while  B  walks  3  and  rides  1 ;  that  is,  since  the 
horse's  rate  is  double  of  B'h,  while  B  walks  3i  miles;  therefore  A's 
and  B's  rates  at  first  may  be  represented  by  8y  and  Ty  respectively. 

Again,  A  walks  x  —  3   and   rides  x—  i,   while  B  walks  x  —  i 

and  rides  x-3  ;  therefore  A  walks  x-3  while  B  walks  a;  —  4  and 

rides  1,  that  is,  while  B  walks  cc  -  4  and  A  walks  i  ;  therefore 

7 
A  walks  X-  ^   while  B  walks  x-  i  ; 

but  A  walks  Sy  +  -^  while  B  walks  7y  +  -^; 

,  from  which  y  = 


Now  the  total  time  A  took  in  hours  is 

8y      liy\        1      «/o        1\~    ''^' 
8y+2      2(8y  +  2} 

tWfore  1   +167+?  =  ^^^ 

,,       -  5      3.r-10      188  1 

therefore  ^^  + 


7      4a; -14       63       4a;  -  30  ' 


therefore 
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41a;- UO      94  1 


4a;- 14  9        2a;- 15' 

therefore  9  (82a;''  -  895a;  +  2100)  =  376a;  -  1316  j 

therefore  738a;'  -  8431a;  +  20216  -  0, 

from  which  a;  =  8  ;    therefore  y  =  „  ; 

therefore  the  distance  =16  miles  ;  the  rates  of  travelling  at  first  =  4 
and  3 1  miles  per  hoiu'  respectively. 

6.  A  and  B  set  out  to  walk  together  in  the  same  direction 
round  a  field,  which  is  a  mile  in  circumference,  A  walking  faster 
than  B.  Twelve  minutes  after  A  has  passed  B  for  the  third  time, 
A  turns  and  walks  in  the  opposite  direction  until  six  minutes 
after  he  has  met  him  for  the  third  time,  when  he  returns  to  his 
original  direction  and  overtakes  B  four  times  more.  The  whole 
time  since  they  started  is  three  hours,  and  A  has  walked  eight 
miles  more  than  B.  A  and  B  diminish  their  rates  of  walking  by 
one  mile  an  hour,  at  the  end  of  one  and  two  hours  respectively. 
Determine  the  velocities  with  which  they  began  to  walk. 

Let  X  —  the  numl^er  of  miles  per  hour  of  A  at  the  first, 

y  =  the  number  of  miles  jier  hour  of  B  at  the  first. 

In  3  hours  A  has  gone  a;  +  2  (a;  —  1)  or  3a;  -  2  miles, 

and        B  has  gone  2y  +  {y  —  1)  or  3v/  —  1  miles  ; 

therefore  by  the  qiiestion  3a;-  2  —  (Sy— l)  =  8j  therefore  x  —  y—^, 
that  is,  the  7-elative  speed  of  A  and  5  is  3  miles  per  hoiu' ;  therefore 
A  will  gain  a  circumference  on  5  in  ^  of  an  hour,  and  will  therefore 
be  passing  B  for  the  third  time  at  the  end  of  the  first  hour. 

Also  since  the  relative  speed  of  A  and  B  is  the  same  in  the 
last  hour  as  in  the  first,  and  since  A  passes  B  for  the  fourth  time 
at  the  end  of  the  tliird  hour,  therefore  he  will  pass  him  all  the 
four  times  within  the  last  hour  ;  the  first  time  being  exactly  at 
the  commencement  of  the  third  hour. 
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Now  in  12  minutes  after  the  first  hour  the  distance  between 

1  2 

A    and   B   is    ^  (x  -  ]/ -  1)  =  _   miles ;   therefore   the    time   of  first 

O  0 

2 
meeting  =g -4- (a;  +  ?/ -  1)  ;  and  the  time   of  meeting   twice  more 

-  2  -^  (x  +  y  -  I).  In  G  minutes  the  distance  between  them 
=  j7:{x  + y-l) ;  therefore  if  A  now  turns,  the  time  of  over- 
taking B 

^      x-y-1      -20^^'^^-^)^ 
2 

therefore     ^  + -^  4- ^-j^+ i^  +  i^.  (^  +  y  _  1)  ^  1, 
,    ,  .  12       M       7      .„ 

*^''^*^^'  5^-^20=  10'  ^f^^^'-^  +  y-i; 

therefore  w^— 14m =-48;  therefore  u-7-^1;  therefore  m  =  8  or  6; 
therefore  a;  +  y  =  9  or  7  ;  and  x-y=S; 

therefore  a;  =  6  or  5,  y  =  3  or  2. 

761.  The  equations  in  the  preceding  Chapter  and  their  solu- 
tions, and  the  sokitions  in  the  present  Chapter,  are  due  to  the 
Rev.  A.  Bowe)-,  late  Fellow  of  St  John's  College.  Should  any 
student  desire  more  exercises  of  this  kind,  he  is  referred  to  the 
collection  of  algebraical  equations  and  problems  edited  by  Mr 
W.  Rotherham  of  St  John's  College. 

MISCELLANEOUS    EXAMPLES. 

1.  Exhibit  [n  J{a^  +  ¥)  —  a  J{m^  +  n^)}^  +  ^^^*^  ^s  a  square. 

2.  Extract  the  square  root  of  6  +  ^6  +  ^14  +  ^21. 

3.  Eind  the  radix  of  the  scale  of  notation  in  which  the  num- 
ber 16640  of  the  common  scale  appears  as  40400. 

4.  Shew  that   -  +  3  +  ,-5-  +  ^^  + atZ  inf.  =  2. 

4      o       lb       oJ 
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5.  At  a  contested  election  the  number  of  candidates  was  one 
more  than  twice  the  number  of  persons  to  be  elected,  and  each 
elector  by  voting  for  one,  or  two,  or  three,  ...  or  as  many  persons 
as  were  to  be  elected,  could  dispose  of  his  vote  in  15  ways: 
required  the  number  of  candidates. 

6.  In  how  many  ways  may  the  sum  of  £24.  155.  be  paid  in 
shillings  and  francs,  supposing  26  francs  to  be  equal  to  21  shillings? 

7.  Find  the  sum  of  n  terms  of  the  series 

1  z  ^  z[ 

l  +  z^  {l+z){l-^z')  '  {l  +  z){l+z'){l+z') 

z' 


+    7^ 


{1  +  z)  {1  +  z')  (l  +  z*)  {I  +  z")      "■■ 

8.  Shew  that  1  +  2x*  is  never  less  than  x'  +  2x^. 

9.  If  an  equal  number  of  arithmetic  and  geometric  means 
be  inserted  between  any  two  quantities,  shew  that  the  arithmetic 
mean  is  always  greater  than  the  corresponding  geometric  mean. 

10.  If  a?  be  any  prime  number,  except  2,  the  integral  part  of 
(2  +  V3)'-  2'*'  +  1  is  divisible  by  12x'. 

11.  Shew  that  if  n^fq,  where  2>  and  q  are  positive  integers, 


W^ 


IS  an  mtecfei". 


12.  Shew   that  t  +  ?;  +  o -^ lo?  '^  is  finite   when   n 

1      2      o  n 

is  infirdte. 

13.  If  p  be  the  probability  h  'priori  that  a  theoiy  is  true,  q 
the  probability  that  an  experiment  would  turn  out  as  indicated 
by  the  theory  even  if  the  theory  were  false,  shew  that  after  the 
experiment  has  been  pei-fomied,  supposing  it  to  have  turned  out 
as  expected,  the  probaljility  of  the  truth  of  the  theory  becomes 

V 
p^q-pq' 

14.  Of  two  bags  one  (it  is  not  known  which)  is  known  to 
contain  two  sovereigns  and  a  shilling,  and  the  other  to  contain 
one  sovereign  and  a  shilling ;  a  i)erson  draws  a  coin  from  oue  of 
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the  bags,  and  it  is  a  sovei'eigii,  which  is  not  replaced.  Shew  that 
the  chance  of  now  di'awing  a  sovereign  from  the  same  bag  is  half 
the  chance  of  doing  so  from  the  other.  Supposing  the  drawer 
might  keep  the  coin  he  ckaws,  find  the  value  of  the  expectation. 

15.  All  that  is  known  of  two  bags,  one  white  and  one  red, 
is  that  one  of  them,  but  it  is  not  known  wliich,  contains  one 
sovereign  and  four  shilling  pieces,  and  that  the  other  contains  two 
sovereigns  and  three  shilling  pieces ;  biit  a  coin  being  drawn  fi'om 
each,  the  event  is  a  sovereign  out  of  the  white  bag  and  a  shilling 
out  of  the  red  bag.  These  coins  are  now  put  back,  one  into  one 
bag,  and  the  other  into  the  other,  but  it  is  not  known  into  which 
bag  the  sovereign  was  put.  Shew  that  the  probability  of  now 
dra^ving  a  sovereign  is  in  favour  of  the  red  bag  as  compared  with 
the  white  bag  in  the  ratio  of  13  to  9. 

16.  If  n  be  the  number  of  years  wdiicli  any  individual  wants 
of  86,  find  the  value  of  an  annuity  of  £\  to  be  paid  during  his 
life ;  adopting  De  INIoivre's  supposition,  that  out  of  86  persons 
born,  one  dies  every  year  until  they  are  all  extinct. 


LYI.   CONVERGENCE  AND  DIYERGENCE  OF  SERIES. 

762.  In  Chapter  xl.  we  have  discussed  the  subject  of  the 
convergence  and  divergence  of  series.  The  chief  general  result 
which  has  been  obtained  may  be  expressed  thus  :  an  infinite  series 
is  convergent  if  from  and  after  any  fixed  term  the  ratio  of  each 
term  to  the  succeeding  term  is  greater  than  some  quantity  ichich 
is  itself  numerically  greater  than  unity ;  and  divergent  if  this 
ratio  is  rinity  or  less  than  unity,  arid  the  terms  are  all  of  the 
same  sign.  There  is  one  case  to  which  tliis  result  does  not  apply, 
Avhich  it  is  desii-able  to  notice,  namely  the  case  in  which  the  ratio 
is  greater  than  unity  but  continually  approaching  unity.  See 
Arts.  559,  560  and  561.  The  statements  of  those  Articles  are 
here  reproduced,  but  in  a  different  form,  as  for  our  present  piu-- 
pose  it  is  convenient  to  regard  the  ratio  of  a  term  to  the  suc- 
ceeding term  instead  of  to  \h.Q  preceding  term. 
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763.  We  shall  now  investigate  theorems  which  will  supply 
tests  of  convergence  and  divergence  for  the  case  to  which  the 
former  tests  do  not  apply.  In  the  infinite  series  which  we  sliall 
consider  we  shall  suppose  that  all  the  terms  are  positive,  at  least 
fi'om  and  after  some  fixed  term  if  not  from  the  beginning. 

764.  A  series  is  convergent  if  from  and  after  some  fixed  term 
the  ratio  of  each  term  to  the  succeeding  term  is  never  less  than 
the  corresijondiiig  ratio  in  a  second  series  wliich  is  known  to  he 
convergent. 

It  is  obvious  in  this  case  that  the  proposed  series  is  not 
greater  than  a  certain  convergent  series  ;  and  is  therefore  con- 
vergent. 

765.  A  series  is  divergent  if  from  and  after  some  fixed  term 
the  ratio  of  each  term  to  the  succeeding  term  is  never  greater  than 
the  corresponding  ratio  in  a  second  series  which  is  known  to  be 
divergent. 

It  is  obvious  in  this  case  that  the  proposed  series  is  not  less 
than  a  certain  divergent  series  ;   and  is  therefore  divergent. 

766.  Let  Uq  denote  the  n***  term  of  a  series ;  then  if  from  and 
after  some  fixed  value  of  n  the  value  o/  n  [  ~-^ —  1  j  is  always 

greater   than  some  positive  quantity   which   is   itself  greater   than 
unity,  tlie  series  is  convergent. 

Suppose  that  from  and  after  some  fixed  value  of  n  the  value 

of  n  (  — " 1  j   is  always  gi-eater  than  y,  where  y  is  positive  and 

u  y 

greater  than  unity.      Then  — - —  1  is  "greater  than  —  ;  and  there- 

U      .  y 

fore  — =-  is  gi'eater  than  1  +  —  . 

Now,   by  Art.   68G,  a  positive  quantity  p  greater  tlian  unity 

can  be  foiind,  such  that  wlien   a  is  larjre  enouirh  (  j     is  less 

°  ^      \    n    J 


500  CONVERGENCE   AND   DIVERGENCE   OF   SERIES. 

than    1  +  —  .     Hence,   when  n   is  large  enough,   is  greater 

(n  +  IX*" 
j  .      But,  by  Art.   562,  the   series  of  which   the  w"" 

term   is    —   is   convergent  when  /?  is  positive  and  gi'eater  than 

unity ;  hence  by  Art.  704  the  series  of  which  the  vi^  term  is 
u^  is  convergent. 

767.  Let  u„  denote  the  VL°^  term  of  a  series  ;  then  if  from  and 
after  some  fixed  value  of  n  the  value  of  n  i  — -  -  1  j  is  never 
positive  and  greater  than  unity,  the  series  is  divergent. 

For  here  after    some   fixed  value  of   n   the   value   of  — "     is 

equal  to  1  +  -  or  is  less  than  1  +  -  .     But,  b\^  Art.  562,  the  series 
^  n  n  •'  ' 

of  which  the  n^^  teiTQ  is  -  is  divergent;  hence,  by  Art.  765,  the 
series  of  w^hich  the  ■re*  term  is  ri^  is  diA'ergent. 

768.  The  rules  given  in  Arts.  766  and  767  will  often  enable 
us  to  decide  on  the  convergence  or  divergence  of  series  in  the  case 
noticed  in  Art.  762  in  which  our  former  niles  do  not  apply. 
There  is  one  case  to  which  the  new  rules  wall  not  apply,  wliich  it 
is  desirable  to  notice,  namely  that  in  which  from  and  after  some 

fixed  value  of  n  the  value  of  w  (  — - —  1  1  is  always  positive  and 

gi-eater  than  unity,  but  continually  approaclring  unity.  We  shall 
proceed  to  investigate  theorems  from  which  we  shall  deduce  tests 
for  this  case. 

769.  It  is  obvious  from  the  nature  of  a  logarithm  that  if  n 
increases  iiadefinitely,  so  also  does  log  n.  But  it  is  important  to 
observe  that  log  n  increases  fiir  less  rapidly  than  n  increases ;  in 

fact  — - —  can  be  made  as  small  as  we  please  by  taking  n  large 

enough.     For  suppose  n  =  e',  so  that  log  n  =  x;  then  as  n  increases 
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log  n      X  X 


indefinitely,  so  also  does  x.    Nq-w 


e''      ,  X'     X 

l+X+r^  +  7—  + 


\2      \S 


X  .  1 

this  is  less  than  ^  ,  that  is  less  than 


X'        X  ^        X         X 

and  it  is  obvious  that  this  can  be  made  as  small  as  we  please  by 
taking  n  large  enough. 

These  remarks  a\t.11  be  found  useful  in  studying  the  remainder 
of  the  present  Chapter.  We  shall  adopt  the  following  notation 
for  abbreviation  :  let  log  7i  be  denoted  by  A  {n) ;  let  log  (log  n)  be 
denoted  by  X"  {n) ;  let  log  {log  (log  w)}  be  denoted  by  A^  (^n) ;  and 
so  on. 


770.      The  series  of  lohich  the  general  term  is 
1 


(1) 


n\{n)X'{n) ^  {n)  [X^^^  {n)Y 

is  convergent  if])  he  greater  tlian  tirdty^  and  divergent  if  p  he  equal 
to  unity  or  less  than  unity. 

We  suppose  n  so  large  that  X'"'^^(?i)  is  possible  and  positive. 

The  truth  of  this  theorem  when  r  =  0  has  been  shewn  in 
Art.  563 ;  we  shall  prove  it  generally  by  Induction. 

By  Art.  563  the  series  of  which  (1)  is  the  general  term  is 
convergent  or  divergent  simultaneously  with  the  series  of  which 
the  general  term  is 


% 


mr\{7n'')  \'{m") A'-(m")  {X'-+i(m")}'' 

where  m  is  any  positive  integer. 

I.  Suppose  2^  greater  than  unity.  Let  m  be  any  positive  in- 
teger greater  than  the  base  of  tlie  Napierian  logarithms  ;  then 
X  (m")  is  greater  than  n.  Hence  it  follows  that  the  general  term 
(2)  is  less  than 

nX  (n)  X'  (n) X^-^nJlX^ («)}" ^^^' 

thus  by  Art.  764  if  the  series  of  which  (3)  is  the  general  term  is 
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convergent,  so  also  is  that  of  wliicli  (2)  is  the  general  term,  and  so 
also  is  that  of  which  (1)  is  the  general  term.  Therefore  if  the  series 
of  which  (3)  is  the  general  term  is  convergent  when  r  has  any- 
specific  value,  it  is  convergent  when  r  is  changed  iiito  r+\.  But 
since  p  is  greater  than  unity,  by  Ai-t.  563  the  sei-ies  of  which  (3) 
is  tlie  general  term  is  convergent  when  r=\,  and  therefore  when 
r  =  2,  and  therefore  when  r  —  3,  and  so  on.  Thus  tlie  series  of 
which  (1)  is  the  general  term  is  convergent. 

II.  Suppose  2^  equal  to  unity.  Let  ni  —  2  which  is  a  positive 
integer  less  than  the  base  of  the  Napierian  logarithms ;  then 
X  (/u")  is  less  than  n.     Hence  it  follows  that  the  general  term  (2) 

is  greater  than 

1 


n\  {n)  y  (n) X'-^  (w)  V  (n) ' 

Hence  by  proceeding  as    in  I.    we   can    shew   that  the  series  of 
which  (1)  is  the  general  term  is  divergent. 

III.  Suppose  2^  less  than  unity.  Then  the  general  term  (1) 
is  greater  than  it  would  be  if  p  were  equal  to  iinity,  at  least  when 
n  is  large  enough,  and  therefore  a  fortiori  the  series  is  divergent. 

A.  simple  demonstration  of  this  theorem  by  means  of  the 
Integral  Calcuhis  is  given  in  the  Integral  Calculus,  Chapter  iv. 

771.  Let  M_  denote  the  general  term  of  any  proposed  series. 
If  from  and  after  any  value  of  n  the  value  of 

un\  {n)  X'  (n) X^  (n)  {X^^^  (%)}^ 

is   always   finite,  ^?  being  any  fixed  quantity  greater  than  unity, 
the  proposed  series  is  convergent. 

For  in  this  case  the  terms  of  the  proposed  series  have  a  finite 
ratio  to  the  terms  of  a  series  which  has  been  proved  to  be  con- 
vergent. 

If  from  and  after  any  value  of  n  the  value  of 

M,_  nX  (n)  X'{n) ^  (n)  X''^'  (n) 

is  always  finite  or  infinite,  the  proposed  series  is  divergent. 

For  in  this  case  the  terms  of  the  proposed  series  have  at  least  a 
finite  ratio  to  the  terms  of  a  series  which  has  been  proved  to  be 
divergent. 
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772.  The  theorem  of  Art.  771  may  be  used  in  cases  in  which 
the  tests  ah-eady  given  of  convergence  and  divergence  do  not 
apply ;  but  it  will  in  general  be  more  convenient  to  use  the  rules 
which  we  shall  demonstrate  in  the  next  Article. 

773.  Let  V  ^  stand  for  m  ( — Ij;    tlien  if  from  and  after 

some  fixed  value  of  n  the  value  of  X  (n)  (P^  -  1)  is  always  greater 
than  some  positive  quantity  which  is  itself  greater  than  unity  the 
series  of  which  the  n""  term  is  u^  is  convergent ;  and  if  from  and 
after  some  fixed  value  of  n  the  value  of  X  (n)  (P^^  -  1)  is  never  posi- 
tive and  greater  than  unity  the  series  is  divergent. 

I.  Suppose  that  from  and  after  some  fixed  value  of  n  the 
value  of  X  (n)  [P^  —  1 )  is  always  greater  than  y,  where  y  is  posi- 

tive  and  greater  than  unity.     Then  P„  —  1  is  greater  than   ,  ,    ,  : 

*=  -^  "  *=  A  (n) 

,        ^  u      .  ,         ^       1  y 

therefore  — 2_  jg  m-eater  than  In 1 — rV^r  • 

"^K+i  **      oiX^n) 

1  1  v„       n  +  1    iX(n+  ])Y 

Let  V  = — r^,-,,     ;    then  = < — '       ,      }  . 

"     n{X(n)Y'  'y,,^^  n      \    X{n)     ) 

Now    X  (ti  +  I)  =  X  [n)  +  X  (  1  +  -  j ;    therefore    X{n+\)    is   less 

1  v 

than  X  in)  +        by  Art.   687  ;    and  therefore    — '^—    is    less    than 

(  1  +      )     1  H ^-r-\  \   ;    and    therefore  when    n    is   large  enough 

\        n)  \         nX  [n)) 

"-  is  less  than  (1  +  -W1+  ■  ,  ,    ^  i,  provided  q  be  greater  than 

p  :  see  Art.  686.  Thus  — "-  is  less  than  1  4-  --  +  -~r\  +  ,.  ,  ^  ', 
^  v„  +  ,  n      nX(n)      nX{n) 

and  when  n  is  taken  large  enough  tlic  last  of  the  four  terms  just 


v„ 


given  is  incomparably  smaller  than  the  third  ;  and  therefore  — ^ 

1  r  . 

is  less  thiin  1  +      h — -— -^  ,  provided  r  be  greater  than  q. 
n      nX  [n) 
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This  result  holds  however  small  may  be  the  excess  of  q  above 
«,  and  however  small  may  be  the  excess  of  r  above  q  :  hence  since 
y  is  greater  than  unity  we  may  suppose  that  y  is  greater  than  r, 
and  yet  have  p  positive  and  gi-eater  than  unity. 

Since  y  is  greater  than  ?•  we  have    -  "    greater  than  — —  .    But, 

by  Art.  770,  the  series  of  which  the  genei-al  term  is  v„  is  con- 
vergent when  p  is  positive  and  greater  than  unity ;  hence,  by 
Art.  764,  the  series  of  which  the  w""  term  is  u^  is  convergent. 

II.  Suppose  that  from  and  after  some  fixed  value  of  n  the 
value  of  A(«)(Pp-l)   is  never  positive  and  gi-eater  than  unity. 

Then  P„  —  1  is  positive  and  not  greater  than  .  ,  ,  or  is  negative. 
^  °  \{n) 

u                                   11 
In  both  cases  -J^^  is  less  than  In 1 — — -—  . 


Let  V  —    .  ,   ,  ;    then 


v,        n  +  1   X{n  +  l) 


n\{n)  v_^,         n         X{n) 

Now  A(}i+l)  =  X(w)  +  Xn+-j;    therefore    X{ii  +  \)    is   greater 

11  V       . 

than  \(n)  -\ ^-^  by  Art.  688  ;  and  therefore    -  —   is  greater 

than  (  1  +  -  )  <  1  H r— — 7-  —  -   g^  ,   ,■  > :    and  therefore  when   n  is 

\        nj  I        nX  (n)      2nX  (n)) 

large  enough  — —-  is  greater  than  In f- 


w^^j  ^      nX(n)' 

Thus  when  n  is  large  enough  -^^±i  is  less  than  — ~ .     But,  by 

.  """^^  .     '^".■^'    . 

Art.  770,  the  series  of  which  the  general  term  is  v^  is  divergent ; 

hence,  by  Art.   765,  the  series  of  which  the  n^^  tenn   is  u^  is 

divergent. 

774.  The  theorem  of  Art.  773  does  not  apply  to  the  case  in 
■which  X  (n)  (P^  —  1)  is  always  positive  and  greater  than  unity,  but 
continually  approaching  luaity ;  another  theorem  may  then  be 
used  which  also  is  inapplicable  in  a  certain  case.  A  series  of 
theorems  can  thus  be  obtained  each  of  which  may  be  advanta- 
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geously  tried  in  succession  if  all  that  precede  it  are  inapplicable. 
The  theorems  will  be  found  in  the  Integral  Calculus,  Chapter  iv. ; 
they  might  be  demonstrated  in  the  manner  of  Art.  773,  but  as 
they  will  not  be  required  for  elementary  purposes  we  need  not 
consider  them  here  :  as  an  exercise  for  the  student  the  theorem 
which  is  next  in  order  to  that  of  Art.  773  is  given  as  the  last 
Example  in  the  set  at  the  end  of  the  present  Chapter. 

We  shall  illustrate  the  rules  which  have  been  demonstrated  by 
applying  them  in  the  next  three  Ai-ticles. 

775.     The  name  hyjjer geometrical  has  been  given  to  the  series 

g.^  a(a+l)/3(/34-l)  a(a+l)(a+2)^(/3+l)(^4-2)  , 

^■'l.y^'-    1.2.y(y+l)^-"        1.  2  .  3  .  y(y  4- l)(y  +  2)       ''^-' 

■we  shall  now  determine  when  the  series  is  convergent,  and  when 
divergent. 

Denote  the  series  by  u^  +  u^  + u^  +  xi.^+  ...;  thus 


u^         (n  +  l){n  +  y) 


thus,  by  Ai't.  762,  if  X  is  less  than  unity  the  series  is  convergent,  and 
if  X  is  greater  than  unity  the  series  is  divergent.     Put  a;  =  1  ;  then 


P„ 


(-3(-0  ' 


thus  if  y  —  a  —  /?  is  positive  the  series  is  convergent,  and  if  y  —  a  —  /3 
is  negative  the  series  is  divergent :  see  Ai'ts.  766,  767.  Ify-a  —  /3 
is  zero  we  must  use  Ai't.  773  ;  we  have  then 


(-:)(-0 


this  can  be  made  as  small  as  we  please  by  taking  n  large  enough, 
and  therefore  the  series  is  divergent. 
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,    ^    u        n"  +  a'n!'~'^  +  bn"'^  +  en"'*  +  . . .        , 
776.     b appose  that  — ~  - -^     j   t-r   />  t-s — .,  ,-3 ,  ^vhere 

/t  is  a  positive  integer,  and  no  exponent  is  negative  ;  and  a,  b,  c,... 
A,  B,  C,  ...  are  any  constant  quantities  :  we  shall  shew  that  the 
series  of  Avhich  the  w"'  term  is  u„  is  convergent,  if  a  -  ^  —  1  is 
positive,  and  divergent  if  a  —  ^  —  1  is  negative  or  zero. 

_  _  (a  -A)n''  +  {b-  B)  w""^  +  {c-G)  n"'^  +  ... 


?4*  +  -4/^*-■  ^  +  Bn''  ^  +  . . .  •* 

thus  if  a-J.-l  is  positive  the  series  is  convergent,  and  if  «-^l-l 
is  negative  the  series  is  divergent :  see  Arts.  7G6,  767.  If  a  -^1  - 1 
is  zero  we  have 

n''  +  {h-  B)n''-^  +  ... 
"  ~  n"  -^  An''~^  +  Bn''~^-¥  . . .  ' 
we  may  still  in  some  cases  determine  whether  the  series  is  con- 
vergent   or   divergent  without  using   any  new  rule,  for   instance 
if  6  —  ^  —  ^   is  negative  the  series  will  be  divergent  by  Art.  767. 
But  it  will  be  more  convenient  to  vise  Ai't.  773 ;  we  have  then 

this  can  be  made  as  small  as  we  please  by  taking  n  large  enough, 
and  therefore  the  series  is  divergent. 

777.  We  shall  now  examine  the  expansion  of  (1  +x)'"  by  the 
Binomial  Theorem  and  determine  whether  it  is  convergent  or 
divergent  when  x  =  1  or  —  1. 

Let  to^  denote  the  r*  term  in  the  expansion  of  (1  +  x)'" ;  then 

M;.  +  l  +  Ur+2  +  t'r  +  i  +    

(m  —  r  +  1         (m  —  r  +  1)  (7n  —  r)    „ 

=  U    { X  +  ^ -. ^TT X'  +  .... 

■■  t        r  r{r  +  \) 

We  must  then  consider  the  series  included  between  the  brackets. 

I.  Suppose  X  -  1 .  Let  r  be  numerically  not  less  than  m ; 
then  the  terms  of  the  series  between  the  brackets  are  alternately 
positive  and  negative. 
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If  m  IB  positive,  or  negative  and  numerically  less  than  unity, 
each  term  is  numerically  less  than  the  i:>receding  term  and  the 
series  is  convergent  by  Ai-t.  558, 

If  m  —  —  1  the  series  between  the  brackets  takes  the  form 

-1  +  1-1  + , 

which  is  convei'gent  according  to  the  definition  of  Art.  551. 

If  m  is  negative  and  numerically  greater  than  unity  each  term 
of  the  series  between  the  brackets  is  numerically  greater  than  the 
preceding  term  and  the  series  is  divergent. 

II.  Suppose  x  =  —l.  Then  the  series  between  the  brackets  is 
r  —  m  —  1      {r  —  Tn  —  \){r  —  m)      {r —  in—\){r —  7n)ir —  in +\) 

r         "^  r(r+l)  "^  r{r  +  \){r  +  2)  ^ ''•' 

Let  r  be  numerically  not  less  than  m ;  then  the  terms  of  this 
scries  are  aU  of  the  same  sign.  In  Art.  775  put  a=l,  ft  =  r  —  m—l, 
and  ■y  =  r:  hence  we  find  that  the  series  is  convergent  if  m  is  posi- 
tive, and  divergent  if  m  is  negative. 

EXAMPLES    OF    COXVERGENX'E    AND    DIVERGENCE    OF    SERIES. 

1.  Shew  how  to  determine  whether  the  product  of  an  infinite 
number  of  factors  ti^,  %i^,  u^,  ti^  ...  is  finite  or  not. 

2.  Shew  that  the  valvie  when  n  is  infinite  of 

(x  +  l)  {x  +  2)  ...  (x  +  n) 
is  finite  except  when  a;  is  a  negative  integer. 

3.  Shew  that  when  x  is  unity  the  value  of  u„  in  Art.  775 
increases  indefinitely  with  ?4  if  a  +  /3  -  y  —  1  is  jiositive. 

4.  Shew  that  when  x  is  unity  the  value  of  u„  in  Art.  775  is 
finite  when  n  increases  indefinitely  if  a  +  /?  —  y  —  1  is  zero. 

5.  Shew  that  when  x  is  unity  the  value  of  t<„  in  Art.  775  is 
indefinitely  small  when  7i  increases  indefinitely  ifa  +  /3  — y— 1  is 
negative. 

T.  A.  33 
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G.     Determine  whether  tJie  following  series  is  convergent  or 
divergent,  x  being  positive  : 

ax  +  — ~-r — '  x^  +  — !^ ^ '-  x""  +  ... 

If  if 

7.     If  lu,  =  - — -  shew  that  the  series  is  divergent. 


8.  Determine  whether  the  following  sei'ies  is  convergent  or 
divergent,  x  being  positive  : 

x      1     ar      1  .  3    a^*      1  .  3 .  .5    re* 
1      2     3      2.4     0      2.4.6     / 

9.  Determine  whether  the  following  series  is  convergent  or 
divei'gent,  yS  being  a  positive  proper  fraction  : 

/3_(1  -J)     a_+jS)  ^(l-^)(2-^) 
1-  r'.2^' 

(2^+  /S)  (J^f  /3)_^(1-  -^)  (2-^)(3-ffl 
+  -         -       -      p'os.  3'  ^■■' 

10.  If  «,.  =  , ,    ,  where  »  and  o  are  positive,  determine 

'      (M-l)«'  ^  i  1  ' 

whether  the  series  is  convergent  or  divergent. 

11.  Shew  that  if  from  and  after  some  fixed  value  of  n  the  value 

of  n  log  — ~  is  always  greater  than  some  positive  quantity  which  is 
itself  greater  than  unity  the  series  is  convergent. 

12.  Shew  that  if  from  and  after  some  fixed  value  of  n  the 
value  of  )i  log — ^  is  never  positive  and  greater   than  unity  the 

series  is  divergent. 

13.  Determine  whether  the  following  series  is  convergent  or 

divergent,  x  being  positive  : 

a  +  se      (a  +  2a;)*      (»  +  "ixf 
1-  ^ —  +  -^ — , —  +  . . . 

1  |_2  |_3 

14.  Give  an  investigation  of  the  results  of  Art.  775  without 
using  Art.  773. 
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15.      Give  an  investigation  of  the  results  of  Art.  776  without 
using  Art.  773. 

u^       n'^  +  an^  +  b7iy  4-  ... 
lb.     it   = — where  a,  n,  y,  ...  are  positive 

«„+!      n'^  +  Anl^  +  Ilny+  ...  ^    '  '■ 

constants  in  descending  order  of  magnitude,  and  a,  b,  ... 
A,  £,  ...  are  any  constants,  determine  whether  the  series  of 
which  the  ?i*''  term  is  u^  is  convergent  or  divergent. 

17.     Shew  that  the  two  series  u^  +  ?i,  +  u„  +  u^  +  ... 
and  -i  +  —  + ^ + 


ai^e  both  convergent   or  both  divergent;  u^,  u^,  u_^,  ...being  all 
positive  quantities. 

18.  Let  I\  stand  for  X{n){P^-l);  then  if  from  and  after 
some  fixed  value  of  u  the  value  of  A."  (n)  (P^  —  1)  is  always  greater 
than  some  positive  quantity  which  is  itself  greater  than  nnity  the 
series  of  which  the  7i"'  term  is  w„  is  convergent ;  and  if  from  and 
after  some  fixed  value  of  n  the  value  of  A.^  (n)  (P,  —  1)  is  never  posi- 
tive and  greater  than  nnity  the  series  is  divergent. 

LVIl.     CONTINUED  FRACTIONS. 

778.      The  most  general  form  of  a  continued  fraction  is 
b. 


•     a.  ± 


Here  a^,  a^,  a^,  ...  and  b^,  b„,  b^,  ...  may  denote  any  quantities, 
whole  or  fractional,   positi\'e  or  negative.     The  siiuple  fractions 

--,  — ,  — ,  ...  maybe  called  conijionents  of  the  continued  frac- 
a,      ^2      ^3 

tion.  Either  sign  might  be  taken  where  ±  occurs ;  but  we  shall 
consider  only  two  cases,  namely  that  in  which  every  sign  is  +  ,  and 
that  in  which  every  sign  is  — .  We  shall  thus  have  two  classes 
of  continued  fractions,  which  we  shall  call  the  first  class  and  the 
second  class  respectively. 

33—2 
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In  Chapters  XLiv.  and  XLV.  we  confined  ourselves  to  continued 
fractions  of  the  first  chxss  in  which  eveiy  component  had  unity 
for  its  numerator,  and  a  jiositive  integer  for  its  denominator  : 
but  we  sliall  now  give  some  propositions  relating  to  the  more 
general  form. 

779.  The  fractions  obtained  by  stopping  at  the  first,  second, 
third, . . .  component  are  called  the  first,  second,  third,  . . .  C07ivergents. 

Thus    tlie    fii-st   convergent    is  --  ;  the  second    convergent    is 
,   that  IS    "TT  '  '''~''^''-  ^°  '^■'■^• 


h   '  «/« ,  =t  b 

780.  In  Aixicles  781... 785  we  shall  treat  of  continued  frac- 
tions of  the  first  class;  in  Arts.  78G...793  v/e  shall  treat  of  con- 
tinued fractions  of  the  second  class  :  in  all  these  Articles  we  shall 
assume  that  every  component  has  both  its  numerator  and  its  deno- 
min;xtor  jyosiiiv^. 

781.  Denote  the  successive  conversrents  by  -- ■,    —  >    -  ,  ••• 

'    Qi     %     % 
Theii  we  can  shew  as  in  Art.  G04  that  the  successive  convergents 
may  be  obtained  by  these  laws  : 

Hence       ^-^  -  ^"  =  -  ^'^-^^  (^1^  -  P- 
and     ''"^'  = n+i'Jn-i which  is  a  proper  fraction.   Thus 

p  p  .  p  p 

-^ ^  is  numerically  less  than  — ""—  ,     and    is    of  the  con- 

trary  sign. 

1\     p        bi  aj)i  bfi,  T  J.1  '    ■         ■^.  Tx 

Is  ow ^  = ?-!— -  =  -^~^-  •  and  this  is  positive.     Hence 

^1      q^      «!      a,a^  +  b^      q,q^ 

we  see  that  the  following  series  consists  of  positive  quantities  which 

are  in  descending  order  of  magnitude  : 

Pi  ^P.2     P3  ^P^     Pi  _P*      P^  _P±     Pi  _Pl 
?i     'I2'   ^h     'io'   q^,     qi'   q,     q^'   q,     Je'  '" 
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This  result  involves  the  folloAving  facts  for  a  continued  fraction 
of  the  first  class  : 

The  convergents  of  an  odd  order  continually  decrease,  and  the 
convergents  of  an  even  order  continualhj  increase. 

Every  convergent  of  an  odd  order  is  greater,  and  every  conver- 
gent of  an  even  order  is  less,  than  all  following  convergents. 

782.  Now  suppose  the  number  of  components  infinite.  It 
may  happen  that  by  taking  n  large  enough  we  can  make  the  dif- 
ference between  tlie  n^^  convergent  and  the  next  convergent  less 
than  any  assigned  quantity  ;  or  it  may  happen  that  however  large 
n  may  be  the  difference  between  the  n^^  convergent  and  the  next 
convergent  is  always  gi-eater  than  some  fixed  quantity. 

In  the  former  case  the  value  towards  which  the  odd  convergents 
continually  decrease,  and  the  even  convergents  continually  in- 
crease, may  be  called  the  value  of  the  infinite  continued  fi'action  : 
and  we  shall  say  that  the  infinite  continued  fraction  is  definite.  In 
the  latter  case  the  infinite  continued  fraction  cannot  be  said  to 
have  a  single  value ;  but  it  may  bo  considered  to  represent  two 
values,  one  being  that  to  which  the  odd  convergents  tend  and  the 
other  that  to  which  the  even  convergents  tend. 

783.  If  from  and  after  some  fixed  value  of  r  the  value  of 

-I'*    is  greater  than  some  fixed  2)ositive  quantify,  the  infinite  con- 

tinned  fraction  is  definite. 

Let  y  denote  the  fixed  positive  quantity. 
By  successive  applications  of  the  result  in  Ai-t.  781  we  have 
P..^  1  _ Pj.  =  (_  1 )"  M  _ P-^  hli  K9,  \^,q.-x 


K. 


1 


and  this  is  less  than since  -^-—  is  ffi'eater  than  v. 

1  +  7  6.+I      °  ^ 
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Hence    -^'^^ is  muuerically  less  than  — ,    ,^, ,  where 

c  is  some  constant ;  and  by  taking  n  large  enough  this  may  be 
made  less  than  any  assigned  value.  Therefore  the  infinite  con- 
tinued fraction  is  definite. 

We  shew  here  that  the  condition  stated  is  stijfficient  to  ensure 
that  the  infinite  continxied  fraction  is  definite ;  we  do  not  assert 
that  the  condition  is  necessary. 

784.  An  infinite  continued  fraction  of  the  first  class  in  which 
every  component  is  a  jjroper  fraction  ivith  its  numerator  and  its 
denominator  integral  must  he  an  incommensurable  quantity. 

For  if  possible  suppose  the  continued  fraction  commensurable, 

73 

and  denote  it  by    j ,  where  A  and  B  are  i^ositive  integers.      Thus 

T  = ' — ,  where  n    denotes  the  infinite  continued  fraction  be- 

A      a,  +  p, '  '  ■ 

.  ,      ,                         ,    5,        r^,        „                Ah,  —  Ba,        . 
gnmnig  with   the   component  ^  .      laereiore  p,  =  — *-=- ;   the 

numerator  of  this  fraction  is  an  integer,  v.hich  we  will  denote 
by  C :  and  C  must  be  positive  for  p^  is  positive.  In  like  manner, 
if  p„  denote   the   infinite  continued   fraction  beginning  with   the 

component  --   we  find  that  p.,  -  77 ,   where   D   is  also  a   positive 

a^  '     0 

integer.     And  so  on. 

P        f*         T) 

Moreover  -,- ,    -^  ,    -^z,...  must  all  be  i)roper  fractions.      For 
ABC 

P  h  C 

~  is  less  than  --  ,  and  this  is  a  proper  fraction ;    ^  is  less  than 

A.  a  B 

K  .    . 

-' ,  and  this  is  a  pi'oper  fraction  ;  and  so  on. 

Hence  A,  B,  C,  D,  ...  form  a  series  oi  j^ositive  integers,  which 
are  in  descending  order  of  magnitude,  and  yet  infinite  in  number  : 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
a  commensurable  quantitj. 

785.  1/  some  of  the  components  of  the  infinite  continued  frac- 
tion are  not  proj^er  fractions,  hut  from  and  of ter  a  certain  component 
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all  the  others  are  proper  fractions  the  infinite  continued  fraction  is 
incojnmensurable. 

For  suppose  that  -^^^  and  all  the  subsequent  components  are 

proper  fractions,  then  by  Art.  784  the  infinite  continued  fraction 

be^inniucf  with  — "-^  is  incommensurable  ;  denote  it  by  x.     As  in 

Art.  781  we  have 


'1,1  ^,/l,i-\  "*"   ^,1  'in—'' 

I        and  the  value  of  the  infinite  continued  fraction  will  be  obtained 

by  chan;:fmo;  «    into  «„  +  a;  ;  so  that  it  is  7 r — 7 j  t'l^i- 

in,— Lji=x^     This  cannot  be  commensurable  unless   -- = -J^— '  , 

I       and  this  })V  aid  of  the  value  of  ^^'  leads  to  -^^^  ^2^-2;  .  ^nd  so  we 

should  arrive  at  ^  =  ^J .     This  is  impossible,  as  we  cannot  have 
6,  =  0  or  h,^  =  0. 

786.     A  continued  fraction  of  the  second  class  in  which  the 
denominator  of  every  conijwnent  exceeds  tlie  numerator  hy  unity  at 
least,  has  all  its  convergeats  positive  proper  fractions  which  are  in 
1       ascending  order  of  magnitude. 

The  first  convergent   -!-  is  a  positive  proper  fraction  by  hypo- 

h  .        b,  . 

thesis.     The  second  conveiirent  is  V  i  ^^'^  ^s     -  is  a  proper 

r 

fraction,  and  a^  exceeds  &,  by  unity  at  least,  a^  — -   is  positive 

and  greater  than  b^  ;  and  thus  the  second  convergent  is  a  positive 

b 
proper  fraction.     The  third  convergent  may  be  denoted  by  g 

«.-    ' 
wheio     '  stands  for  — ^j-  ,  so  that  ^'  is  a  positive  m-oper  fractiou 
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for  the  same  reason  tliat  the  second  convergent  is  :  hence  for  the 
same  reason  the  third  convergent  is  a  positive  proper  fraction. 

The  fourth  convergent  may  be  denoted  bv  ^-^,  where  ^  de- 

notes  a  fraction  of  the  same  form  as  the  third  convergent,  which 
is  therefore  a  positive  proper  fraction  :  hence  the  fourth  convergent 
is  a  positive  pi'oper  fraction.      And  so  on. 

Again;  as  in  Art.  781  we  shall  find  that  the  successive  con- 
vcrgents  may  be  obtained  by  these  laws  : 

TT  Pn  +  l  Pn  ^,-l9'„-,     M.  P.- 

Hence  -^-^^^  —  —  =  —  '  "  '  ' '  ^'     ^-^ 


9,.+,       9..  ?„+,       \9n       ?,.-, 

tlius     "-'  —  -  is  of  the  same  sign  as  —  — -^-^i^. 

X-  V^         Px  ^■i>X  ^1  ^/^o  1        XT    ■ 

Jsow    '-^  —  ^-i  =- — -—^ '  =  ^-^  •     and    this    is    positive. 

7)  79  79 

Hence  it  follows  that  — ,    -^ ,    — , form  a  series  of  positive 

proper  fi'actions  in  ascending  order  of  magnitude. 

787.  If  the  number  of  components  is  infinite  the  convergents 
form  an  infinite  series  of  proper  fractions  in  ascending  order  of 
magnitude ;  and  so  the  terms  will  never  exceed  some  fixed  value 
wliich  is  unity  at  most.  We  may  say  then  that  an  infinite  con- 
tinued fraction  of  the  second  class  in  which  the  denominator  of 
every  component  exceeds  its  numerator  by  unity  at  least  is  definite. 

788.  We  shall  now  shew  that  />„  and  q,^  in  Ai't.  786  increase 
with  n. 

'Soy  2\-Pn-i  =  {an-^)Pn-i-'bnPn-'2->  ^^^^'  «» "  ^  ^^  at  least  as 
large  as  h^  ;  therefore />_^  is  gi-eater  than  p^_^  i^ /*„-!  i^  gi'eater  than 
j)^^  _, ;  and  so  on  :  and  ^7.,  is  obviously  gi-eater  than  p^ .  Thus  2'>^  is 
greater  than  p„_,.      Similarly  q^  is  gi-eater  than  ^„_,. 

789.  If  in  an  infinite  continued  fraction  of  the  second  class 
every  component  has  its  numerator  not  less  than  unity  and  its 
denominator  greater  than  its  numerator  hy  unity,  the  value  of  the 
infinite  continued  fraction  is  unity. 
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Here  we  have  always  a„=  6„+  1  ;  therefore,  by  Art.  786, 

so    that  p„  -  l^n^l  =  in  (Pn^l  "  Pn-i)- 

Now  p^  =  6j,  p^  =  '"'o^i  =  (^2  "^  1)  ^1  ^  ^'^^"^  Pi~lh  =  ^A-  Hence 
we  obtain  in  succession 

Ps - P2  =  ^.¥.'  P. -Ps  =  ('AAJ'v '  Pn- Pn~i  =  ^iK ■■■  K- 

Therefore,  by  addition, 

Similarly  we  have  (/„  -  q„_^  =  6„  ('7„_i  —  Qn-^-  No"^^  ?i  ~  ^1  "*"  -^» 
<72  =  (6,  +  1)  (6^  +  1)  -  5^  ;  so  that  q^-  q^  =  hfi^.  Hence  we  obtain 
in  succession 

%-<i2  =  'bKK  9,-Q3  =  ^A^'A' '  in-qn-i  =  'bfifi,---K- 

Therefore,  by  addition, 

<?„  =  1  +  ^  +  ^A  +  ^AK+ +  ^¥3  ■••  K- 

Tlius,  a  =p  +  1  :  and  •^'  =  -- "      = .     Now  ^;    by  our 

In        I  n  1   +    — 

hypothesis  is  not  less  than  n,  and   so  may  be  made  as  great  as 

P 
we  please  by  taking  n  large  enough  ;  therefore  -^  may  be  made 

to  differ  from  unity  by  less  than  any  assigned  quantity  :  and  we 
may  therefore  say  that  the  value  of  the  infinite  continued  fraction 
is  unity. 

790.  It  will  be  seen  that  the  investigation  of  the  preceding 
Article  establishes  rather  more  than  is  contained  in  the  enuncia- 
tion which  we  used  for  simplicity.  The  essential  conditions  are 
that  a_  z=  6  4-  1  for  all  values  of  n  ;  and  that  }\  should  increase 
indefinitely  with  n.  It  is  sufficient  for  the  latter  condition  that 
h^  should  be  never  less  than  unity,  but  not  necessary.  The  ne- 
cessary and  sufficient  condition  is  that  the  infinite  series  of  which 
the  m"'  term  is  b  b  b.^  ...  b^  should  be  divergent ;  this  would  be 

secured  for  example  if  6   = ^  :  see  Art.  5G2. 

'■  '"     m  +  1 
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791.  If  the  denominator  of  any  component  exceeds  its  nu- 
merator hy  more  than  unity  lohlle  tlie  denominator  of  every  com- 
ponent exceeds  its  numerator  by  unity  at  least  the  value  of  the 
infinite  continued  fraction  is  less  titan  unity. 

Supjiose,  for  example,  tliat  a^  =  b^  + p  where  p  is  positive  and 
gi-eater  than  unity.     Tlie  infinite  continued  fraction  is  equivalent 

to y ,  where  p  is  a  positive  quantity  which  represents 

the  infinite  continued  fraction  ])eginning  with  the  component  -^  . 

Now  n  cannot  exceed  unity  l)v  Art.   787  ;  hence  -, "' is  a 

^2+P-P 
positive  proper   fraction  ;    and  therefore   as   in   Art.    786   we   see 

that  5-- is  a  p^ositive  pi-oper  fraction. 


792.  A)i,  infinite  continued  fraction  of  the  second  class  in 
which  every  component  is  a  proper  fraction  ivith  its  numerator  and 
its  denominator  integral,  and  in  tohich  the  value  of  tite  infinite 
continued  fraction  beginning  with  any  component  is  less  than  unity 
cannot  be  a  commensurable  quantity. 

For  if  possi))]e,  suppose  the  continued  fraction  commensurable, 
p 

and  denote  it  by  —  ,  where  A  and  B  are  positive  integers.     Thus 
A 

T)  r 

—  = —  where    p^  denotes   the  infinite   continued  fraction  be- 

A      a,  -  pj 

^^.1  rn,  r-  a^B  —  by^A 

ginnmg  with  tlie  component  — "  .      1  hereiore  pj  = 73 ;    the 

numerator  of  this  fraction  is  an  integer,  which  we  will  denote 
by  C ;  and  C  must  be  positive  for  pj  is  positive.  In  like  manner, 
if  P2  denote  the   infinite   continued   fraction  beginning  with   the 

component  —  we  find  that  p,  =  7^  ,   where  D  is  also  a  positive 

integer.     And  so  on. 
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Moreover   —  ,    — ,    —,  ,   ...   must   all    be    proper    fractions    by 

hypothesis. 

Hence  A,  B,  C,  D,  ...  foiTQ  a  series  of  positive  intpgers,  which 
are  in  descending  oi'der  of  magnitude,  and  yet  infinite  in  number  : 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
a  commensurable  quantity. 

Article  785  applies  here  also,  with  the  condition  of  the  enun- 
ciation in  Art.  792. 

79.3.  We  have  supposed  in  the  preceding  Article  that  the 
infinite  continued  fraction  beginning  with  any  component  is  less 
than  unity.  By  Arts.  789,  791,  this  will  always  be  secured  except 
in  the  case  in  which  from  and  after  some  fixed  component 
the  denominator  of  every  component  exceeds  the  numei-ator  by 
unity. 

794.      For  an  example  of  an  infinite  definite  continued  fraction 

of  the   first  class,    suppose  that   every  component    is    — ,  where 

a  and  h  are  positive.      Denote  the  continued  fraction  by  x ;  then 

^  ,w  ^ 

X  = r ;  so  that  x  = 


o  -  2a  +  x 

2a  +  ~ 

2a  +  ... 

therefore  x'  +  2ax  —  6  =  0;  therefore  x  =  —  a  ^  J{a'  +  h)  :  the  upper 
sign  must  be  taken,  since  the  infinite  continued  fraction  is  posi- 
tive.     Thus,  by  transposition,  we  obtain 

J{a'+b)=a  + ^--. 

2a  +  _ 

2a+  ... 

This  foiinula  gives  various  modes  of  expressing  a  square  root 
in  the  form  of  a  continued  fraction.  For  examjile,  take  ^17. 
We  may  put  17  =  16  +  1,  or  =9  +  8;  and  so  on.      Thus, 

1                            S 
^17  =  4  +  — \-  =  3  + —. 

8  +  ^  6  +  ^ 

o  +  ...  6  +  ... 
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795.      For  an  example  of  an  infinite  definite  continued  fraction 

of  the  second  class,   suppose  that  every  coinjionent  is  ^  ,  where 

a  and  b  are  positive,  and  2ci  exceeds  h  by  unity  at  least.      Denote 
the  continued  fraction  by  x ;  then 

X  = ; ,  so  that  X  = —  ; 


therefore  x°  —  2ax  +  6  =  0;  therefore  aj  ==  a  ±  J(a'  -  b).  The  lower 
sign  must  be  taken,  for  with  the  upper  sign  we  have  a  result 
greater  than  a  +  a—  b,  that  is  greater  than  2a  —  b,  that  is  gi'eater 
than  unity:  but  the  infinite  continued  fraction  cannot  be  greater 
than  unity,  by  Art.  787.     Thus,  by  transposition,  we  obtaiir 

^f(a-  ~b)  =  a-  ■ . 


2a—  ... 

796.     In  Art.  781  we  have 

Pn  =  ('» lh,_i  +  h„ ^;„ _„ ,      q,,  =  o„  g„_i  +  6„  q„_^  • 

and  in  Art.  786  we  have  similar  relations  with  the  sign  +  changed 
to  — .  Now  suj^pose  that  the  values  of  «„  and  6„  are  given  for 
all  values  of  n,  and  that  jh  ^'^^'•^  P-i  '^i^'^  li  ^^^^1  q.^  have  been  ob- 
tained ;  then  from  the  above  general  relations  we  can  determine 
in  succession  p^,  p^,  j)^,  ...  and  q.^,  q^,  q^,  ...  Sometimes  we  may 
by  special  artifices  discover  siich  a  law  of  formation  of  the  siic- 
cessive  terms  as  will  enable  us  to  give  genei-al  expressions  for 
p^  and  q^  :  an  example  has  already  occurred  in  Art.  789.  Or  a 
law  may  appear  by  trial  to  hold,  and  may  be  verified  by  induction. 
The  investigation  of  the  general  expressions  for  p_^  and  q^  belongs 
however  to  a  higher  branch  of  mathematics,  namely  the  Calculus 
of  Finite  Differences. 

A  particular  case  niay  be  noticed.     Suppose  that  «,,  and   6 
are   constant  for   all  values  of  n ;    denote  the  former  by  a,  and 
the  latter  by  b.     Then  v.^e  have  ^:)„  =  o^;„_i +  6p„_j ;    and   we  see 
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n9; 


liy  the  aid  of  Ai-t.  6.[>C  that  p„  is  equal  to  the  coefficient  of  x"   ' 
iu  the  expansion  according  to  ascending  powei-s  of  x  of 

1  —  ax  —  bx^ 

also  2^  =  b)  ^^^*^^  Po  —  ('^)  so  that  this  expression  becomes 

b 
1  —  ax  —  bx^ ' 

Similarly,  q„  is  equal  to  the  coefficient  of  a;""'  in  the  expansion  of 
<7,  +  (q,  -  aq,)  X  _ 
1  —  ax  —  bx' 
also  <7i  =  a,  and  <7„  -  rr  +  b,  so  that  this  expression  becomes 

-;,  that  IS 


1  —  ax  —  6a;' '  k  ( 1  —  ax  —  bx~)      x  ' 

797.     We  will  now  shew  how  to   convert  a  series  having  a 
finite  number  of  terms  into  a  continued  fraction. 

1        X       x"  x^ 

The    series h 1 1-  h —    is  identicallv  equal  to  a 

^i^      ?<i      ti.,  u„ 

continued  fraction  of  the  second  class  with  n  +  1  components,  in 
which    the   first   component    is    — ,    the   second   is ,  and 

generally  the  r"*  is  ^^^:^ —  . 


u^  „x  -T  u,. 


This  may  be  demonstrated  by  iiichiction. 

It  is  obvious  that  —  =  —  , 

1        X  1 

and  that  1 —  = s 

w„      u,  u'x 


u^x  +  Wj 
assume  that  the  theorem  holds  when  there  are  7i  +  1   terms    in 
the  series  :  we  will  shew  then   that  it  will  hold  when   there   are 
n  +  2  terms. 

It    X  3/** 

For  chanire  n    into  u ;    then  —  is  changed  into 

^       "  "     u  X  +  u  ^'  u 
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^,    ,  .    .    ,     x"  (u„x  +  u.^     ,,,  .    .    .     x"      a;""" 
that  IS  into '■'^^^^  ,  that  is  into  —  h ; 


ti^'x  «„'«  u       u 

w„ '■  ■ 

so  that  another  term  is  in  fact  added  to  the  series.     Also  if  the 

chan"'e  of  u,.  into  u,, be  made  in  tlie  continued  fraction 

\yith  n+1  components  we  obtain  a  continued  fraction  with  n+2 
components  formed  according  to  the  same  hiw. 

Hence  if  the  tlieorem  holds  when  the  series  has  n  +  1  terms  it 
holds  when  the  series  h;is  n  +  2  terms  ;  and  it  has  been  shewn  to 
hold  when  the  series  has  two  terms  :  hence  it  holds  universally. 

798.  We  may  deduce  the  following  result  from  that  of 
Art.  797  by  simplifying  the  fractions  which  occur;  or  we  may 
establish  it  directly  in  the  manner  of  Art.  797  :  the  series 

—  + +— ^ —  +  ...  + 


is  identically  equal  to  a  continued  fraction  of  the  second  class  with 

1 

V    X  ,  V  .      nX 

is  — - —  ,  and  crenerally  the  r"'  is  — ^^'—   . 
x  +  v'  *=  x+v^_, 


n 


+  1  components  in  which  the  first  couiponent  is  —  ,  the  second 


799.  In  the  identities  of  Arts.  797  and  798  we  may  if  we 
please  change  the  sign  of  x ;  take  for  instance  the  identity  of 
Art.  798  ;  hence  we  obtain  the  following  result  :  the  series 

1         X  X'  (—  lyx" 

is  identically  equal  to  a  continued  fraction  of  the  tirst  class  with 
n  +  I  components,  in  which  the  first  component  is  — ,  the  second 

*??  It*  *?'         OG 

is  — - — ,  and  oenerally  the  r^^  is  — '-^^ —  .     This  result  may  also 
be  established  directly  in  the  manner  of  Art.  797. 

800.  In  Arts.  797,  798  and  799  we  may  suppose  n  as  gi-eat 
as  we  please  provided  the  series  remain  convergent ;  and  then  we 
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can  transfonii  au   infinite  convergent  series  into  an  infinite  con- 
tinued fraction. 

801.      A  very  impoi-tant    formula  on  this   subject  is  due   to 
Gauss.     Denote  tlie  liypergeoinetrical  infinite  series  of  Ai't.  775  by 

F [a,  B,  y)  ;    then  Gauss  has  transformed  — ^— n ^^—^ into 

an  infinite  continued  fraction  :  the  transformation  holds  provided 
F  (a,  y8,  y)  and  F  {a,  (3  +  1,  y  +  1)  are  both  convergent. 

The  essential  part  of  the  demonstration  consists  of  the  follow- 

w           1  .        ,       ^  r      ^K  iS+l,  y+1)      , 
in"  relation  :  let  z  stand  tor  — —-^ -i—t^ i    then 


I  ^•> 


l-k.z. 


,        a(y-B)x       ,        (^  +  \)  iy  ^  1  -  a)  X  ,         .        , 

where  A",  =  -^f— ^f,    >    '^'■^  =  -^^-^777 ^V^'  ^^"^  -2  is  what  z 

7(7+1)         ■  (7+l)(7  +  ^) 

becomes  when  in  z  we  change  o,  (3,  y  into  a+1,/3  +  1,  y42  respec- 
tively.     This  we  shall  now  shew. 

In   the   series  for   F{a,  /3,  y)  change  /3  into  /j  +  1,   and  y  into 
y+  1,  and  subtract  the  original  value  :  thus  we  obtain 

/^(a,/3+l,y+l)-i^(a,/3,y)  =  ^^-^j^^(a  +  l,/3+l,y  +  2)....(l). 

Similarly  we  have 

F(a+l,  13,  y+l)-F{a,  (3,  y)  =  ^^J^  F {a+1,  (3  +  1,  y  +  2)  ....  (2). 

y(y+  i; 

From  (1)  by  division 

1           Fja+l^+l^r^  (o, 

-z-'-^      /'(a,;8  +  l,y  +  l)      ^'^- 

From  (2)  by  division  after  changing  ^  into  j3  +  I,  and  y  iuto 

F{a+l,^+l,y+2)~^"-'''^ ^*^- 

From  (3)  and  (4)  we  obtain  the  required  result. 
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Then  the  continued  fraction  for  z  may  be  prolonged  by  the  aid 
of  the  relation 

1 


i  -  hz^ 

and  this  may  be  prolonged  to  any  extent,  the  general  terms  being 
_{a  +  r-l)  {y  +  r-l-jS)x 
"■"-' ~  'Jy  +  2r^2)  (y  +  2r -  1)^ ' 
,         (/S  +  r)  (y  +  r  —  a)  X 

_F(a  +  r,  /?  +  ?•+  1,  y+  2r+  I) 
F{a  +  r,  (S  +  r,  y+-2r) 

We  assume  throughout  that  the  mfinite  series  are  convergent ; 
as  we  cannot  employ  (1)  and  (2)  withovit  this  condition  ;  it  will 
be  seen  from  Art.  775  that  if  the  numerator  or  denominator  of 
z  is  convergent  then  all  the  infinite  series  which  occur  are  con- 
vergent. 

AVhen  r  is    indefinitely   large    Zr,^  Avill  not  differ  sensibly  from 

unity. 

-r,                                      1  +  A,x  +  A  x"  +  ... 
For  «.„.  =   -^ j^, , 

where     j?  _  (<- +  ^)  (^  +  ^•)  (a  ;  r  +  1)  (^^r +1)  . 

and  Ay,  A^^,  ...  may  be  obtained   from   Iji,  B.,,  ...  respectively  by 
changing  (S  into  /5  +  1  and  y  into  y  -f  1. 

A       A 
Thus    —  ,    ~jr  1  •■•  iii'-y  he  considered  to  be  all  equal  to  xmity 

-Dj         B  ^ 

when  r  is  indefinitely  great ;  and  so  by  Art.  679  we  may  consider 
So^  to  l)e  also  iinity. 

Since  2;„^  mfiy  be  considered  to  be  unity  ^o^  z^_r  becomes  sim- 
ply h.,,. 

Thus  z  is  transformed  into  an  infinite  continued  fraction. 

xr 
802.      For  a  pai-ticular  case  put  —5  instead  of  a; ;  then  suppose 
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that  (3-  a,  and  that  a  increases  indefinitely :  thus  the  denominator 
of  z  becomes 

1  +  r +- 


l.y       1.2.y(y  +  l)       1  .  :^  .  3  .  y(y  +  l)(y  +  I'j 

which  we  will  denote  by  y(y)  \  the  numei^ator  may  be  obtained 
from  the  denominator  by  changing  y  into  y  +  1 . 

a" 


Also  h^r-\  becomes 


and  /jj^  becomes 


(y  +  lV-2)(y+LV-l)' 


X 


(y+2r-l)(y  +  2r)- 

Thus  finally  —^i-^  is  ti-ansformed  into  an  infinite  continued 
'      JW 

1  ,  X' 

fraction     where  p,„  =  - — -. 

I  ^         P,  {y+m~\)  (y  +  ni) 

This  residt  may  be  obtained  independently  in  the  manner  of 
Ai-t.  801  ;  for  we  have 

/(y)  -/(y  +  1)  -  ^7^^/(y  +  2) ;  tiu.s 

-/M„=l+_^il_/iZ±l).    and  so  on. 

/(y  +  1)  7(y+i)/(y  +  i)^ 

803.     In  the  result  of  the  preceding  ^Vi-ticle  put  ^  for  y  and 


V  f(y  -^1)  ^ 

^'  for  X.     llien  it  will  be  found  that  — ^'^-r-^  becomes  — 7- 


—  e 


S 

and  that  p     becomes  —-% — .  .      By  undtiplving  by  y  and  simpli- 
4wi"  -  1 

fying  the  fractions  we   ultimately  obtain   for  -j; — -^^  an  infinite 

continued  fraction  of  the  first  class  in  which  the  first  component 

is  y  ,  the  second  is  "'  ,  and  generally  the  r^  is ^r . 

For  y  put        wht-re  vi  and  n  are  positive  integers ;  then  by 


T.  .\, 


34 
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g't  g     n 

simplifying  the  fractions  we  obtain  for  -^^ an  infinite  con- 

e"  +  e   " 
tinned   fraction   of  tlie   first  class  in  which   the   first  component 

is  —  ,  the  second  is  -=-- ,  and  cfenerally  the  ?•"'  is =^-r — . 

?i'  3m'  °  "^  {2r-l)n 

■  "When  Q'  is  large  enough  (2r -  ])n  exceeds  «?-' ;  hence  by 
Art.  785  the  infinite  continued  fraction  beginning  with  a  suitable 
component  is  incommensurable ;  and  therefore  the  Avhole  continued 

fraction  is  incommensurable.     Hence  e"   is  incommensurable  for 
all  integral  values  of  m  and  n. 
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1.  Find  the  value  of  5 — - 

'«-ioT... 

2.  Shew  that  \  n  +  -. -^ -  -\n-  ^ ^ I  =  2. 

t       2)1+  2n  +  ...j        {       2n-2n-  ...) 

3.  In  a  continued  fraction  of  the  first  class  every  component 

is  -  :  shew  that  V   .,  =  hq  . 
a  ' 

4.  In  a  continued  fraction  of  the  first  class  every  component 

is  "  :  find  the  values  of  ;*,.  and  q,^. 
a 

5.  In  a  continued  fraction  of  the  first  class  if  a„  =^  6„  =  n,  shew 
that  p„+  qn=   n+\. 

6.  In  a  continued  fraction  of  the  first  class  if  ^„  +  i  =  1  +  "„5 
shew  that  /5„  -  i„^i^J„_i  =  ^  (-  1)",  5'„  -  &„+i  ?„_!  =■  ^  {-  1)"  J  where 
A  and  B  are  constant  whatever  n  may  be. 

7.  In  an  infinite  continued  fraction  of  the  first  class  the  n* 
component  is  ~ ^ :  shew  that  2\  -  {n"  +  l)p„_i  =  (-1)""*"'. 
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8.  Shew  that  e""^  can   be  traiisfoi'med  iiito  an  infinite  con- 
tuiued  fraction  of  the  first  chiss  in  which  the  first  component  is  j  , 

the  second  is ,  and  generally  the  r"'  is  -^^ ^^^  . 

1— a;  "  r  —  1  —  X 

9.  Sliew  that  log  2  is  equal  to  an  infinite  continued  fraction 
of  the  first  class  in  which  the  first  component  is  =- ,  the  second  is 

,  and  generally  the  r'"  is  ^ — - —  . 

10.  Obtain   fiom  Art.  8Ul    an  infinite  continued  fraction  of 
the  first  class  for  -  log(l  +  a;). 


LVIIl.     MISCELLANEOUS   THEOREMS. 

804.  The  present  Chapter  consists  of  some  miscellaneous 
theorems  on  the  following  subjects  :  abbreviation  of  algebraical 
multiplication  and  division,  vanishing  fractions,  permutations  and 
combinations,  and  probal)ility. 

805.  In  multiplying  together  two  algebraical  expressions  it  is 
sometimes  convenient  to  abridge  the  written  work  by  expressing 
only  the  coeflicients.  For  example,  suppose  it  required  to  multiply 
2x*  +  a;"  —  3a;  +  1  by  a;^  +  3a;  —  2  ;  Ave  may  proceed  thus  : 

2+0+1-3+1 
1+3-2 


2+0+1-3+1 
6+0+3-9+3 
_4_0-2+6-2 


2  +  6-3  +  0-10+9-2 
Thus  the  required  result  is  2a;'  +  6a;'  -  3a;^  -  10.x^  +  9a;  -  2. 
A  similar  abridgement  of  the  wiitten  work  may  be  made  in 
division. 

This  mode  of  openition  has  been  sometimes  called  the  method 
of  detached  coefficients. 

31-2 
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806.     Synthetic  Division.     The  operation  of  division  may  how- 
ever be  still  more  abridged  by  a  method  which  is  due  to  the  late 
Mr  Horner,  and  which  is  called  syntltetic  division. 
Suppose  it  required  to  divide 

Ax""  +  Bx""^  +  Cx""'-  +  Dx'"'^^  +  Ex""'*  +  ... 
})y  x"  +  a^x''~^  +  (i.p^""^  +  (ij>^"~^  +  o,^x"~*  +  . . .  ; 

let  the  quotient  be  denoted  by 

Ax""'"  +  yljic'"""'"'  +  Aj)ir~"~"  +  A.^x"'~"~^  +  ..., 
then  it  is  our  object  to  shew  how  ^-Ij,  An,  A.^,  ...  may  be  deter- 
mined. 

If  we  nndtiply  the  quotient  by  the  divisor  we  obtain  the  divi- 
dend ;  this  operation  may  be  indicated  as  follows,  exj^ressing  only 
the  coefficients, 

A+  A^+    A,^+    J3+    A^+... 
1  +    a.  +     a   +     a.,  +     a+... 


A  +  A^+    A^+    A^+    A^  + 

a^.i  +  a^A^  +  ci^A.-,  +  a^A^  + 

a„A  +a^A^  +  a„A^  + 

M+M1  + 


a. A  +  ... 


A+  £+  C+  U+  £+... 
here  the  last  line  is  supposed  to  be  obtained  in  the  usual  way  by 
adding  the  vertical  columns  between  the  horizontal  lines.  Now 
A,  B,  G,  ...  are  knowTi,  and  we  have  to  find  A-^,  A.^,  A^,  ...  ;  for 
this  purpose  we  reverse  the  above  opei-ation  and  perform  the 
following  : 


A 

+ 

B 

+ 

C 

+ 

D 

+ 

E 

+ 

- 

a^A 

- 

a^J. 

- 

a 

\ 

-«1 

^3 

- 

— 

aA 

— 

a. 

^K 

-«. 

K 

- 

a 

^^ 

—  0, 

A 

- 

A 

+ 

A 

+ 

^. 

+ 

A 

+ 

^K 

+ 
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Here  eacli  vertical  column  expresses  the  same  i*esult  as  tlie  cor- 
responding vertical  column  of  tlie  former  operation,  but  expresses 
it  in  a  form  more  convenient  for  our  object.  For  example,  the 
fourth  vertical  column  of  the  former  operation  gave 

A^  +  a^A^  +  a  A  ^  +  a^A  =  D  ; 
and  the  fouith  vertical  column  in  the  present  operation  gives 

D  —  a^A^  -  a^/lj  —  a.^A  =  A^. 
The  method  then  may  be  described  as  follows  ? 

(1)  If  the  first  term  of  the  divisor  have  a  numerical  coeffi- 
cient, divide  every  coefficient  of  the  dividend  and  divisor  by  this 
coefficient;  the  residting  coefficients  are  those  intended  in  the 
following  rules. 

(2)  Write  the  coefficients  of  the  dividend  in  a  hoi-izontal  line, 
with  their  proper  signs,  piitting  0  when  any  term  is  wanting. 
This  gives  the  horizontal  row  A  +B-^G  +  D  +  E+  ... 

(3)  Draw  a  vertical  line  to  the  left  of  this  series  of  coefficients, 
and  wi-ite  in  a  vertical  column,  the  coefficients  of  the  divisor  with 
their  signs  changed,  putting  0  vrhen  any  term  is  wanting.  This 
gives  the  vertical  column  ~a^—a^  —  a^  ...  no  notice  being  taken 
of  unity,  which  is  the  coefficisnt  of  the  first  term  of  the  di^'isor. 

(4)  ^rultii)ly  each  term  of  this  vertical  column  by  the  first 
coefficient  of  the  quotient,  and  arrange  the  results  in  the  fii'st 
oblique  coliunn.  This  gives  the  ohlique  colimm  —a^A—a^A—a^A—... 
tlie  first  term  of  which  is  to  be  placed  under  B. 

{r>)  Add  the  terms  in  the  secoiul  vertical  column  to  the  right 
of  the  vertical  line  ;  tliis  gives  the  coefficient  of  the  second  term 
of  the  quotient.     That  is,  JJ  —  a^^A  =  A^. 

(G)     With  the  coefficient  thus  obtained  fonm  the  next  ohlique 

coliuun.     Tliis  gives  —  aiA^— a.,A^  —  a.^A^— the  first  terra  of 

Mhich  is  placed  vinder  C. 

(7)  Add  the  terms  in  the  tliird  vei-tical  column  to  the  right 
of  the  vertical  line ;  this  gives  the  coefficient  of  the  third  term  of 
the  quoti.  nt.     That  is,  C  —  a^A^  —  a.,A  =A^. 

(8)  Contintte  these  operations  until  the  work  terminates,  or 
as  many  terms  are  found  as  are  required. 
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807.     For  example,  divide  4a;''  +  3a;'  -  3a;  +  1  by  a;'  -  2x  +  3; 
4  +  0+    3-    3+    1 

8  +  1G  +  14  -2G  -  92 
-12-24-21  +39  +  138 


4  +  8+    7-13-46-53 

Thus  the  quotient  is  4a--'  +  8a;  +  7  -  13.«"' -  4Ga;~'- 53x~^... 

Or  if  we  wish  to  stop  at  4Ga;~^,  we  have 

4a;*  +  3a;''- 3a; +1       .    „      „        .      ,„    _,      ,^      „     53.«-' -  138a; 
4a;"  +  8a;  +  (  —  13a;     —  4Ga;  "  - 


x^  —  2a;  +  3  x'  —  2x  +  3 

If  we  wish  to  stop  at  —  13x~';  the  oblique  column  —  92  +  138  must 

46  — 39a;~' 
be  suppressed,  and  the  residt  is  4a;"  +  8.c  +  7  —  13a;~'  — 


X'  —  2a;  +  3 

If  we  wish  to  stop  at  7,  the  oblique  column  —  2G  +  39  must  also  be 

13a;+20 


sujipressed,  and  the  result  is  4a;"  +  Sa;  +  7  — 


X'  —  2a;  +  3  ' 


808.      We  may  observe  that  the  principle  which  is  exemplified 
in  Art.  332  is  often  of  use  in  effecting  algebraical  reductions.     For 
example,  suppose  it  required  to  prove  the  following  identity  : 
(«  +  6  +  c)*  -  (5  +  cY  -  (c  +  o)-  -{a  +  by  +  a'  +  b*  +  c' 

=^  1 2ahc  {a  +  b  +  c). 
We  see  that  if  a  =  0,  the  expression  vrliich  forms  the  left-hand 
member  of  the  proposed  identity  vanishes  ;  we  therefore  infer 
that  this  expression  is  divisible  by  a.  In  the  same  manner  we 
infer  that  the  expression  is  divisible  by  b  and  by  c.  Thus  abc  is 
a  factor  of  the  expression.  And  since  the  exjn-ession  is  of  the 
fourth  degree,  thei-e  must  be  another  factor  which  is  of  the  first 
degree  ;  and  since  the  expres.sion  is  symmetrical  with  respect  to 
fl,  b,  and  c,  this  factor  mxist  be  «  +  6  +  c. 

Hence  the  expression  must  be  equal  to  kahc  (a  +  b  +  c),  where 
k  denotes  some  numerical  coefficient  which  retains  the  same  value 
for  all  values  of  a,  b,  and  c.  To  determine  Jc  we  may  ascribe  to 
a,  b,  and  c  any  values  we  find  convenient ;  for  example,  we  may 
suppose  b  =  a  and  c-  a,  and  we  find  that  k  =  12. 

Thus  the  proposed  identity  is  demonstrated. 
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Tlie  follo-vving  identity  may  be  demonstrated  in  tlie  same 
manner  : 

(rt  +  6  +  c  +  t/)  V  («  +  6  -  c  -  ciy  +  {a^c-b-'  ciy  +(a  +  d-h-  cf 
-(a  +  b  +c-  df  -  (a  +  b  -  c  +  dy  -  (a  -  b  +  c  +  d)*  -  {-  a  +  b  +  c  -i-  d)* 

=  19  2cdjcd. 

809.  Vanishing  Fractions.  A  fraction  in  wliicli  the  nnmerator 
and  the  denominator  are  both  zero  on  some  supposition  as  to  the 
vahie  cf  any  quantity  involved,  is  then  called  a  vanishing  fraction. 
For  example,  the  nnmerator  and  the  denominator  of  the  fraction 

x^  —  a^  ■  0 
J  vanish  when  x  =  a  ;  the  fraction  then  takes  the  form  ^  , 

a;'  —  a* 

and  we  cannot  strictly  say  that  it  has  any  definite  value.      But  we 

can  find  the  value   of  the  fraction  when  x  has  any  value  different 

from  a ;  and  we  can  shew  that  the  more  nearly  a;  approaches  to  a 

the  more   nearly   does   the  value  of  the   fraction   approach  to  a 

certain  definite  value.      For  jjut  x  —  a  +  h;  then  by  the  Binomial 

Theorem  the  fraction  becomes 

1  1  _^     ,  1  _^     ,,  1  1  _=  1  -A; 

a-^  -T-  -a   ■'  h  —  Y  a,   -  h'  ~  ...  —  a-^  o  «   •*  —  „  a   •"/*+... 

.,  thco  IS, 


i      1       a  ,       3        7,,  i'  '  1    _ii      3      _7 

4  oli  4:  o'J, 

Now  as  h  diminishes  the  numerator  and  the  denominator  of  the 

last  fraction  approach  to  the  values  -^a~^^  and  -  a~'^  respectively; 

and  by  taking  h  small  enough,  the  numerator  and  the  denominator 
may  be  made  to  differ  from  these  values  by  as  small  a  quantity  as 
we  please.     Thus  the  fraction  can  be  made  to  approach  as  near  as 

1     ^2 

3«  '  4 

wn  ])lcase  to ,  that  is,   to    ^.a""-.     Tliis  result  is  expressed 

4"" 

4     1 
by  saying  that      a^-  is  the  limit  to  whicli  the  fraction  approaches 

as  x  approaches  to  a. 

We  may  also  arrive  at  this  result  without  using  the  Binomial 
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Theorem,     For  suppose  x  =  ')/"   and   a~V";    tlien   the    proposed 

v"  -  h* 
fraction  becomes    , — 77  ;  so  long  as  y  is  not  absohitelv  equal  to  h 
y  -  U 

we  may  divide  both  numerator  and  denominator  l)y  y-h,  and  so 

put  the  fraction  m  the  form  "^ — -':- ,-- , , .    As  y  ai^proaclies  to 

Ah 
h  this  fraction  approaches  to  -y  ,  and  the  fi'action  may  be  made 

to  differ  as  little  as  we   please  from    -— -   by  making  y  —  b  small 

o 

enoxTgh.     Thus  the  Iimd  of  the  fraction  as  y  approaches  to  &  is  —    ; 

.     4      i_ 
that  is,  the  limit  of  the  fraction  as  x  approaches  to  a  is  ^  (i^-  . 

Questions  respecting  vanishing  fractions  and  limits  belong 
properly  to  the  Differential  Calculus,  to  which  the  student  is 
therefore  referi'ed  fur  more  information. 

810.  AVe  Avill  now  give  two  Articles,  which  form  a  supple- 
ment to  the  Chapter  on  Permutations  and  Combinations.  They 
are  due  to  H.  M.  Jeffeiy,  Esq.  of  Cheltenham. 

811.  To  find  the  nnmher  of  combinations  of  n  things  taJcen 

i,  2,  3,  n  at  a  time,  when  tJiere  are  p  of  one  sort,  q  of  another, 

r  of  another,  and  so  on. 

Let  there  be  n  letters,  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  b,  r  of  them  to  be  c,  and  so  on.      The  product 

(1  +  ax  +  a^x"  + +  rt''x'')  (1  +  6x  +  b'x^  + +  b'^x'') 

( 1  +  ex  +  c'x"  + +  c'^x''') 

contains  the  coinbinations  of  the  n  letters  taken  1,  2,  3, «  at 

a  time,  namely  in  the  coefficients  of  x,  x^,  x^,  x"  res^iectively. 

The  number  of  the  combinations  in  each  case  is  found  by  equating 

a,  b,  c, to  unity.      Thus  the  number  of  combinations  of  the 

n  letters    taken  k  at  a  time,    is  the  coefficient   of  a;*  in  the   ex- 
pansion of 

{\-¥X  +  X'  +  ...  +  a'')  (1  +  X+  x"  +  ...  +  X'')  (i  +  X  +  X'  +  ...  +X'') 
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Tlie  number  of  combinations  when  the  letters  are  taken  h  at  a 
time,  is  the  same  as  tlie  number  wlien  they  are  taken  w  —  X-  at  a 
time  ;  tliis  may  be  shewn  as  in  Art.  495. 

The  total  number  of  combinations  is  found  by  eqitating  x  to 
luiity  in  the  above  expression,  and  subtracting  one  from  the  result, 
since  the  first  terra  in  the  expansion  of  the  expression  does  not 
contain  x,  and  therefoi-e  does  not  denote  the  number  of  any  com- 
bination.   Thus  the  total  number  is  [p  +\)  {q+l)(r  +  \) —  1, 

The  expression  to  be  expanded  may  be  written  thus, 
1-a;^"'     1-a;'"'     l-a;-^' 
\  —X     '     \  —X    '     1  —X    ' 

that  is,  {l-x^^')  (1  -x'^')  {l-x'"')  (1  -.r)-'', 

where  /a  is  the  number  of  different  sorts  of  letters. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
found  that  the  numbers  of  the  combinations  when  the  letters  are 

taken  1,  2,  8  at  a  time,  are  respectively  5,  13,  22,   2(j,  22, 

13,  5,  1. 

812.      To  find  the  number   of  pervixdat'ions  of  \\  things  taken 

1,  2,  3,  n.  at  a  time,  when  there  are  p  of  one  sort,  q  oj  another, 

r  of  another,  and  so  on. 

Let  there  be  n  letters,  and  suppose  i^  of  them  to  be  a,  q  of 
them  to  be  h,  r  of  them  to  be  c,  and  so  on. 

Foi'm  the  product  of  the  following  series  ; 

,       „          P-'a-.^-"      P\i^x'                   F^a^x^ 
1  +  Pax  +  — — —  +  — -r —  + +  — ■. , 

1.2  ^  \p 

,       „,         F'Wx^      rh^x"  F"h'>x'' 

1  +  Pbx+   .p--5-+  — ^r— + + — , , 

1  .  2  [3  \q 

,       „          P^c'x''       P^c'x^                    P'c'x' 
1  +  Pcx  +  — +  — —. —  + + , 

1  .  2  [3  iT 

After  tlie  product  has  been  formed  and  arranged  according  to 
powers  of  P.v,  change  P  into  1,  change  P^  into  |2,  change  P' 
into  1 3,  and  so  on;  then  the  coefficient  of  a^  in  the  result  will 
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consist  of  the  iiermutations  of  the  n  letters  taken  k  at  a  time. 
The  truth  of  this  statement  may  be  seen  by  examining  the  mods 
of  fo)-mation  of  each  coefficient  in  particukir  cases ;  for  example, 

suppose  7?  =  4,   and  p,  q,  each=  1  j  or  suppose  w  =  4,  p  =  2, 

5'=1,  r=l.     The  number  oi  the  pemiutations  will  be  found  by 

making  a,   b,  c,    each    equal    to    unity;    this  may  be  done 

before  the  pi'oduct  of  the  above  series  is  formed. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
foixnd  that  the  nixmbers  of  the  permutations  when  the  letters  are 

taken  1,  2, 8  at  a  time,  are  respectively,  5,  23,  96,  354,  1110, 

2790,  5040,  5010. 

813.  "We  v.dll  now  give  some  further  remarks  on  the  subject 
of  Probability. 

It  is  observed  by  Dr  "Wood  in  his  Algebra,  that  there  is  no 
subject  in  which  the  learner  is  so  liable  to  mistake  as  in  the  calcu- 
lation of  probabilities.  Dr  Wood  proceeds  thus:  "A  single  in- 
stance will  shew  the  danger  of  forming  a  hasty  judgment,  even 
in    the    most    simple   case.      The  probability  of   throwing  an  ace 

with  one  die  is  ^  ,    and  since    there    is    an  equal    probability  of 

throwing  an  ace  in  the  second  tvial,  it  might  be  supposed  that  the 

prol)ability  of  throwing  an   ace  in  two  trials  is   ,;  .      This  is  not 

a  just  conclusion ;  for  it  woidd  follow  by  the  same  mode  of 
reasoning,  that  in  six  trials  a  person  could  not  fail  to  throw  an 
ace„  The  error,  which  is  not  easily  seen,  arises  from  a  tacit  sup- 
position that  there  must  necessarily  be  a  second  trial,  which  is  not 
the  case  if  an  ace  be  thrown  in  the  first."' 

The  above  extract  is  introduced  for  the  sake  of  the  import- 
ant remarks  which  it  contains,  and  also  for  the  purpose  of  draw- 
ing attention  to  the  last  sentence,  which  students  have  often  found 
difficult,  it  should  be  observed,  to  prevent  any  ambiguity,  that 
the  problem  under  discussion  is  the  following  :  Required  the  pro- 
bability of  throwing  one  ace  at  least  in  two  trials  with  a  single 
dio.     Dr  Wood's    last    sentence   indicates    the    following  as  his 
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method  of   solution.      The  chance  of    an  ace  in  the  first  trial  is 

-  ;  if  an  ace  is  obtained  in  this  trial  there  will  be  no  need  of  a 
6 

second  trial.      But  suppose  we  fail  to  throw  ace  the  first  time  ; 

the  chance  of  this  failure  is    - ,  and  then  the  chance  of  success  in 

0 

the  next  trial  is  -.- .     Thus  the  chance  of  obtainins;  one  ace  at  least 

in  two  trials  is  7;  +  ^  ■  -^  ',  that  is,  -— .      And  the  error  of  a  per- 
000  00 

son  who  estimates  the  chance  at  -  -f  ;:;    may  be   ascribed   to    the 

o      u         ' 

^  .5     1 

cii'cuTOstance  that  he  chan2:es  the  -  in  the  product  -  .  ^  into  unity, 
"0  (j     0 

thus  assuming  that  there  will  be  always  a  second  trial,  although 

the  second  trial  may  be  rendered  vmnecessary  by  reason  of  the 

first  trial  having  been  successful. 

This  solution  is  of  course  quite  correct,  but  it  would  probably 

be  considered  by  the  person  who  estimated  the  chance  at  -7  +  ^j 
'■  b      u 

that  it  does  not  shew  him  his  error,  but  substitutes   a   diflferent 

solution   altogether ;    and    he  might   say  there  is  no   uncertainty 

about  the  occurrence  of  the  second  trial,  for  two  trials  are  guaranteed 

in  the  enunciation  of  the  jvohleni,  or  at  least  are  allowed  to  us  if 

tee  please  to  make  them. 

The  error  really  arises  from  neglect  of  the  following  consi- 
dei'ation  :  when  events  are  mutually  exclusive,  so  that  the  suppo- 
sition that  one  takes  place  is  incompatible  with  the  supposition 
that  any  other  takes  place,  then  and  not  otherwise  the  chance  of 
one  or  another  of  the  events  is  the  sf/m  of  the  chances  of  the 
separate  events. 

In  the  present  problem  success  in  the  fii-st  trial  is  not  incom- 
patible with  success  in  the  second  trial,  and  therefore  we  cannot 
take  the  sum  of  the  chances  as  the  chance  of  success  in  one  or 
otlier  of  the  trials. 
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It  is  easy  to  pi-eseiit  tlie  correct  solution  of  tlie  problem  in  dif- 
ferent ways.  Thus  besides  Dr  Wood's  solution,  another  has  been 
given  in  Art.  735.  We  may  also  proceed  thus.  The  desired 
event  may  be  considered  as  one  of  the  following  three ;  suc- 
cess in  the  first  trial  and  failure  in  the  second,  failure  in  the 
first  trial  and  success  in  the  second,  success  in  the  first  trial 
and    success    in  the  second.      The    chances    of    these    events    are 

.•     1      1    5      5    1       1    1 
respectively  v,  ■  t^  ,    p-pj    r  'C  '   ^  events  are  mutually  ex- 

clusive, so  that  the  chance  of  obtaining  one  or  another  of  them  is 

5        5        1        ,       .      11 

^r^  +  TTTJ  +  rr-; )   tliat  is,   7—  . 
36      36      36'  '  36 

814.  This  discussion  naturally  leads  ns  to  investigate  the 
probability  of  the  happening  of  one  or  more  events  out  of  events 
which  are,  or  which  are  not  mutually  exclusive.  We  shall  now 
give  some  theorems  on  this  suliject. 

I.  Let  there  be  any  number  of  independent  events  of  which 
the  respective  probabilities  are  a,  ^,  y, :  required  the  proba- 
bility of  the  happening  of  one  at  least. 

The   probability   of   all    failing   is   (1  -  a)  (1  - /S)  (1 -y) ; 

therefore  the  probability  of  the  liappening  of  one  at  least  is 
1  -(1  -  a)  (1  -/3) (1  -y) . ..  This  may  be  written  2a -2a/3  +  2a/5y- ... 
or  P^  -  P^  -^  P^  —  P^^  ...  suppose,  where  P^  is  the  sum  of  the  pro- 
babilities of  the  single  events,  P,  is  the  sum  of  the  probabilities  of 
})airs  of  events,  P^  the  sum  of  the  probabilities  of  triads  of  events, 
and  so  on. 

II.  The  theorem  just  proved  is  true  even  when  the  events 
are  not  independent ;  that  is,  the  probability  of  the  happening  of 

one    at     least    of    the    events    is    P^~  P„  +  P^—  P^+ where 

Pi,  P.,,  P3,  P^, have  the  meanings  already  stated. 

For  consider  only  two  events  A  and  P ;  let  n  denote  the  whole 
number  of  equally  probable  cases,  Ua  the  number  in  which  A 
occurs,  n^  the  number  in  which  P  occurs,  w^^  the  number  in 
which  both  A  and  £  occur.     To  find  the  number  of  cases  in  which 


MISCELLANEOUS  THEOREMS.  541 

neitlier  A  nor  JJ  occurs  we  proceed  thus  :  from  n  take  away  Ua  and 
n^  ;  we  have  thus  taken  away  too  many  cases,  because  the  cases,  in 
numlier  Ua,^^  in  which  both  A  and  B  occur  have  been  taken  away 
twice  ;  restore  then  n^^.  Therefore  the  whole  number  of  cases  in 
which  neither  A  nor  B  occurs  is  n  -  {ii^  +  n^  +  Wa^. 

Hence  the  number  of  cases  in  wliich  one  at  least  of  the  events 
occurs  is  7ia  +  n^  —  Ua.^ . 

Therefore  the  probability  of  the  occurrence  of  one  at  least 
_  Wa  +  n^  -  «a,3  _  n^  +  »^      «^  _   p       p 

— —  —  —  -^    1         -t    o" 

'/i  n  n 

Similarly  any  other  case  may  be  treated. 

III.  Supposing  that  there  are  n  events,  required  the  [)roba- 
bility  that  an  assigned  m  of  them  will  happen,  and  no  more. 

Suppose  that  the  events  of  which  the  probabilities  are 
a,  y8,  y,  are  to  happen,  and  the  events  of  which  the  proba- 
bilities are  X,  //,  v,  are  not  to  liappen.     Then  if  the  events 

are  independent  the  reqviii-ed  pi'obability  is 

a^y (l-X)(l-/x)(l-v) ; 

that  is,     o/3y to  m  factors  -  1  -  2/V  +  2'V  ~  SX/xi/  + . 

This  we  may  denote  by  Q^^-  (?,,_^,  +  Q„^^„-  Q,„+^  + >  where 

Q^  is  the  probability  of  the  occurrence  of  the  rii  assigned  events, 
Q^^^  is  the  sum  of  the  probabilities  of  the  occurrence  of  every 
collection  of  vi+\  events  which  includes  the  m  assigned  events, 
Qm+2  ^^  ^^^®  ^™^  ^f  *-^®  probal)ilities  of  the  occuri-ence  of  eveiy 
collection  of  m  +  2  events  which  includes  the  m  assigned  events, 
and  so  on. 

IV.  As  before  we  may  shew  that  the  theorem  in  111.  is  true 
even  when  the  events  are  not  independent. 

V.  Kequired  the  probability  of  the  occurrence  of  any  rii  of 
the  events  and  no  moio. 

With  the  previous  notation  this  is 
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It  may  liapi)eu  that  in  some  cases 

\n  \n 

%Q    =  —f^ <2„, ,  2^„.„  =  |— rTT= — r  Q,.„,,  and  so  on  ; 

"■     \m\n-m    '"  '     \m+l\n  —  m—\ 


this  will  be  tlie  case  wlicn  the  events  are  all  similar. 

VI.  In  II.  we  have  found  the  probability  that  at  least  one 
event  shall  happen,  and  in  V.  the  probability  that  just  one  event 
shall  happen ;  by  subtracting  the  second  result  from  the  first  we 
obtain  the  probability  that  tivo  events  at  least  shall  happen.  Then 
again  we  know  fi'om  V.  the  probability  that  just  two  events  shall 
happen  ;  by  suljti-acting  this  from  tlie  probability  that  two  events 
at  least  shall  happen  we  obtain  the  probability  that  three  events 
at  least  shall  happen.      And  so  on. 

MISCELLANEOUS    EXAMPLES. 

1.      Having  gi\  en 
X  =  bi/  +  cz  +  clu,  2/  —  ax  +  cz  +  du,  z  =  ax  +  h>/  +  du,  u  =  ax  +  hy  +  cz, 

o  h  c  d 

shew  tliat  1  =  ^ f-  ^^ r  +  = f-  ^ ,  ; 

\ +  a      1+6      1+c      1+rf 

X,  y,  z,  u  being  supposed  all  unequal. 

X  ?/         ,  . 
=  a,        —  =  0,  and  - 

y  +  z  z  +  X  X  +  y 


X                      If                                 z 
If   =  a,         —  =  h,  and  =  c,   find  the  relation  be- 


tween a,  h  and  c ;  and  shew  that  — -".— 


y 


{I -he)      b{l-ca)      c{l-ab) 

3.  Find  the  relation  between  a,  h  and  c,  having  giAen 

X     a     y      h      z      c 
a     X      h      y      c     z'    '^  ' 

and  x"  +  ?/'  +  s'  +  2  {ah  +  ac  +  he)  =  0. 

4.  Find  the  relation  between  a,  h  and  c,  liaA  ing  given 

y      z  z      X     ,        X      y 

^  +  --  =  a,      -  +  -  =  6,       -  +  i  =  c. 

z      y  X     z  y     X 

5.  Eliminate  x,  y,  z  between  the  equations 

it;' (2/ +  2)  =  a",  y"-{.>:  +  z)  =  h%  z'{x  +  y)--^c\  xyz^ahc. 
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G.      Eliminate  a  and  h  from  tlie  equations 

7.  Eliminate  x  and  y  fi'om  the  equations 

x  +  y^a,     x^  +  y^  =  h^,     x^  +  if  =  c\ 

8.  Eliminate  x  from  the  equations 

„^  c       /x\^      .„3.'      ^  /«\^      o-.^       /«\^      1,,  '^      - /a^ 

32-=  (  -  )  +  10  -  +  5(-     ,    32-=    -     +10- +  5    - 

a      \aj  a        \xj  c      \xj  x        \a 

9.  Eliminate  x,  y,  c  from  the  equations 

X      1/      z  X      y      z      ^ 

-+"^  +  -  =  a,      -  +  -  +  -= /?, 
y      z      X  z      X      y 


^y      ^/  V?'      xj  \x     yj 

10.  Eliminate  x  and  y  from  the  equiitions 

ao:  +  by  =  0,     x  +  y  +  xy  =  0,     x"  +  y'  -1  =  0. 

11.  Eliminate  x  and  y  from  the  equations 

y "  —  x^  =  ay  —  /3x,     4:xy  —  ax  +  fiy,     x'  +  y'  =\. 

1 2.  If  (a-  +  y)-  =  4c°i>;y,  (y  +  s)^  =  4a-y^,  {z  +  xf  =  46-*x, 
shew  that  a"  +  ^^  +  c"  ±  2a6c  =  1. 

13.  Eliminate  a  from  — ;, „  =     .,"      „  =  — „ „ . 

a"  +  X'      a  +  y       a  +  z 

14.  Eliminate  x  and  y  from 

4  ix'  +  y^)  =  eta;  +  hy,     2  (x'  -  y')  =  ao;  -  ^y,     a-y  =  c^ 

15.  Shew  that  unless  ahc  ■\-  2a'l)'c'  =  aa"  +  hb'"  +  cc'',  the  fol- 
lowing equations  cannot  be  simultaneously  true  : 

a  =  xx',  h  =  yy',  c  =  ««',   2a'=  yz  +  zy',  26'=  «*'  +  xz,  2c'=  xy'  +  yx'. 

16.  Find  the  number  of  pjrmutations  which  can  be  formed 
with  the  letters  composing  the  word  examination  taken  3  at  a  time. 

17.  Find  the  chance  of  a  one,  a  two,  and  a  three,  of  the 
same  suit,  lying  together  in  a  pack  of  cards  which  consists  of  -in 
suits,  and  lias  n  cards  numbered  1,  2,  .3,  in  each  suit. 
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18.  A  rectangular  garden  is  surrounded  by  a  walk  and  is 
divided  into  fim  rectangular  beds  by  vi  —  \  walks  parallel  to  two 
sides  and  n  —  \  walks  parallel  to  the  other  two  sides.  Find  the 
number  of  ways,  no  two  of  which  are  exactly  alike,  in  which  a 
person  can  walk  from  one  corner  to  the  ojiposite  corner  so  as  to 
make  the  distance  equal  to  liulf  tlie  2:»erimeter  of  the  rectangle. 

19.  If  a;  be  a  })roper  fraction,  shew  that 


i—x"      1— a;'^      1  —  a;'"      1  +  as'      i  +  a;°      1+x" 

20.      If  a;  be  a  proper  fraction,  shew  that 

^  -(l+a;)(l +a;^')(l+^')(l+^-') 


(l-ic)(l-a;=')(l-a;')... 

21.  Eliminate  x,  y,  z  from  the  equations 

(^  -  2/)  (y  -  -)  (« -  ^)  ^p\  (*■  +  2/)  (y  +  -)  (~  +  ^)  =  <t^ 

{x'  +  f)  {y-  +  z')  {^  +  x^)  =  A  (x^  +  y')  (^  +  z^)  (z^  +  x^)  =  s'\ 

22.  Shew  that  if  aX  +bY+cZ^Q,  and  a^X  +  h, r+c,Z=0; 
where  X  —  ax  +  a^x^  +  a„,  T  =  bx  +  b^x^  +  b„,  Z  =cx  +-  c^x-^  +  c„ ;  then 

{«.,  (bc^  —  b^c)  +  b.-,  (ca^  —  c/i)  +  c„  (ab^  —  aJ))Y 


X'  +  Y'  +  Z'  = 


{bc^  -  b^c)'  +  {ca^  -  c^ay  +  {ab^^  —  ajj)' 


23.     If  a^,  rtj,  ...  a„,  and  b^,   b.,,  ..   &„  be  two  series  of  posi- 
tive numbers,   each  arranged  in  descending  order  of  magnitude, 

shew    that    -,-+—+...+    --    is   less,    and    -  +  ^-^— +  ...  +  -7^    is 

greater,  than  if  the  denominators  b^,  b„,  ...  b„  were  arranged  in  any 
other  order  under  the  numerators  a^,  a.,,  ...  a„ 

2-4.    If  a  be  less  than  b,  shew  that  a  series  of  which  the  genersd 
term  is  -  i- j  ^    ^^_J    is  eqiud  to  the  logarithm  of  f  j-  j 

25.      If  a  be  less   than  b,  shew    that    f  y  ]        is  increased  by 
adding  the  same  quantity  to  a  and  h. 
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1.  Simplify  x-[2y  +  {?>z- 2>x- {x  +  y)}]  +  2a;  -  (y  +  2,z). 

2.  Di^-ide  crx^  +  [lac  -  b^)  x*  +  c^  by  ax^  -  bx'  +  c. 

5a;'+2x'-15a;-6 


3.     Eecluce  to  its  lowest  terms 


7a;' -4a;' -21a; +  12 


,        ,.,3a;-a^a;+3a      ^  .  a  —  x  „         '2a +  x 

4.  Add s-  to  i, ^  ;  take  -^—^ — g 2  fi-om  —^ ^ . 

ox-  +  3a        ( a;  +  ya  2a  +  3a^  +  x  a  -  x 

4a; +  1      5a;- 1 

5.  Solve  -^r^ X —  =  a;  —  2. 

lo  3 

6.  Solve   10a;-4y  =  ll,  3a;+2?/  =  14i. 

7.  ^4,  who  travels  3j  miles  au  hour,  starts  2|  hours  before  5 
who  goes  the  same  road  at  4^  miles  an  hour  :  find  when  B  over- 
takes A. 

8.  A  bill  of  .£100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used  :  find  how  many 
of  each  were  paid. 

9.  Find  the  square  root  of  a*  4-  2a'  —  a  -f-  7  • 

10.  Solve   ^--  l\(?,x-\)  =  \. 

11.  Ifa=l,  6=^,  c=3,  d  ^  ^  ,  find  the  value  of 

2  0 

a  -  [2a  -  36  -  {4«  -5b-  Gc  -  (la  -8b -9c-  lOd)}]. 

12.  Multiply  x'  +  (2a  +  3b)  x  +  6ab  by  x'  -  (2a  +  36)  a;  +  Gab  ; 
and  divide  14a;'-lla;V66a;y-7a;y-h49a;y'-Hl52/' by  2a.-*-3a;y-5/. 

1 3.  Find  the  L.  c.  M.  of  a;'  +  5a;  -t-  6  and  a;-  -f-  6a;  -f-  8. 

,,       ^,      2x  +  3a  ^         23x'-f-18aa;+17a* 

14.  Take —  from 


3a;  +  4a  12a;' -I- 31  aa;+ 20a' 


15.     Solve r  + 


X  —  \      x  —  2     X  —  3 
T.  A.  35 
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16.  Solve  7a;-9y  =  23,  9a;-7y  =  57. 

17.  Find  the  time  between  9  and  10  o'clock  when  the  hour- 
hand  and  the  minute-hand  of  a  watch  are  together. 

18.  A,  after  doing  three-fifths  of  a  work  in  30  days,  calls  in  B, 
and  with  his  help  finishes  it  in  10  days  :  find  in  how  many  days 
each  could  do  the  work  alone. 

1 9.  Find  the  square  root  of  4x^  -  l^xij  -f-  Qif  +  ixz  -  ^ijz  +  z'. 

20.  Solve  -?-_^=l. 

x— i      X—  6 

21.  If  a  =  1,  b  =  2,   c=     ,   0?  =  -—,   find  the  value  of 

0  y^ 

a  -  [3a  -  56  -  {7a  -  96  -  lie  -  (13a  -  156  -  17c  -  19^/)}]- 

22.  Multiply  x'  +  (3a  -  26)  a;  -  6a6  hy  x'  +  (36  ~2a)x-  Gab  ; 
and  divide  a;*  —  5  6a;  -i-  1 5  by   1  —  4a;  -f-  x^. 

23.  Find  the  G.  c.  M.  of  a;'  -  4,  a;'  4-  10a;  +  1 6,  and  x'  -  7a;  -  18. 
2a;'  -  a;  +  2       4a;=  -  1 


24.     Simplify 


4a;^  +  3a;  +  2       2a;  -  1 


a;-l       11a; -3      3a;  -  9 

25.  Solve  -^+-^- ^  =  2i 

26.  Solve  ^+^=11,    5a;-3y^6. 

27.  A  person  starts  from  Ely  to  walk  to  Cambridge,  which  is 
distant  16  miles,  at  the  rate  of  4^  miles  per  hour,  at  the  same 
time  that  another  person  leaves  Cambridge  for  Ely,  walking  at 
the  rate  of  a  mile  in  18  minutes  :  find  where  they  meet. 

28.  In  a  concert-room  a  certain  number  of  persons  are  seated 
on  benches  of  equal  length  ;  if  there  were  ten  more  benches  one 
person  less  might  sit  on  each  bench  ;  if  there  were  fifteen  fewer 
benches  two  persons  more  must  sit  on  each  bench  :  find  the  num- 
ber of  benches,  and  the  number  of  persons  seated  on  each. 

29.  Find  the  square  I'oot  of  x^  -  4a;*  +  6x*  -  8a;^  i-  9a;*  -  4x  -i-  4. 

30.  Solve   lla;^'-lli:  =  9a;. 
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31.  If  a  =  1,  b  =  2,  c  =  3,  d  =  4:,  find  the  values  of 

32.  Multiply  -3  +  x'  hj  -2  —  x  ;  and  find  the  value  of  the  pro- 
duct when  a;  =  "1. 

-115x4-24 


33.     Reduce  to  its  lowest  terms 


24:x'- 115x^  +  1 


1.  -^  X       1  X  1-f-  x^ 

34.     Add  together ,    , ,   and 


l-a;'l  +  a;'  l—x^' 

35.  Solve  (x-3y-3{x-2f+3{x-iy-x^  =  9-x. 

36.  Solve  01/ -  3x  =  2,    8i/—ox-l. 

37.  A  farmer  bought  equal  niimbers  of  two  kinds  of  sheep, 
one  at  £3  each,  the  other  at  £4  each.  If  he  had  expended  his 
money  equally  in  the  two  kinds  he  would  have  had  2  sheep  more 
than  he  did  :  fiaid  how  many  he  bought. 

38.  The  sum  of  £177  is  to  be  divided  among  15  men,  20 
women  and  30  children,  in  such  a  manner  that  a  man  and  a  child 
may  together  receive  as  much  as  two  women,  and  the  women  may 
together  receive  <£60  :  find  what  they  respectively  receive. 

39.  Find  the  square  root  of  '—,  +  4—o +  ^ -.  - 

y       ix       y      2a;      4 

40.  Solve  ^  +  ^^  =  9. 

X-4:  X+1 

41.  If  a=l,  6=3,   c  =  5,  d=7,  find  the  values  of 

cd  —  ah 

42.  Shew  that 

a  {a  -  x){a  - 2x)  =  (a  ~  b){a -b~x)(a  +  2b-2x)  +  b{b-x){3a-2b-2x), 

43.  Find  the  G.  c.  M.  and  the  L. cm.  of  x^  —  x*  +  x^  —  x'  +  x  -  I 
and  x^  —  1. 

,,       „.      ,.„    a;' +  5x4- 6      3:^4-6x4-5 

44.  Simplify     ^^^^      x      ^.^^^     . 

1  4  9  36 


45.     Solve 


x+l      2x-l      3a; -1      6a;- 1" 

35—2 
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46.  Solve 

2x  +  32/-8z+35  =  0,    7x- 4y +  z-8 -^  0,    Ux  -  5y -3z  +  10  =  0. 

47.  Find  liow  many  gallons  of  water  must  be  mixed  with 
80  gallons  of  spirit  which  cost  15  shillings  a  gallon,  so  that  by 
selling  the  mixture  at  12  shillings  a  gallon  there  may  be  a  gain 
of  10  per  cent,  on  the  outlay. 

48.  A  and  B  can  together  do  a  work  in  12  days;  A  and  C 
in  15  days;  B  and  G  in  20  days:  find  in  how  many  days  they 
will  do  the  work,  all  working  togethei*. 

49.  Find  the  square  root  of  a-c  +  2  J{ab  +  be  -  ca  -  b^). 
3 


50.     Solve  a;: 


4- 


3 

4  —  03 

51.  Simplify 

(a  +  b  +  c)  {x  +  2/  +z)  +  {a  +  b-c)  (x  +  y  —  z) 
+  {b  +  c  -a)  {y  +  z-x)  +  (c  -\-  a  -  b)  (z  +  x-  y). 

52.  If  s  = ^ ,  shew  that 

{(s  -  a)  +  {s-  b)Y  =  {s-  ay  +  (s-bY+3(s-  a)  (s  -  b)  c. 

53.  Find    the    G.c.  m.    of   x* -2x^y  +  bx'y^  -  2xy^  +  iy*    and 
-3xhj+%xY-3xy^  +  oy\ 

,. ,       „ .       , . „     x  —  a      X  —  b  (a  —by 

54.  Snnplify +  ' 


X  —  b      X-  a      (x  -  a)  {x  —  b)' 

55.  Solve  (Sx  -  1 )'  +  (4.r  -  2)'  =  (5.-^;  -  3)1 

►  „      n  ■,       x  +  3      v-3     _  33  —  3        y  —  3      _ 

56.  Solve  —  „  +  - — 5  -  2, _  +  f ^  =  1. 

x-3      y  +  3  2a; +  3      2y  +  3 

57.  A,  B,  C  are  employed  on  a  piece  of  work.  After  3  days 
A  is  discharged,  one-third  of  the  woi'k  being  done.  After  4  days 
more  B  is  discharged,  another  third  of  the  work  being  done. 
C  then  finishes  the  work  in  5  days.  Find  in  how  many  days  each 
could  separately  do  the  work. 
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58.  A  person  walks  from  A  to  5,  a  distance  of  7^  miles,  in 
2  hours  17^  minutes,  and  returns  in  2  hours  20  minutes.  His 
rates  of  walking  up  hill,  down  hill,  and  on  a  level  road  being  3, 
3^,  and  3;^  miles  respectively,  find  the  length  of  level  road  between 
A  and  £. 

59.  Find  the  cube  root  of 

8a;'  -  1 2x'  +  Gx'  -  37a;'^  +  36a;'  -  9x*  +  54x^  -  27a;'  -  27- 

_,  T        (x+  a)  (x  +  mb)      (mx  +  a)  (x  +  b) 

60.  Solve  ; \- J-  =  ) — -(  . 

[x  —  ma)  {x  —  b)      [x  —  a)  [mx  —  b) 

61.  Simplify  24  jo; -7^  (a;- l)||a;-|  (a;- 2)||a;  -  |(a;  -  ll)|, 
and  subtract  the  result  from  {x  +  2)  {x+  3)  {x  +  4). 

62.  Divide  I  -2  +  -o  -  2  )    by . 

\a       x'        J  a      X 

63.  Find  the  G.c.  M.   of 

5a;'  -  18a;V  +  11a;?/' -  6y'  and  7a;'  -  2'ixy  -v  Qy\ 

n.       o-      ^■^    x'-x-^\      2x{x-Yf      2a;' (a;'- 1)' 

64.  Smiplify   -.     ^     ,  +    .  ;    ,      ,  + 


a;'  +  a;  +  1      a;*  +  a;'  +  1        a;^  +  a;*  +  1 

65.     Solve   ^-^=^-2^. 
a;-o      x  —  S      x—o        x  —  i 

^.      ^,  .       x-2a      y-ib      _         a;  +  2rt      y  +  5b 

6Q.     Solve —  +  -^^ — -  =  2,       =  ^a  • 

X  —  oa      y  —  ob  X  +  a       y  +  ob 

67.  A  man  bought  a  house  which  cost  him  4  per  cent,  on  the 
purchase  money  to  put  it  in  repair.  It  then  stood  empty  for  a 
year,  during  which  time  he  reckoned  he  was  losing  5  per  cent, 
upon  his  total  outlay.  He  then  sold  it  again  for  £1192,  by  which 
means  he  gained  10  jier  cent,  on  the  original  purchase  money  :  find 
what  he  gave  for  the  house. 

68,  A  certain  resolution  was  carried  in  a  debating  society  by 
a  majority  which  was  equal  to  one-third  of  the  number  of  votes 
given  on  the  losing  side  ;  but  if  with  the  same  number  of  votes 
10  more  votes  had  been  given  to  the  losing  side,  the  resolution 
would  only  have  been  carried  by  a  majority  of  one  :  find  the 
number  of  votes  sriven  on  each  side. 
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69.      Solve  Jx  -  J  a  +  J{x  +  a-b)=  Jb. 

155  X  78 

7U.     Solve  («  -  2)  (a;  -  3)  - — ff^~- 

71.  If  a  ^2,  6  =  3,  c  =  6,  d=5,  find  the  value  of 

'J{{a  +  c-by  d]-^  ^{{b  +  d){bd-  ic)}  +  ^{{c-a)  (d-h)). 

72.  Shew  that 

x{y^  zf  +  y{z  +  xY  +  z{x  +  yy-  ixyz  ={y  +  z){z  +  x)  {x  +  y). 

73.  Find  the  g.c.m.  of 

5a;='-19a;''  +  55a;--125   and  4a;'' -  15a;'- SSa;  +  65. 

be  (x  —  (if  ca(x  —  bY  abix-cf 

74.  Simplify \— — '--  -.  +  - — \  ,,    ^    ,  + \—-'  -  -  . 

^      •'   {a-  b)  {a  -c)      (b-  c)  {b  -a)      (c  -  a)  (c  -  b) 

75.  Solve  J{{x-aY +  2ab +  b-]  =  x-a  +  b. 

7  6.      Solve  ax  +  cy  +  bz  =  ex  +  by  +  az  =  bx  +  ay+  cz  =  a^+  b^+e^—  3abe. 

77.  A  and  £  start  together  from  the  same  point  on  a  walking 
match  round  a  circular  course.  After  half  an  hour  A  has  walked 
thi'ee  complete  circuits,  and  B  four  and  a  half  Assuming  that 
each  walks  with  uniform  speed,  find  when  £  next  overtakes  A. 

78.  On  a  certain  day  mackei-el  were  being  sold  at  a  certain 
price  per  dozen ;  on  the  next  day  twice  as  many  mackerel  could 
be  bought  for  one  shilling  as  dozens  could  be  bought  for  a  sovereign 
on  the  day  before  :  the  whole  price  of  20  mackerel  bought  10  on 
one  day  and  10  on  the  other  being  2s.  2d.,  determine  the  price  of 
a  mackerel  on  each  day. 

79.  If  X  =  ^{a  +  Jd^Tb')  +  U{a  -  JTiTTb'),  shew  that 

x^  +  3bx  ~  2a  =  0. 

80.  Solve  (a;' +  8a;' +16.^-1)* -a;  =3. 

81.  Shew  that  {2^  +  q  +  rY  = 

4  (^/  +  q^  +  r'  +  3pqr)  {p  +  q  +  r)  +  6q'r'+  67-7/4-  Gj/q'-  3//-  3q*-  3r*. 

82.  Ji  X  =  ax  +  cy +  bz,     Y=cx  +  by  +  az,    Z^bx  +  ay  +  cz, 
shew  that  X'+Y'  +  Z"--  YZ -  ZX -  XY 

=  (a'  +  b-  +  c^  —  be-  ca  - ab)  (x'  +  y^  +  z'  -yz-zx  - xy). 
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83.  Find  the  g.c.m.  of  7x^ -lOax^  +  3a^x^  -  4:a^x  +  ia*  and 
8x*  -  Uax^  +  5rtV  -  3a'x  +  3a\ 

^      ''    l-x       \  +x      l+x"      I  +  X*      l  +  x^ 

„  ,       4x^  +  ix'  +  8aj  +  1       2x~  +  2a;  +  1 

So.     Solve  — ^—, — ^ —  = -. . 

2x'  +  2x  +  6  x  +  1 

86.  Solve  x  +  y  +  z  —  a  +  b  +  c, 

ax  +  by  -h  cz  =  be  +  ca  +  ab, 
(b  -  c)  X  +  (c  -  a)  y  +  (a  -  b)  z  =  0. 

87.  The  present  income  of  a  .railway  company  would  justify 
a  dividend  of  6  per  cent. ,  if  there  were  no  preference  shares.  But 
as  £400000  of  the  stock  consists  of  such  shares,  which  are 
guaranteed  7|  per  cent,  per  annum,  the  ordinary  shareholders 
receive  only  5  per  cent.      Find  the  amount  of  ordinary  stock. 

88.  The  road  from  a  place  ^  to  a  place  B  first  ascends  for 
five  miles,  is  then  level  for  four  miles,  and  afterwards  descends  for 
six  miles,  the  rest  of  the  distance  ;  a  man  walks  from  .4  to  ^  in 
3  hours  52  minutes ;  the  next  day  he  walks  back  to  ^  in  4  hours, 
and  he  then  walks  half  way  to  £  and  back  again  in  3  hours 
55  minutes  :  find  his  rates  of  walking  up  hill,  on  level  ground, 
and  down  hill. 

89.  Find  the  value  to  five  places  of  decimals  of 

{161  +  v/l'J360}-5. 

90.  Solve + ^ =  2. 

X  +  a  -  c      X  +  0  —  c 

9 1 .  Find  the  value  when  a;  =  5  of 

3a;  -  [5y  -  {2x  -  {3z  -  3y)  +  2z-  {x  -2y-  z)\\ 

92.  Shew  that  {y  -  z)*  +  {z  -  x)*  +  {x  -  y)' 

=  2{{y-zr{z-xy  +  {z-xy(x-yy  +  {x-yy{y-zy} 
=  2  {x'  +  y'  +  z^  -  yz-zx  —  xyy. 

93.  Find  the  g.  c.  m.  of  x^  +  (5m  -  3)  a;'  +  (67?i'  -  1 5«i)  x  -  1 8ni' 
and  x'^  +  {m  —Z)x*—  {2m*  +  3m)  x  +  Qnrf. 
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\h       c)  \c       a  J 


94.     Shew  that  :; — ■ -. -, —  =  a-irh  +  c. 


1      1 


95.  Solve 
'    x'  +  x- 

96.  ^o\\e  x^  +  y^  +  z^  =  Zxyz,     x- a -^y -h  =  z- c. 

97.  A  bag  contains  sixi)ences,  shillings,  and  half-crowns  ;  the 
three  sums  of  money  expressed  by  the  different  coins  are  the  same : 
if  there  are  102  coins  in  the  bag  find  the  number  of  sixpences, 
shillings,  and  half-crowns. 

98.  A  person  walks  from  ^  to  i?  at  the  rate  of  3^  miles  per 
hour,  and  from  B  to  C  at  4  miles  per  hour ;  in  returning  he 
calculates  that  he  can  complete  the  distance  in  the  same  time  by 
walking  uniformly  at  3|  miles  per  hour,  but  being  detained 
14  minutes  at  B  he  has  to  walk  to  ^  at  4  miles  per  hour  to  finish 
it  in  the  same  time  :  find  the  distance  from  A  to  B,  and  from 
^to  C. 

99.  li  X=ax  + cy +  bz,  Y=cx  +  by  +  az,  Z=bx+ay  +  cz, 
shew  that 

X'  +Y'  +  Z^-  3XYZ  =  (a"  +  b'+c^  -  3abc)  {x^  +  7/ +  z^  -  3xyz). 
lOOo     Solve  a;' -223a; +12432  =  0. 

101.  Solve  (4:X  +  2y-{3x-iy  =  {2x  +  4:y-(x-3)\ 

102.  Find  three  consecutive  numbers  whose  product  is  equal 
to  fifteen  times  the  middle  number. 

1       1       1 

103.  Solve  a;  +  2/ =  9,       -  4- -  ==  jr . 

-^  X      y      2 

104.  If  a;  varies  jointly  as  y  and  z;  and  y  varies  directly  as 
x+z  ;  and  if  a;  =  2  when  z=2,  find  che  value  of  z  when  a;  =  9. 

■    5      2 

105.  Sum  to  18  terms  1  +  ^^  +  ^^  -1-  ... 

b      o 

106.  Sum  to  6  terms  and  to  infinity  14  —  7  +  3^—  ... 


108. 
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107.  If  the  number  of  combinations  of  27i  things  taken  n—1 
together  be  to  the  number  of  combinations  of  2  (n—1)  things 
taken  n  together  as  132  is  to  35,  find  n. 

Shew  that  2'"  -  y  2""  '  +  — ^^ '  2""  "-...+(-  1)"  =  1. 

109.  In  the  expansion  of  (a^  +  «o  +  ...  +  a^J"  if  n  is  a  jiositive 
integer,  and  m  greater  than  n,  shew  that  the  coefficient  of  any 
term  in  which  none  of  the  quantities  a^,  a^,  ...  a„  ajjpears  more 
than  once  is  \n. 

110.  Given  log  2  - -3010300  and  log  3  = -4771213,  find  the 
integral  values  between  which  x  must  lie  in  order  that  the  integral 
part  of  (1-08)'  may  contain  foiu-  digits. 

111.  Solve  {a  {b  +  X-  a)}5  +  {b{a  +  x~  b)}k  =  {x{a  +  b- x)]K 

112.  If  a  and  /8  be  the  roots  of  the  equation  ax^  +  bx  +  c  =  0, 

form  the  equation  whose  roots  are  7;  and  -  . 

pa 

113.  Solve  ^  +  ^  =  ]^  ,       x^  =  8. 

y      X      Ij 

114.  If  a;  -  4   :  x  -  2   ::  a;  -  1    :  x  +  3,  find  x. 

115.  Sum  nine  terms  of  an  arithmetical  progression  of  which 
18  is  the  middle  term. 

1 1 6.  Sum  to  n  terms   -^-^-72  +  s  +  2  J2  ^  7  +  5/2  "^  "" 

117.  Prove  that  the  number  of  ways  in  which  p  positive 
signs  and  n  negative  signs  may  be  placed  in  a  row  so  that  no  two 
negative  signs  shall  be  together  is  equal  to  the  number  of  com- 
binations ofp+  1  things  taken  n  together. 

118.  Determine  the  coefficient  of  x'  in  the  expansion  accord- 

.       ,               ,.                        „         .{n-m+l)x{l-x)-x"'^'  +  x"^' 
ing  to  ascending  powers  01  x  01  ^ — ^^j ~ , 

where  m  and  n  are  positive  integers  of  which  m  is  the  less. 

119.  Detennine  whether  the  series  whose  ?i"^  term  is 
ij(u'  +  1)  —  n  is  convergent  or  divergent. 
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1   r     1 


120.      Find  the  value  of  - 


JL_1 

•05)'"'/ 


•05  i(l-05)'^   (1' 
Given  log  105-2-0211893,  log  5303214  -  6-7245391, 
log  3768894  =  6-576214. 

121.  Solve  (4:  +  5x  -  x')^  =  2^  x^  +  {x' +  3x  -  4:)K 

122.  Find  the  relation  between  the  coefficients  of  the  equa- 
tion ax^  4-  bx  +  c  =  0,  that  one  root  may  be  do\il)le  of  the  other. 

123.  Solve  -  +  -  =  ^—^  = . 

X      y        12         a;  4-  ?/  +  5 

124.  Divide  111  into  three  parts  so  that  the  products  of  each 
pail'  may  be  in  the  proportion  of  4,  5,  and  6. 

12.J.  Find  the  number  of  terms  of  an  arithmetical  progression 
of  wliich  the  first  term,  the  sum,  and  the  common  difference  are 
given  :  find  the  conditions  which  must  hold  if  there  be  two  such 
numbers. 

126.  Find  the  sum  of  the  reciprocals  of  n  terms  of  a  geo- 
metrical progression  of  which  the  first  term  is  a  and  the  common 
ratio  r. 

127.  Shew  that  the  number  of  ways  in  which  mn  things  can 

be  divided  among  in  ])ersons  so  that  each  shall  have  n  of  them 

\m,n 
is        ~  . 

128.  Shew    that  the  coefficient    of  a;"^''"'    in   the   expansion 

(1  4-a;)" 

of      Ta  is  2""^  \(n  +  2r)  (?i  +  2r  +  2)  +  n\^  r  being  0  or  any  posi- 

(1  -xy 

tive  integer. 

129.  Find  the  coefficient  of  a;''  in  the  expansion  of 

(1  +  2a;  -  3a;^'  +  a;')^ 

g3  03  4^3 

130.  Shew  that  1  +  ^  +    ^  +  —  4-  ...  =  5(?. 

\1      \l      \l. 

131.  Solve  ^(a.-  -8a^  +  15)  +J{x'  +  2a;- 15)  =  ^(4a;- -  18a;+ 18). 

132.  The  numei-ically  greater  root  of  aa;' —  6a;  +  c  =  0  has  the 
same  sign  as  -  ;  and  the  numerically  less  root  the  same  sign  as  -  . 

Q/  C 
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1 33.  Solve  x  +  y  +  z  =  a  +  h  +  c,       ~-!-f+-  =  3, 

x^  +  y''  +  z^  =  a'  +  b^  +  c'. 

134.  Two  persons  A  and  B  divide  equally  a  sum  of  money 
consisting  of  half-crowns,  shillings,  and  sixpences ;  the  values  of  the 
several  parts  being  respectively  in  the  proportion  of  15,  4,  and  1. 
It  is  found  that  each  has  60  coins,  A  having  two  half-crowns 
more  than  B.      Determine  the  sum  and  the  coins  each  had. 

1 35.  The  /)"'  term  of  an  arithmetical  progression  is  -  ,    and 

\  lyn  -^  \ 

the  o**'  term  is  -  :  shew  that  the  sum  of  pq  terms  is  —^ —  . 
J)  2 

136.  If  a,  b,  c  be   in  arithmetical  progression,   and  a,  (3,   y 

in  harmonical  progression,  and    -  -I-      =  — h  -  ,   shew  that  aa,  bS, 
^     °  '  y      a      a      c'  '    '  ' 

cy  are  in  geometrical  progression. 

137.  Find  the  number  of  words  beginning  and  ending  with 
a  consonant  which  can  be  formed  out  of  the  word  equation. 

138.  If  cij.  be  the  coefficient  of  aj*"  in  the  expansion  of  (1  +  x)"'', 

{—  l)"|2ri 
shew  that  a,^  -  a/  -i-  a„"  —  a, '  +  ...  =  - 


\n 

139.  Determine  whether  the  following  series  is  convergent  or 
divergent :  1  +  --  +  --^  +         +  . . . 

x^      x^  y'      ?/ 

140.  If  y  =--  X — r  +  TT  —  •••  shew  that  x  =  y  +  ^  +  ^  +  ... 

-^2       3  1^       11 

141.  Solve  {x-3y  +  3x-22^J{x'-3x+7). 

142.  The  number  of  soldiers  present  at  a  review  is  such  that 
tliey  could  all  be  formed  into  a  solid  square,  and  also  coidd  be 
formed  into  four  hollow  squares  each  four  deep  and  each  con- 
taining 24  more  men  in  the  front  rank  than  when  formed  into  a 
solid  scpiare  ;   find  the  whole  numbei*. 

17 

143.  Solve  6a;''-a;y-12/  =  0,       x'  +  ^y'^j^. 
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144.  If  the  speed  on  a  railway  is  20  miles  an  houi-  it  is  found 
that  the  expenses  ai-e  just  paid.  If  the  speed  is  more  than  20 
miles  an  liour  the  increase  of  the  receipts  is  foxind  to  vary  as  the 
increase  of  the  velocity,  while  the  increase  of  the  cost  of  working 
is  found  to  vary  as  the  square  of  the  increase  of  the  velocity  ;  at 
the  rate  of  40  mUes  per  hour  the  expenses  are  just  paid  :  find  the 
velocity  at  which  the  profits  will  be  greatest. 

145.  Shew  that  the  number  p^  +  lOp^  +  107^^+  ...  +  10>,_  is 
divisible  by  1 3  if  the  following  expression  is, 

Po  -  lh+l\  -  •••  -  3  (;?,  -p^  +  p^-  ...)  -  4  {p,-p,  +p,  -...)• 

146.  If  s  be  the  sum  of  an  odd  number  of  terms  in  geome- 
trical progression,  and  s'  the  sum  of  the  series  when  the  signs 
of  the  even  terms  are  changed,  shew  that  the  sum  of  the  squares 
of  the  tei'ms  will  be  equal  to  ss'. 

147.  If  there  be  ?^  straight  lines  lying  in  one  plane,  no  three 
of  which  meet  at  a  point,  the  number  of  polygons  of  n  sides 
which  can  be  formed  by  taking  one  of  the  segments  of  each  of  the 

straight  lines  is  ^  n  -  1. 

148.  Shew  that  2^.48.  8^.  16^. ..  =  2. 

149.  Find  the  coefficient  of  x*  in  the  expansion  of 

{l+x-x'-3x'-xY'. 

150.  Shew  that  if  the  logarithms  ofn  quantities  with  respect 
to  71  bases  in  geometrical  progression  be  all  equal  they  will  also 
be  equal  to  the  logarithm  of  the  ratio  of  any  one  among  these 
quantities  to  the  preceding  quantity,  with  respect  to  the  common 
ratio  of  the  progression  as  base. 

151      Solve  ^(^^-^)      9(x--l)_2(3.^-2)      3(x-2) 

2a; +1  3a; +  1  2a;  +  3  a;  -  1     ' 

152.  Shew  that  if  a  quadratic  equation  be  satisfied  by  more 
than  two  values  of  the  unknown  quantity  the  equation  is  an 
identity.     Apply  this  property  to  establish  the  identity 

a'(x-b){x-c)      ¥  {x  -c){x-  a)      c' {x  -  a)  {x~h)  _    , 
(a  ~h){a-  c)  {b  -  c)  (b  -  of        (c  -  a)  {c  -  b)    ~ 
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153.  Solve  {x'  +  9/-)-  =  6,    (x'-2/')^=l. 

154.  Bronze  contains  91  per  cent,  of  copper,  6  of  zinc,  and 
3  of  tin.  A  mass  of  bell-metal  (consisting  of  copper  and  tin  only) 
and  bronze  fused  together  is  found  to  contain  88  per  cent,  of 
copper,  4'875  of  zinc,  and  7 "125  of  tin.  Find  the  proportion  of 
copper  and  tin  in  bell-metal. 

155.  Shew  that  the  sum  of  the  products  of  the  first  ?i  natural 

.  1        ,  .  .       .     (^-  l)n(n  +  l)(3n  +  2) 

numbers  taken  two  and  two  tocfether  is  ^ — ^— -; — — . 

24 

156.  Four  numbers  are  taken,  the  first  three  in  G.  P.,  and  the 
last  three  in  H.  p. ;  again  four  numbers  are  taken,  the  first  three 
in  H.  p.,  and  the  last  three  in  G.  P.  :  shew  that  if  the  first  two 
numbers  are  the  same  in  each  set  the  last  of  the  first  set  will  be 
less  than  the  last  of  the  second. 

157.  Find  the  number  of  different  arrangements  that  can  be 
made  of  bars  of  the  seven  prismatic  colours,  so  that  the  blue  and 
the  green  bars  shall  never  come  together. 

158.  If  (5  J2 +  7)'"  =  n  + a,  where  m  and  oi  are  positive  in- 
tegers and  a  less  than  unity,  shew  that  a  (ii  +  a)  =  1,  if  m  be  odd, 

159.  Find  the  coefficient  of  x*  in  the  expansion  of 

(l-2a;+  3«''-4rc'+  ...)-l 

160.  If  the  whole   number   of  persons   born   in   any  month 

be   — --  of  the  whole  population  at  the  beginning  of  the  month,  and 

the  number  of  persons  who  die  -—^ ,  find  the  niimber  of  months 

600 

in  which  the  population  will  be  doul)led. 

Given  log  2  =  -3010300,  log  3  =  -4771213,  log  7  =  -8450980. 

161.  Solve  x*+\^2{l  +  x)\ 

162.  A  and  B  run  a  race  round  a  two  mile  course.  In  the  first 
heat  Jj  reaches  the  winning-post  2  minutes  before  A.  In  the  second 
heat  A  increases  his  speed  2  miles  an  hour,  and  £  diminishes 
liis  l)y  the  same  quantity  ;  and  A  then  reaches  the  winning-post 
2  minutes  before  B.      Find  at  what  rate  each  ran  in  the  first  heat. 
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,„„      „,           x  +  3y  +  5      Zx  +  y  +  i 
1G3.     Solve       ^  "--  + ^^— r-  =  4, 

X+  7/  +  L  03  +  2/-! 

(a3  +  2y)°  +  (y  +  2a;)^  =  5  (a;  +  y)^  +  4?/. 

164.  Solve  '■ r= — - — =■ -=x  +  y  +  z. 

'I/  +  Z  +  1      z  +  x      x  +  y-l 

165.  Shew  that  the  number  2)^+  10p^  + 10y_^+  ...  +  I0"p^  is 
divisible  by  101  if  the  following  expression  is, 

Po  +  10^^.  -  (p2  +  ^Op,)  +  {p,  +  lOp^)  -  .... 

166.  If  a,  h,  c  be  three  quantities  such  that  a  is  the  arith- 
metical mean  betwe(^n  b  and  c,  and  c  the  harmonical  mean  between 
a  and  b,  shew  that  b  is  the  geometrical  mean  between  a  and  c  : 
and  compare  a,  b,  c. 

167.  In  a  plane  there  are  m  straight  lines  which  all  pass 
through  a  given  point,  n  others  which  all  pass  through  another 
given  point,  and  p  others  which  all  pass  through  a  third  given  point : 
supposing  no  other  three  to  intersect  at  any  point  find  the  number 
of  triangles  formed  by  the  intersection  of  the  straight  lines. 

168.  If  «,  =  r-(r-l)?t4-(r-2)''^''~^^ 

-(.-sr^-^H^-^), 


to    r   terms,    shew    that    a,  =  (-l)"a„_^    if  r  be  less  than   n-\, 
a  =  0  if  ?•  be  greater  than  n  —  \,  and  a^_j  =  (—  1)". 

169.  Find  the  coefficient  of  a;"  in  the  expansion  of 

{l  +  2x-2>x'-  x*f. 

170.  Given  log,^  2  - -30103,  find  log^^SO. 

1        _i       4 

171.  Solve  x'^  ■¥  X  ^  ■=  T-.5  {x  +  x  '). 

L  O 

172.  If  a  and  /3  are  the  roots  of  the  quadratic  ax^ +  bx  +  c  =  0, 
form  the  quadi-atic  whose  roots  are  {a  +  /?)"  and  (a  —  (^y. 

173.  Solve    9,  J{x'-y')  =  x+Qy, 

X*  +  2x^y  +  2/^  +  a;  =  2a;*  +  2xy  +y  +  506. 
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174.  A  and  B  engage  to  reap  a  field  in  12  days.  The  times 
in  which  they  could  separately  reap  an  acre  are  in  the  propoiiiion 
of  2  to  3.  At  the  end  of  6  days,  as  they  find  they  cannot  finish 
the  work  in  the  stipvxlated  time,  they  call  in  C  and  finish  it  with 
his  help.  The  time  in  which  A  and  C  together  could  have  reaped 
the  field  is  to  the  time  in  which  B  and  C  together  could  have 
reaped  it  as  7  is  to  8.  Find  in  how  many  days  the  field  would 
have  been  reaped  if  G  had  worked  from  the  fii'st. 

175.  A  ti'adesman  has  eight  weights,  two  of  1  oz.  each,  two 
of  5  oz.  each,  two  of  25  oz.  each,  two  of  125  oz.  each  :  shew  that 
he  can  weigh  with  a  paii'  of  scales  any  integral  niimber  of  ounces 
from  1  up  to  312. 

176.  Find  four  numbers  in  geometrical  progression  so  that 
theii-  sum  may  be  15,  and  the  sum  of  their  squares  85. 

177.  Out  of  2n  men  who  have  to  sit  down,  half  on  each  side 
of  a  long  table,  p  particular  men  desire  to  sit  on  one  side  and  q  on 
the  other  :  find  the  number  of  ways  in  which  this  may  be  done. 

178.  Shew  that  the  coefiicient  of  x^'  in  the  expansion  of 
(9a^  +  &ax  +  4.x')-'  is  2'-  (?,ay-\ 

179.  Shew  that  the  series  m^  +  m^  +  ...  +  m„  +  ...  is  convergent 

if  from  and  after  a  certain  term  the  value  of  (m„)"  is  always  less 
than  some  finite  quantity  which  is  itself  less  than  unity,  and 
divergent  if  the  value  is  unity  or  greater  than  unity. 

1  1  1 


180.     Shew  that  1  - 


2(n+l)      2.3(?i+l)''      3.4(w+lf 


=  loL'  I  1  H —  I  .      Hence  shew  that   (In —  )    increases  with  n. 

181.  Solve  9a;'  +  4a;'=l+12a;\ 

182.  Three  persons  -4,  B,  C,  whose  ages  are  in  geometrical 
progression,  divide  among  them  a  sum  of  money  in  amounts 
proportional  to  the  ages  of  each.  Five  years  afterwai'ds  when  G 
is  double  the  age  of  A  they  simOarly  divide  an  equal  sum ;  ..1  now 
received  £17.  10s.  more  tlian  before,  and  B  £'2.  10s.  more  than 
before.     Find  the  sum  divided  on  each  occasion. 
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183.  Solve  (^y.  (I)*- 1  =  ^-^,      J^.,M  =  7S. 

184.  1{  X  -  cy  +  bz,  1/  =  az  +  ex,  z  =  hx  +  ay  ,  shew  th;it 

X  y  z 

and  find  tlie  relation  between  a,  b,  and  c. 

185.  Shew  tliat  in  the  scale  with  radix  nine,  every  number 
which  is  a  perfect  cube  must  end  with  0  or  1  or  8. 

186.  Find  the  sum  of  the  products  which  can  be  formed  by 
multiplying  together  any  three  terms  of  an  infinite  G.  p. ;  and  shew 
that  if  this  sum  be  one-third  of  the  sum  of  the  cubes  of  the  terms 

•     •     1 
the  common  ratio  is   -  . 

187.  A  vessel  is  filled  with  a  gallons  of  wine,  another  with 
b  gallons  of  water ;  c  gallons  are  taken  out  of  each ;  that  from  the 
first  is  transferred  to  the  second,  and  that  from  the  second  to  the 
first ;  this  operation  is  repeated  r  times  :  shew  that  the  quantity  of 

■wine  in  the  second  vessel  will  be r  (1  —  ;/)  where  »  =  1 -= . 

a  +  b  a     0 

\  +  2x 

188.  By  comparing  two  expansions  of -:j 5-,  shew  that 

/     n--!       q     ,  (3;.-l)(3»,-2)      ^n-^^i-J)(^n-^ 
(-1)  -i-6n+  ^  -  .^ 

(3rt  -  3)  (3?^  -  4)  (3«  -  5)  (3w  -  6) 


li 

where  n  is  any  positive  integer,  and  the  series  stops  at  the  first 
term  that  vanishes. 

189.  Determine   whether  the  following  series  is  convergent 

1        12  [3  14 

or  divergent  :    1  +  -x+  -^^x'  +  -r^x^  + '^.x*  +  ... 
23-4  5 

190.  If  log  ^ 3  be  expanded  in  a  series  of  powers 

3       1 

of  X,    shew  that  the  coefficient  of  x"  is   -  or  -  according  as  n  is 

n        n 

even  or  odd. 
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191.  Solve  (1  +  x'Y  =  2ax  (1  -  x'). 

192.  Shew  that  if  x,  y,  z  are  real  quantities 
x\x-y)  {x-z)  +  if  {y-z) {y-x)  +  z' (z-x)  (z-y) 

cannot  be  negative. 

193.  Solve  x^  +  y'  +  1  =  iivxy  —  0!?y',    xy  {n~x -  y)  =x-  n^y. 

194.  Shew  that  the  equations  ax+by+cz=0  and  ax^+by'^+cz^=0 

will    be    satisfied    by   taking =  —^ —  =  , — ^— -„  •    where 

^   1  -bv       1+av       1  +  abv  ' 

a  +  b  +  c  +  abcv'  =  0. 

195.  In  Art.   458  we  arrive  at   an   A.  p.    of  which  the  first 

temi  is  —  -—  4-  ^r-^  and  the  common  difiference  is   -. :  shew  that 
q      2q      2q  (f 

if  this  be  arranged  in  groups  of  q  terms  each,  the   m^^  group  is 

equal  to  the  m""  term  of  the  a.  p.  of  which  the  first  tei-m  is  a  and 

the  common  difierence  is  b. 

196.  The  fi.rst  term  of  a  certain  series  is  a,  the  second  term 
is  6,  and  each  subsequent  term  is  an  arithmetic  mean  between  the 
two  preceding  terms  :  shew  that  the  Vb"^  term  is 

|(6-a){l-(-l)""'}  +  .. 

197.  If  all  the  permutations  of  n  things  a,  b,  c,  ...I  taken 
all  together  be  formed,  and  from  any  permutation  as   aba  ...  I  he 

formed  the  fraction  — j^-. j r -, .  shew  that 

a{a  +  b){ci  +  b  +  c)  ...  (a  +  b  +  ...I) 

the  sum  of  all  these  fractions  is 


abc  ...  r 

1 98.  Shew  that 

n^x      ^n{n-\)y         ,  n  (m  -  1)  (h- 2) )- 

-n^.-YU^''^''-^^      ^        ,  n{n-\){n-2){n-Z)      x^  \ 

199.  Determine  whether  the  following  series  is  convergent 


/3'      3\-'      /4'     4\-^      /5*     5\-' 
divergent:  ^^-^  "  3 j      +  (3^^  "  3 j      ^(4^-4; 


T.   A. 


S^ 


562  MISCELLANEOUS   EXAMPLES. 

200.  It"  71  is  any  positive  integer,  find  tho  value  of 

201.  Multiply  out  (1  -  ck)  (1  -  a;-)  (1  -  cc')  (1  -  x*)  {I  -  x') ;  and 
find  the  form  of  the  series  up  to  tc'^  when  the  number  of  factors  is 
infinite. 

202.  Shew  that 

/ Ls     ,1 X — r uT^  =(a  +  b)(b  +  c)  (c  +  a). 

{a  -  bf  +  {b  ~  c)'  +  (c  -  ay  ^  '^         '  ^         ' 

203.  Sliew  that  money  "will  increase  fifty-fold  in  a  century 
at  4  per  cent,  per  annum  compound  interest,  having  given 
log  2  =  -301030,  log  13  =  1-113943. 

204.  Shew  that  J]/ViJ)  =  p  +  --    —    J-  -i-  Ji^  ... 

1  +  ^+1  + ;j+l  + 

205.  Find  the  number  of  ways  in  which  a  substance  of  a  ton 
weight  may  be  weighed  by  weights  of  9  lbs.  and   14  lbs. 

206.  If  -p\ 9~a7i e)~. ^  be  expanded  in  ascending  powers 

of  X,  find  the  general  term. 

207.  If  n  is  a  positive  integer,  and  x  a  positive  proper  fi-actiou, 

1  —  o;'"^'  .  1  -  x" 

shew  that  -—  is  less  than  . 

n+\  n 

208.  Shew  that  n^  -  in^  +  5n^  -  27i  is  divisible  by  12  for  all 
values  of  n  greater  than  2. 

209.  From  a  bag  containing  10  counters,  3  of  which  are 
marked,  5  are  to  be  drawn  ;  and  the  drawer  is  to  receive  a  shilling 
if  in  his  drawing  the  tlii'ee  marked  coimters  come  out  together  : 
find  the  value  of  his  expectation. 

210.  Determine  whether  the  following  series  is  con^-^rgent  or 

1       2^      3^ 
divergent :   1  +  -^  +  ^.,  +  —  +  . . . 
o  2-      y      4^ 

211.  If  the  square  of  the  sum  oi  n  real  quantities  is  equal  to 
times  the  sum  of  their  products  taken  two  and  two  together, 


n-\ 

the  n  quantities  are  all  equal  to  one  another. 
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212.     Shew  that 

25  {{b  -  cy  +  {c-  ay  +  {a  -  by]  {{b  -  cf  +  (c  -  ay  +(a-  by\ 

=  21  {{b-cy  +  {c-  ay  +  {a  -  by}\ 

21.3.  If  a  man  48  years  old  can  buy  an  aniiiiity  of  .£150  a 
year  for  £1812.  16s.,  interest  being  reckoned  at  5  per  cent.,  deter- 
mine what  is  considered  the  expectation  of  life  at  48.  Having 
given  that  log  2  = -3010300,  log  3  = -4771213,  log  7  = -8450980, 
log  1-1872- -0745239. 

V  fJ^  + 1 

214.  If  —  denote  the  r""  conversjent  to    '^^ ,  shew  that 

1r  °  2 

215.  Find  the  jDroper  fractions  which  satisfy  the  condition 
that  the  sum  of  five  times  the  numerator  and  eleven  times  the 
denominator  shall  be  1031. 

216.  Shew  that  if  n  be  a  positive  integer,  and  x  such  that 
no  denominator  vanishes, 

_1 n      1  n(n-l)      1 (-1)" 

a;+l       la;  +  2  1.2       x  +  3      '"      x  +  n  +  1 

\n 


{x+\){x+  2)  ...  {x  +  n+  1 )  ' 

217.  If  2^  be  a  positive  proper  fraction,  and  a  and  b  positive 
quantities,  shew  that  {a  +  bf  a'"''  is  less  than  a  4-p6. 

218.  If  3,  or  5,  or  7,  or  9  be  raised  to  any  power,  shew  that 
the  digit  in  the  tens'  place  is  always  even  ;  if  6  be  raised  to  any 
power,  shew  that  the  digit  in  the  tens'  place  is  always  odd. 

219.  There  are  three  balls  in  a  bag,  and  it  is  not  known  how 
many  of  tliese  are  black ;  a  person  draws  a  baU  from  the  bag  and 
i-eplaces  it ;  this  is  done  three  times  :  if  every  drawing  gave  a 
lilack  bull  find  the  chance  that  all  the  balls  are  black. 

220.  If  .7;=v  +  - ...   shew  that  V  =  a;  -  7, ^ — ... 

•^      2y+  2y+  "^  2x-  2x- 

V  +  G^-a*      c'  +  a'-6*      a'  +  V-c^ 

221.  If ^, +  — . + H-T =  1,     shew    that 

26c  2ca  2ab 

two  of  the  three  fractions  on  the  left-hand  side  must  be  equal  to 
1,  a!id  the  other  to  —  1. 

36—2 
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222.  Solve  yz  +  zx  +  xy  =  a^  -  x"^  =  ¥  -y^  =  c^  -  ^^ 

223.  If  ^  years'  purchase  miist  be  paid  for  an  animity  to  con- 
tinue a  certain  number  of  years,  and  q  years'  purchase  for  an 
annuity  to  continue  twice  as  long,  find  the  rate  per  cent. 


224.  Convert      /  |  a'  +  .    j  into  a  continued  fraction. 

225.  Resolve  2a;^  -  21a;?/  -  1  \y'  -  x  +  3iy  -  3  into  rational 
factors  of  the  first  degree. 

22 G.  Shew  that  a  recurring  series  whose  scale  of  relation  is 
l—2)x  —  qx^  is  convergent  or  divergent  according  as  x  is  numeri- 
cally less  or  greater  than  the  numerically  least  root  of  the  equation 
\—j)x-  qx^  -  0  :  the  roots  being  supposed  real. 

227.  Shew  that  if  all  the  letters  denote  positive  quantities 
and  j-J  ,  2^2 J  Ih  ■■•  ^^'^^  ^hy  "2?   c's)  •••  ^i"e  both  in  ascending  or  both 

„  -1      Pi^h'  +  Pi'^i'  +  ■■■  +  p  a,  ^    . 

in    descendmg    order    01    magnitude,    "^-^    is 

2h  +  Pa  +  •••  +Pn 

,        /«,  4-  ^2  +  ...  +  a, 
gi'eater  than 


228.  If  rt"  4-  b'  =  c',   and  a,  b,  c  are  integers,  shew  that  one  of 
them  is  divisible  by  5. 

229.  A  number,  oi  n  digits,  is  wi-itten  down  at  random:  shew 
that  whatever  be  the  value  of  n,   provided  it  be  given,  the  chance 

that  the  number  is  a  multiple  of  9  is  - . 

230.  If  n  be  any  positive  integer,  shew  that  the  integer  next 
greater  than  (3  +  Jo)"  is  divisible  by  2". 

231.  If  the  two  expressions  x^+jjx^+qx+r  and  x^+p'x^+q'x+r' 

.  r  —  T      p'r—pr       q'r  —  q7-' 

have  the  same  quadratic  factor,  then ;  = f-  = —  . 

P~P         9~9  r-r 

232.  Shew   in  the  preceding  Example  that  the  tliiixl  fiictors 

are  x  +    ^  r  and  x  +   — —,  r'  res])ectively  :   and  that  the  quad- 

r  —  r  r  —  r 

q  —  q'  r  —  r' 

ratic  factor  is  a;  4- -,  x  + 


p-v       p-p 
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233.  The  present  value  of  an  annuity  of  £100  on  the  life  of  a 
person  aged  21  is  by  the  Carlisle  Tables  of  mortality  £2150, 
interest  being  at  3  per  cent.  If  out  of  every  10  children  bom  6 
reach  the  age  of  21,  find  what  sum  ouglit  to  be  paid  down  immedi- 
ately on  the  bii-th  of  a  child  in  order  to  secure  it  an  annuity  of 
£100  on  its  reaching  21,  the  deposit  being  forfeited  if  the  chUd 
dies  previously.  Having  given  log  43  =  1-6334:7,  log  2  =  -30103, 
log  103=  2-01284,  log  1155  =  3-0628. 

234.  Convert  /  ff*'  —  )  i^i^  ^  continued  fraction,  ?i  being 
gi-eater  than  unity. 

235.  There  is  a  number,  of  two  digits,  which  if  its  digits  be 
reversed  becomes  less  by  imity  than  its  half:  find  the  number. 

236.  Shew  that  if  w  be  a  positive  integer,  and  x  such  that 
no  denominator  vanishes, 

1  n  n(n—  1) 

^cTl  ~  {x+  l)(a;  +  2)  "^  {x  +  1)>  +  2)  (a;  +  3')  ~  ■■' 

+  (-1)"^  1 


(X+I)  {x+2)  ...   {X+  il +  1)        33  +  71+1' 
«+l  n-l 

237.  Shew  that  a;"  -  1  is  gi-eater  than  n{x  '  -  «  ^  )  if  n  is  any 
positive  integer,  and  x  any  positive  quantity  greater  than  unity. 

238.  In  the  successive  powers  of  4  shew  that  the  digit  in 
the  tens'  place  is  alternately  even  and  odd ;  in  the  successive 
])owers  of  2  and  of  8,  shew  that  there  are  alternately  two  even 
digits  and  two  odd  digits. 

239.  A  digit  from  2  to  9  inclusive  is  taken  at  random,  and 
raised  to   a  high  power  :  shew  that  the  chance  that  the  digit  in 

the  tens'  place  is  odd  is  :r3  • 

ID 

240.  Determine     whether     the    series    whose    w"*    term    is 
2n'  +  3n  +  2 


is  convergent  or  divergent. 


(n+l)(n  +  2)(n+3) 

241.  A  series  a^,  b^,  a„,  b„,  ...  is  foimed  in  the  follo-ndng 
way  :  a  is  an  arithmetical  mean  between  a,  and  6„_,,  and  b^^  is  an 
harraonical  mean  between  b^  and  a„_i.     Shew  that  a^b^^  =  a^by. 
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242.  Sliew  that  the  following  equations  are  either  incon- 
sistent or  insufficient  for  determining  the  values  of  x,  y,  and  z : 

x'  —  a^  =  zx  +  xy  —  yz,   y"  —  h'  =  xy  +  yz  —  zx,   ^  —  c^  —  yz-^  zx-  xy. 

243.  A  person  starts  with  a  certain  capital  which  produces 
him  4  per  cent,  per  annum  compound  interest.  He  spends  every 
year  a  sum  equal  to  twice  the  original  interest  on  his  capital. 
Find  in  how  many  years  he  will  be  ruined.  Having  given 
log  2  =  -3010300,  log  13  =  1-1139434. 

244.  Convert  *  /  ( f^'"  -i ^— ~  )  "^'to  ^  continued  fraction. 

245.  A  farmer  laid  out  &'lb  in  buying  sheep  at  ^1.  10s. 
a  piece,  and  bullocks  at  <£5  a  piece  :  find  how  many  sheep  and 
bullocks  he  bought. 

246.  By  comparing  the  coefficients  of  the  various  powers  of 

a;,  shew  that 

1  /-.        \«  **         /I        \..-i  n{n-\) 

-  (1  -  a;  "  + z-    1  -  xf     +  — \,  -    — ^,  (1  -  a.-)"  '  +  •• . 

1  n  x  n{n—\)  x^ 


m  —  n      1  '  ??^  —  '?^  +  1  1.2       ??i  —  ?z  +  2        "  ' 

n   being  a    positive    integer,    and    in   such   that  no   denominator 
vanishes. 

247.  If  all  the  n  letters  o,  h,  c  ...  k  denote  positive  quanti- 
ties,   shew    that    «(«'■""*  + 6" *"  + c" "■*+...+ X;^"-*)  is    greater    than 

(a^  +  b"  +  c^+  ...  +  A;")  (a*  +  Z>'  +  C  4-  . . .  +  X,-"). 

248.  If  w  be  a  prime  number,  and  N  not  divisible  by  n, 
shew  that  iV"  —  1  is  divisible  by  w"" ;  where  m  stands  for  7i'  —  Vb~^. 

249.  A  box  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  not  either  a  .£5,  a  XI 0,  or  a  X20  note; 
one  is  drawn,  found  to  be  a  X5  note,  and  replaced  :  determine  the 
value  of  another  draw. 

250.  Apply  the  process  of  Synthetic  Division  to  divide 
aj*  +  3a;^  —  1 2a;  +  4  by  a;'  —  4a;  +  12  as  far  as  the  term  involving  x~^  ; 
and  give  the  remainder. 

251.  Solve  x^y  +  x  —  xy  +  x^y^  -  iy  +  A,  xy  +  1  =  3xy'  —  x^y^. 
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252.  There  are  two  numbers  a  and  h  :  it  is  required  to  find 
n  intermediate  niimbers  a^,  a,,  ...«,,  so  that  a^  —  a,  a^—  a^,  a^—  a^, 
...  b  —  a^,  may  be  in  arithmetical  progression  with  the  common 
difference  d.     Find  also  the  livnits  between  which  d  must  lie. 

253.  When  the  3  per  cents,  are  at  88,  the  sum  of  £100  is 
given  for  a  pei'petual  annuity  of  £3  per  annx;m,  and  an  annuity 
terminable  in  30  years  :  supposing  the  value  of  money  to  be 
fixed  by  the  price  of  the  3  per  cents.,  find  the  amount  per 
annum  of  the  terminable  annuity.  Havmg  given  log  1"1  =  -04139, 
log  1-3  =  -11394,  log  2  = -30103,  log  7  = -84510,  log  3-658  = -50320. 

254.  If  -=^^'  ,    — ,       —    be  three  successive  convergents  to 

J{(C  +  1),  shew  that  2  (a"  +!)'?„  =  ;^„_i  +p„+i,  '^p,,  =  q„_i  +  7„+i- 

255.  A  boy  laid  out  a  shilling  in  biiying  apples,  pears,  and 
peaches ;  the  apples  were  five  for  a  penny,  the  pears  were  one 
penny  each,  and  the  peaches  were  twopence  each,  and  he  got  a 
dozen  in  all  :  find  how  many  of  each  kind  of  friiit  he  bought. 

256.  If  '^——^-^———  be  expanded  in  powers  of  x,  shew  that 

(i-„)(i-f) 

, ,  ^  .      .     f    „  .    (i  +  bc-  {ac  +  b)c-"^' 

tlie  coefncient  oi  x   is -jz. 5t . 

c"(l-c-) 

257.  Shew  that   {n]'   is    less    than  |(**jtJ:l  (^^±^|  ,    and 

that  {\nY  is  less  than  j^(^+l)T 
-  (        4        j 

258.  If  n  be   a  prime  number,  and  N  not  divisible  by  n, 

shew  that  ^"^  +  1  or  N"'  -  1  is   divisible  by  ?i^ ;  where  m  stands 

-      n(n—\) 
for  -^^ — ^. 

259.  A  number  taken  at  random  is  squared.  Shew  that  it 
is  an  even  chance  that  tlie  digit  in  the  units'  place  of  the  result 
is  an  even  number,  that  it  is  4  to  1  that  the  digit  in  the  tons' 
place  is  an  even  number,  and  that  it  Ls  59  to  41  that  the  next 
higher  digit  is  an  even  number. 
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^r,r.         -r  1  •  ,.(l+CX)    (1+C'X)(1+C^X)    ...  , 

260.   In  the  expansion  ot  ' ~z s—ntt »-;       ,  the  niim- 

^  {1-cx)  {l-c^x){l-G^x)  ...' 

ber  of  ftictors  being  infinite,  and  c  less  than  unity,  .shew  that  the 

^  .     ^     „    ^  .      ,(l  +  l)(l+c)(l  +  c^)...(l+c'-') 

coemcient  ot  a;'^  is  c'  ',, \\^ „,\^  — 3^-/1 —  r\   • 

(l-c)(l-c-)(l-c=')...  (l-cO 

201.  If  a  and  13  are  the  roots  of  the  equation  aoif  +  bx+  c  =  0, 
find  the  vahie  of  a''  +  a/S'  +  jS*. 

262.      If  the  tn^^  term  of  a  series  in  harmonical  progression  be 

n,  and  the  n^^  term  be  m,  then  the  r^^  tei'in  will  be 

r 

203.  The  first  term  of  a  certain  series  is  a,  the  second  term 
is  b,  and  each  subsequent  term  is  a  geometrical  mean  between 
the  two  preceding  :  shew  that  as  n  increases  the  Ji""  term  tends 
to  the  value   l/{cdf). 

204.  If  ^  be  a  proper  fraction  shew  that  it  may  be  expressed 

a       1         1             1                           1  , 

thus  :    7-  = 1 i h  . . .  +  ,  whei-e  o, ,  q„,...q   are 

b     '?!    q,q.    q.q^q^  q,q.2---qn  '     ^" 

positive  integers.     Take  for  example  s-  • 

205.  The  diameters  of  two  coins  are  "81  and  "006  inches 
respectively :  find  the  smallest  niimber  of  coins  which  can  be 
placed  in  a  row  of  9  feet  long.  Find  also  the  smallest  sum  of 
money  which  such  a  row  can  be  made  to  represent,  supposing  that 
the  value  of  the  larger  coin  is  twice  that  of  the  smaller. 

266.  Shew  that  the  diflference  between  any  two  consecutive 
odd  convergents  to  J{a^  +  1 )  is  a  fraction  whose  numerator  is 
divisible  by  2a. 

267.  In  a  geometrical  progression  of  which  all  the  terms  are 
positive  the  arithmetical  mean  of  the  extremes  is  greater  than  the 
arithmetical  mean  of  all  the  terms. 

208.  If  a^  +  }/  —  c^,  and  a,  b,  c  are  integers,  shew  that  abc  is 
divisible  hj  60  ;  and  that  if  a  is  a  prime  number  greater  than  3, 
then  b  is  divisible  by  12. 
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269.  There  are  n  tickets  in  a  bag  numbered  1,  2,  ...  w.  A 
man  draws  two  tickets  together  at  random,  and  is  to  receive  a 
number  of  shillings  equal  to  the  product  of  the  numbers  he  draws  : 
find  the  value  of  his  expectation. 

270.  If  ^  be  the  present  value  of  an  annuity  of  £1  on  the 
life  of  an  individual,  shew  that  in  order  to  receive  £P  at  his  death 
the  payment  to  be  made  immediately  and  repeated  annually  during 

P        AP 

his  life  is   ^ ,  where  7?  is  the  amount  of  £1  in  one  year. 

971       If  a;(y  +  ^-x)  _3/(g+a;-y)^g(a;  +  y-g) 
log  a;  logy  logs 

shew  that  y'z^  =  stfz'  =  od'if. 

272.     Solve  jW+a^YiifVl?)  +  J{x' +  b')  (i/' +  a')  =  {a  +  bf, 

x  +  y  —  a  +  b. 
'2'i'i.      Find  a  series  of  square  numbei-s  which  when  divided  by 
7  leave  a  remainder  4. 

274.  If  ■^  be  the  ?i*  converging  fraction  to  J{a'  +  1),  shew 
that  —  =  Jia  +  1 ) 7  ,--  „    —     . 

27.^5.      Expand    y- ^   ,,^~    ,„    ,    in    a    series    of    ascending 

^  (1  +  3.x)-  (1  -  lO,c) 

powers  of  x. 

276.  Find  the  scale  of  relation  in  each  of  the  following  series  : 

l+4:x+  18a;'  +  SOa;"  +  356a'  +  ... 

1  +  2a;  +  3x'  +  8a;'  +  13a;''  +  SOx'  +  55a;''  +  . . . 

277.  If  S  be  the  sum  of  the  m""  powers  of  the  n  positive 
quantities  a,  b,  c,  ...  k  ;  and  P  the  sum  of  the  products  of  the 
quantities  m  together ;  shew  that  \n-l  S  is  greater  than 
\n  —  m  Wn  P. 

278.  If  n  be  a  prime  number  greater  than  2,  shew  that  any 
number  in  the  scale  whose  radix  is  2)1  ends  witli  the  same  digit  as 
its  n^^  power. 
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279.  A  bag  contains  5  coins,  and  it  is  known  that  they  can 
be  nothing  but  shillings  oi*  sovereigns  ;  two  sliillings  are  drawn 
together,  and  are  not  replaced  :  determine  the  value  of  another 
draw  of  two  coins. 

280.  If  n  be  a  positive  integer,  and  m  such  that  no  denomi- 
nator vanishes,  shew  that 

1  /I        x-  *^         /I        NT.  1  n(n- 1)  ,,       ,„  „ 

7)1  m  (711  +1)  m  (m  +  1)  (rn  +  2)  ' 

_/l/1    _      \«_  ^  /I  x„_,  7l{7^-\)  I 

W       ""^      7n{m+l)^       ""'      "*'m(m,4-l)(m  +  2)^     ""'         ■••] 

\7ll  +  7l~  \.  (wt  +  ?i  -  3)  ,3  j  " 

x^  —  2.'B  —  3 

281.  Determine  the  limits  between  which  -— -; — ^ ;-  lies 

zx'  +  2a;  +  1 

for  all  real  values  of  x. 

282.  Solve  X-  +  y-  a'',     {x'  +  i/y  +  (2x7/)-  -  h. 

P 

283.  If  — "  be   the  11'''  convergent  to  the   continued  fraction 

-. ; —  . . .  shew  that  p    and  q    are  respectively  the  co- 

efficients  of  a;""'  in  the  expansions  of  the  expressions  ,  -  r-7 — ^rr—^ ; 

1  —  yXO'TjijX    -{-X 

,  a  +  (ab  -^\)  x~  x^ 

^^^"  ^i — 7-1 — rrf-i r- 

l-{ab+  2)  X  +  X* 

284.  Shew  in  the  preceding  Example  that  if  A  and  /a  are  the 
values  of  x^  found  from  the  equation   1  -  [ab  +  2)  x'  +  x*  =  0  ; 


285.  Find  two  nnml)ers  such  that  the  first  may  be  equal  to 
the  product  of  tlie  digits  of  the  second,  and  also  less  by  100  tlian 
twice  the  second. 

286.  If  A^  denote  the  value  of  an  annuity  to  last  during 
the  joint  lives  of  ni  persons  of  the  same  given  age,  shew  that  the 
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value  of  an  equal  annuity  to  continue  so  long  as  there  is  a  sur- 
vivor out  of  n  persons  of  that  age  may  be  found  by  means  of 
tables  giving  the  values  of  A^  from  the  formula 

.       n(n-V)    .       n  (n  -  \)  (n  ~  2)   .  . 

nA^  -  ^^ — ^  A^  +  -^ ^ '  A,~...  ±  J„. 

287.  If  cc,  ?/,  z  be  real  quantities,   shew  that 

a'  {x  -7j){x-z)  +  h"-  {y  -  x)  {y-z)  +  c"  (z  -x)(z-  y) 
cannot  be  negative  ;  provided  that  any  two  of  the  three  quantities 
a,  b,  c  are  together  greater  than  the  third. 

288.  Shew  that  any  square  number  is  of  one  of  the  forms 
5m  or  5m  ±1.  Shew  that  tv'  —  n  is  always  divisible  by  30;  and 
if  n  be  odd  by  240. 

289.  A  bag  contains  n  balls,  but  nothing  is  known  about 
their  colours.  A  ball  is  drawn  out  and  found  to  be  black  ;  it 
is  replaced,  and  then  a  second  draw  is  made  with  the  same  result : 
supposing  the  ball  drawn  the  second  time  to  be  replaced,  shew 
that  it  is  3/1  +  3  to  «.  —  1  in  favour  of  a  third  draw  giving  a 
black  ball. 

290.  If  a;  is  a  proper  fraction  and  p  positive,  shew  that  ?i''a;" 
is  indefinitely  small  when  n  is  indefinitely  great. 

291.  If  1,  a;,  a;^  and  1,  y',  y^  be  each  in  h.p.,  shew  that 
—  y'l  Vi  ^)  ^  ^'^Si  be  in  A. p.,  and  that  their  sum  will  be  x^  +  y^, 
supposing  .T  +  2/  not  to  be  zero,  and  x  and  y  not  to  be  unity. 

292.  Shew  that  IV  +  ?>-r~  +  5 V  +  . ..  +  (2w  -  1)"  r" 

_  r(l  +  6r  +  r°)-{(27^-l)(l  -r)  +  2}°r''^' -  4r"^' 

293.  Shew  that  if  r  be  less  than  unity  and  the  series  in  the 
preceding  Example  be  continued  to  infinity  it  will  be  convergent  : 
and  find  the  sum  to  infinity. 

294.  Find  two  solutions  in  positive  integers  of  x^  —  ly"^  =  1. 

295.  In  converting  ^N  into  a  continued  fraction  if  the  first 
two  quotients  be  each  5,  find  iV, 


572  MISCELLANEOUS    EXAMPLES. 

29G.  Shew  that  if  x  is  positive  the  least  value  of  the  fraction 
IS  when  a;  =  a. 

X 

297.  The  amount  of  fuel  consumed  by  a  steamer  varies  as 
the  cube  of  the  velocity.  She  consumes  1'5  tons  of  coal  per  hour 
at  18  shillings  per  ton  when  her  speed  is  15  miles  per  hour.  She 
costs  for  other  expenses  1 G  shillings  per  hour.  Find  the  least  cost 
for  a  voyage  of  2000  miles. 

298.  Shew  that  if  any  odd  numlier  has  an  even  digit  in  the 
tens'  place,  then  all  its  integral  powers  must  have  an  even  digit 
in  the  tens'  place. 

299.  There  are  three  tickets  in  a  bag  numbered  1,  2,  3  ;  a 
ticket  is  drawn  and  put  back  :  if  this  be  done  four  times,  shew 
that  it  is  41  to  40  that  the  sum  of  the  numbers  drawn  is  even. 

300.  Pi'ove  that  the  continiied  fraction 

111  1 

~  2~  2      2^    ' 

1^2^-3^ 

,  ^111  (-1)'-' 

where  S  =  -^ — ^  -  ^    „  + -:^ — --...+ 


1.2      2.3      3,4     ■■■     «(«+!)• 

Hence  find   the  value  of  the   continued    fraction    when  n  is 
infinite. 
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3.  (a;' -  9a;-"  +  23a; -15)  (a; -7).  4.   (3a;- 2)  (4a;'- 4a;'- a;  +  1). 

5.  (a;+lf  (a;'-l).  6.    (a;' -  y')  (a;=  -  4/).  7.    IGa;"-!. 

8.  a;(a;«-l).        9.  (a;'-4ay.         10.  (a;- 1)  (a;-2)  (a;- 3)  (a;- 4). 

11.  (a;-2)(a;-3)(.x-4)(x--5).  12.   (a;^- 1)  (a;'-9)  (a;  +  7). 

13.  a;'*— 16a^.  14.  (a;— a)  (a;— 6)  (a;— c). 

15.  {x-\-c){2x-?,b){x'-\-ax-¥).  16.  Z&{a'-¥)  {a'-hy  {a^-h""). 

VIII.    1.^.      2.^.      3.  a!-3.       4.  «  +  6.      5.  a;+l. 

a;  +  7  a;  -  5 

^    3a;- 1  ^    3a;  +  2  ^    2a;  +  3  ^  3a;+9 

U. ~  .  I  .    r-  .  O.     -r 7  .  y. 


2a;- 1'  ■   a;  +  1  ■  '  3a;-4"  '  a;*-a;^  +  6a;^-6a;+6 

10.^:1^^.     11.  ">!"-^L    12.    ,    }     ..     13.    ^"-^^' 


a;  +  5  ■           ■  a;"^  -  2a;  -  3  *  '  aj'  -  2a;  +  2  *           "  a;"  -  3a;  +  1 

14.!^l±i'.        15.       1.  16.  I(^!^|?^^.       17.44 

a                      6  -  2a;  5                             a'~o 

-  2  2a                             9 

18.  ^.          19.  _^-^-— .  20.  ^.          21. 


(4a;--  l)a;"                '    n  '  '   (a;  -  1)  (a;  +  2)- " 

09    2a; -3 ^      "^'  ~  ^^  04        -^               05    n 

"'   (a;--!)  (2a; +3)"            "  '    a;--6-'  "  '  a;  +  2  "          "  '     " 

9fl     ^"^'             97    a;'-4xy-y'  4afe                     4a 


a*  -  6^  ■               '      (x^  -  iff     '  '   {a-bf  '   a  +  x' 

30.  ^1^^.                 31.    0.  32.    0.  33.    0. 

o4 

-  .     a^'b  +  Vg  +  c^a  —  h^a  —  c'b  -  a'c  ^        „^      1  .T/.n       o-r. 

34.   ~ — — =-1.      35.  -J- .  3().  0.      3^   0. 

(6  -  c)  {c  —  a)  (a  -  b)  abc 

38.  %zi)i  .             39.   4-^ .  40.  ,^ .  42.  1^ . 

a;  (a  +  0)                       2/  (x-  +  y)  iy  x 


ax 


a'  +  b'  .^^  ,^    a"  -  ab  +  b' 


43.  -;^^.  44.  ^1-^^.          45.  2.           46.  --. ^^— =-,. 

«-  -  X  a  a,-  +  ab  +  6 

47.  -^+-.  +  1.  48.  a;'+l+    ,.     49.   ;  —,L.  oO.  ~ '- . 

a"      a  X                 [x-by  x{a  +  x) 

36  (a  +  6)  X  -  xy  +  y                   x  +y  y 

55.   1.             56.  1.             57.  a;'-a;  +  --  \.  58.  ^^L±l , 

XX  X 
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59.   .  60.  a' -  0- +  c  +  2ac.  61.  -. 

o     „    ^  r,^    x^+3ax-2a^       _,     x^—2a^        _„    ac-lxJ 

62.  a=-i^+c--2ac.     63. ^ .     64.  ^-  -  6o.  ^ 

as  +  Oft  ax  ac  +  bd 

^,  ^    rt^  +  x-  .„    hc  +  ca  +  ah  .^        a*  +  a'ft-  +  h* 

66.  — ; .  o7.   i^ ,  .  6b. T~ VT.- . 

2ax  0C+  ca  —  ao  ao  [a  —  a) 

69.  -i^^Tl:..  70.  -^^,.  71.   (^'.  Tl.«. 

V  +  c*  +  b~c'  x~  +  y-  2a-b' 

73.4^.      74.  f-^^.     75.  .fT^.      76.  ^^^l±^^. 

x*  -a*  2bc  3  (a;  +  1)  bdj  +  be  +  of 

IX.  1.   1.         2.  20.         3.  3.         4.   11.         5.  ^.       6.  13. 

7.  8.  8.   1.  9.  7.  10.  7.  11.  4.  12.  3. 

13.  5.  14.  28.  15.  2.  16.  2.  17.  3.  18.   10. 

19.   li.         20.  21.         21.  5.         22.  ^.  23.  13.  24.  9. 

25.  4.  26.  4.  27.  9.  28.  ^  .         29.  13.  30.  |  . 

31.  4.  32.  56.  33.  7.  34.  8|.  35.  4i.  36.  2fV 

37.   If.  38.   3.  39.  2.  40.   12.  41.   12.  42.  2. 

43.  3.  44.  -  2.  45.   1.  46.  1.          47.  5.  48.  ^  . 

49.31.  50.^-^.  51.  -^f=^.  5-2.  tt^,- 

^  2o  a-¥b-G-d  b  {b  +  a) 

a(\  —b')  ^  ,     a'c  +  Va  +  c'b  —  a  —  b  —  c  ^ „    ac 

53.   ^    -„— r^.  54.  ^^ .  55.  -=-. 

b{a'-l)  ac  +  be  +  ao  —  L  b 

^_     ab(a  +  b-2c)  __    rb  -  cq         ^^      ab  ^„    nb-ma 

56.     .,  \.. f  .        57.    -^  .      58.  ,  .       59. , 

a'  +  b  —  ac  —  be  pc  -  ra  a  +  0  vi  —  n 

60.  "^ .  61.  \{a  +  b  +  c).  62.  2.         63.  20.         64.  5. 

2  b 

X.  1.  £1290,  £2580.  2.  £120,  £300.  3.  £5. 
4.  £140.  5.  28,  18.  6.  38  cliildren,  76  women,  152  men. 
7.  £720.            8.  £144,  £240,  £210.           9.  £350,  £450,  £720. 
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10.  A  £1G2,  B  £118,  C  £104.  11.   3456,  2304. 

12.  126  quarts.  13.  £2.  15s.  14.  £3.  10s. 

15.  £600,  £250.  16.  400  inches.  17.  30.  18.  42. 
19.  7,  8.  20.  8,  6,  3,  2  ;  24  kings  in  aU.  21.  3. 
22.  6  sliillings.                23.  £3600.               24.   11  oxen,  24  sheep. 

25.  5  shillings  taken  by  each  ;  there  were  20  shillings  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29.  £8750.  30.  5.  31.  60  oranges  and  240  apples. 
32.  10  from  A,  4  from  B.          33.   11,  22,  33.  34.  £420.  10*. 

35.  63-\  past  one.  36.   ^.  37.  2s.  8d.  38.  40. 

XL     I.  x=U,  y^i.        2.  a;  =  5,  2/  =  7.         S.x^l6,y=7. 

4.  a;  =.2,  2/=  13.  5.  a;  =  8,  y=l.  Q.x  =  2,y=6. 
7.  a;  =  3,  y=5.                S.x  =  3,ij=i.                  9.  a;  =  12,  y=3. 

10.  x=4:,  y=3.  11.  a;  =10,  y  =  20.  12.  «=  60,  y  =  36. 

U.  x=12,  ij=-20.         14.  x  =  -6,  y=12.         15.x=18,y  =  Q. 

16.  x=7,  2/  =  ll.  17.  x=2,  2/  =  7.  18.  a;  = -4,  y  =  -l. 

10  20  ^,  ,,  ^ 

19;  x  =  4.,  y=l.  20.  x  =  -^,   y=^-^-  21.  x=V2,  y  =  Q. 

22.  x=2,  y  =  -l.  23.  x  =  3,  y  =  2.  2-1.  x=lS,  y  =  12. 

25.  x=5,  y  =  G.  2Q.x=10,y  =  5.  27.x  =  y  =  ^. 

nc  +  hd  mc-ad 

2S.x=y=m+n.     29.  x=3a,  y=-2b.     30.  x=^^^^^,  2/=^^^^^  . 

31.  x=b  +  c,  y=^a  +  c.  32.  x  =  {a  +  by,  y  =  {a-hf. 

XII.     1.  x  =  1,  y=5,  z^-1.         2.  x  =  2,  y  =  S,  z=4:. 

3.  x=l,  y  =  2,  z  =  3.  4.  a;=2,  y  =  3,  «  =  5. 

5.  x  =  2,  y  =  3,   z  =  4:.  6.  x  =  S,  y  =  4,  z  =  2. 
7.  x  =  10,  y  =  2,  z  =  3.  S.  x=4:,  y=3,  z=5. 


9. 

x=3, 

2/ =  4,  z  =  Q. 

10.  x=^, 

y=^,  ^-5- 

11. 

7 

7           21 

12.  x  =  ~, 

1            1 
^  =  3'^^  =  4- 

13. 

x  =  2, 

T.A. 

y  =  3,  z  =  l. 

14.  a;  =  6, 

20          46 
37 
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15.  a;  =  4,  y=9,  3=16,  w=25.  IG.  u  =  4:,  x=l2,  y  =  5,  &  =  7. 

17.  x^3,  3/=l,  u  =  9,  z  =  5  18.  x=3,  y  =  2,  u  =  5,  z=-4:. 

19.  x=2,y=4:,z^3,u=3,v=l.        20.  x=2,  y=l,  z^S,  u=-l,  v=-2. 

21.  a;  =  2'?/=2''^"2-       ^^-  ^"      26c      '         23.  a:=2«,  y=26, 2;=2c. 

"(a-6)(a-c) 
27.   x  =  b  +c  —  a.  28.  a;=a6c,  y-ab  +  bc  +  ca,  z  =  a  +  b  +  c. 


„,..,__,A_,.      2,,..-iMz^M^).     20j.-(^-.h 
"'        '  a(a-b){a-c)  x         \b      c  / 


XIII.     1.^.      2.2.50,320.      3.^.      4.   5,  G.     5.   42s.,  20^. 

6.  75s.  and  35s.        7.   5  and  7.        8    7,  10.        9.   2s.  Gd.,    Is.  8(Z. 

10.  1,  3,  5.  11.   Tea,  5s.  per  i)ound ;  sugar  id.  12.   50. 

13.  £3000,  £4000,  £4500,  at  4,  5,  6  per  cent   respectively. 

14.  20 persons;  6 shillings  each.     15    8 and  12.     16.  £540;  17 pence. 

17.  300,  140,  218.       18.   £70.   An  ox  costs  £10  and  aLimb  18s.  9d. 

19.  A  wins  21  games,  B  13  games.  20.  A  lis.,  £  38s.,  C  33s., 

B  32s.,  E  36s.        21.   90  miles.         22.  A  conld  do  the  work  alone 

11  21 

in  80  days,  i?  in  48  days;  A  must  receive  —  of  the  money,  and  ^0.7 

of  the  money.  23.   ^  in  5  minutes,  B  in  6  minutes. 

24.   2^,  2  miles  per  hour ;  distance  5  miles.       25.  100  miles;  original 

rate  25  miles  per  hour.      26.  A  26,  i>  14,  6' 8.      27.  A  in  — days, 

^  p+7i-m      •'  ' 

B  in    - —  days.       28.    -^^ ~  miles  per  hoiu'.        29.   4  yards  and 

VI  — n  a—c 

5  yards.  30.   27.  31.   63.  32.   Coach  goes  10  miles  an 

hour;  train  goes   30  miles.      From  A   to  .5  is   16|  miles;  from 

A  to  G  is  20  miles  ;   from  (7  to  ^  is  40  mUes.  33.   600  yards. 

XIV.  1.   a.        2.2^.       3.^.       4.0.         6.   ^±|±^ . 

x+  6  a  2 

8.  x  =  a  +  b.         9.  x=a,  y  =  b,  z=c.         10.   {x+1)  {x+2)  {x+3)  (x+i). 

^^^      ^     x'  +  2x  +  3  „  ^11  ^  7 

XV.  1.   —^ ^  .         3.  t  =  x.  6.   ^.  7.  x  =  b-c, 

x  +  x+l  2 

y  =  c-a,  z  =  a  —  b.         8.   Clear  the  given  relation  of  fractions  ;  thus 
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we  find  {a  +  h)  {b  +  c)  (c  +  a)  =  0,  therefore  one  of  the  three  factors 
must  vanish  ;  hence  the  reqiiii'ed  result  follows.  9.   Each  child 

obtains  £1920.  125.,  and  each  brother  £960.  6s.  10.  x  =  -3a. 

XVI.  1.    1  +  4.-r  +  lOx-"-  +  12a;'  +  9x\ 
2.   1  -  2a;  +  Sx'  -  4a;''  +  Sx'  -  2x'  +  x\ 

4.    l  +  6a;+15xV20.-^;■V1.5a;'+6**+a;^  5.   2  (1  +  15a;'+1.5a;''^a;''). 

9.  Tlie  numerator  wall  be  found  to  be  equal  to  5  (1  +a;')*  and  the 

.5 
denominator  to  (1  +x-f,  so  that  the  fraction  = ^ . 

XVII.  1.  a;'-a;+l.  2.  a;--2a;-2.  3.   2a;'  +  3a;-l 

4.   2x^  —  x+l.  5.   2x'-Sax  +  4a-.  6.  5a;^  -  3aa;  +  4a-, 

7.  (x-ay.      8.  a'  +  b'.      9.   {a'  +  b')  {c'  +  cl').       10.  a'-b'+c'-d', 

,,  „     1  ,     X      2  a^      a      X 

11.  .x'-2--.  l2.x---+~.  13.^+ 

X  2      x  2x0, 

14.   a"  +  {2b-c)a  +  c\        15.   {a- 2b)  x' -ax  +  2b- 3.        16.    M4, 

1 7.  a;'  -  3a;  +  2.  18.   2x'  +  icx  -  3c-.  19.   2a;-  -  3ca;  +  4c' 

20.  5-51.  21.  9009.  22.  22-22 

23.   111111111.  24.  X--.  26.  The  given  expression 

=  (a;-  -  yz)  {{pi?  -  yzf  -  {y"  -  zx)  {z'  -  xy))  +  two  similar  expressions 

=  (a;-  -  yz)  x  {a;^  +  y'  +  «'  -  3a;y2}  +  two  similar  expressions 

=  {^  +  1/  +  ^^-  ^xyzf. 

XVIII.  1.  xl         2.  ffi-60.        3.   ^^ 


A 

mn 

i       3.     ^-    .        4.  1. 

5. 

(^) 

(bx)^ 

v^/ 

►.5               3                       3              5 

/.  x^  +  x'^y —  xy^ —  y^. 

8. 

«"  - 1 

10.  -4a-'b-'  +  9a-%. 

11. 

x  +  y 

6.  a^6  2  +awj  +  a  ■^b'^. 
9.  a  +  a^- 1 +a~i  +  a~'. 
12.  a;3  -  a;^ a*  +  al  1 3.  «"  +  1  +  a"".  14.   2a;-°  -  3a:y  +  2y-. 

1.5.  a^aSl^^-b.  16.   -,    ^  "^      ^-  ^^-  J.'' '-^^  "^  ~  T^-' 

X-  +  3xa  +  a  aj'  ^y- 

18.   2a^-36n4ri.  19.  16x?  -  16a:*  +  12- 4a;-*  +  a;-i 

XIX.     1 .  J-h  a^b^  +  a-  6*  +  n6'  +  a^b^  +  ftl 

2.  2K  2\  .3*  +  2^ .  3^  +  2  .  3  +  2^'  +  3i 

37—2 
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3.3^-3.5^  +  3^5^-5'.     4.  -2679492.     7.  3./--4  +  3    /^ . 

8.  a  -  2a^b^  -h.        9.    1  +  ^3.         10.   2  -  ^/3.  11.    J'o  +  J2. 

12.   VIO  +  2  J2.  13.  3  V7  -  2  ^3.  14.  ^'^  ^  J '-^  . 

17.   ^3(4,- 4).  18.         1        '      /^^^^"^   ■       /^^-^^' 


V2     v^A  ■  ^(1-^0  (V  V  ii 


— .-   + 


5 


19.  3^3-2.                      20.   1.  21.   1+^2+  ^3. 

22.    1  +  y 2  -  y^        23.    ,/6  +  ^3  -  ,/5  -  1.         24.   1  +  J2. 

25.    1  +  V5.           26.    ^3  -  ^2.  27.   ^6  -  n/5.           29.  x  ^  25. 

30.  r«=  7.        31.  x  =  ^  .      32.  .^  ^  «' ±i!±^JL26c  -2c«-2a6  _ 

a  +  6  4c 

XX.     1.  x=:l,  3.         2.   1,  4.         3.  |,    |.         4.  4,  -^. 

1                                *>  35 

5-  3,  -^.              6.    17,  ,.  7.-4,-6.              8.  5,-  —  . 

^                                                        O  i 

3-3.il-       io-|. -g-  11- 1' -|-      12- 1' -r 

n.   4,  j-                   18.  0,-1.  19.  5,-|.         20.  8,  |. 

21.  ^.|.             22.3,4.  2='-'«'-2-           2*-  -2-60- 

36.  |,    ij.           26.  *V6-  27.  -1,|.            28.   7, -.J. 

24 

29.  3,  -— .           30.  2,   16.  31.  -  2,  -  16.         32.  5,  -3. 

33.  3,-5.              34.  29,-10.  35.   10,-29.            36.   1,  f. 

37.  3,--.             38.  2,^.  39.  8,-8.               40.  10,-?. 


ANSWERS. 

XX. 

XXI. 

581 

42. 

42 
24 

43. 

3      -1^ 

44.  3, -|. 

4G. 

I.'- 

47. 

'-^    1 
3  '  ^• 

48.  0,  4. 

50. 

^-1- 

51. 

2+V3, 

and 

-{2+^3)2. 

41.  2,  -  3. 
45.  3,-1 . 
49.  0,  |. 

55.   1  {«  +  &  +  c  ±  ^(rt"  +  b^  +  C--  ab  -be  —  ca)}.  56.  cc  +  b  +  c 

a'  +  V^  J{{a'-by+iabc') 


67.  -  a,  -  b.  58. 


lab 


^-     .    2ab  —  ac~bc  _„    2a  ~b        3a  +  2b 

^9.  0,   — --r — ^— .  60. 


61. 


a  +  b~  2c    '  '       ac     '  be      ' 

5 \ab  +  6c  +  ca  ±  JWb"  +  b'c"  +  c'«"  —  abc  («  +  6  +  c)|l. 

a  +  b  +  c^  ^  '  ^  ^'J 


62    -a    "^^— ') 
'c(2c  +  3)- 

In  the  following  Chapters  the  irrational  roots  and  the  impos- 
sible roots  have  not  always  been  given ;  and  some  of  the  roots  given 
ai-e  not  applicable  ;  see  jAxts.  329,  330. 

XXI.     1.    1,  J.       2.   1,-2.      3.  (-41)%  9.      4.   14%  (-1)-^". 

5.  2,  3.         6.  2",  (-  1)".  7.  {-  Ja  ±  J{a  -  c)Y.  8.  ±  11. 

1 95  /13        \"  —  /S\'' 

9.  -2,V10.      10-  •'^^f^-     11.   8,(-ilV2)-     12.  2%(-3J-. 

13.  4,-1.         14.  4,1.         15.    16,  (-  ^y.        10.  (-  1)^  Of. 

^.1'        18.  2",1.     19.9,-^.     20.  =.5.     21.  ^(^^. 
4     4  2  0  2 

22.   16,  0.  23.   18,  3.  24.   2'  ^  8  or  -  10  ;  so  that  .r  -  3. 

2^^.  5,  -  8.  26.   0.  *  {^  a.  27.  x' =  -  "'  ^  or  -—J  . 

2  r?  -  2        ?i  +  1 

28.   a;=  =  -«6±l(a^-6=)x/3. 
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29.  {J(x  +  2)  +  J{x-  +  2x)Y  =ia-x-  Jxf,  a  quacli-atic  in  Jx,  from 
-(2  +  a)^V(2a-+3a-)  c*-2 

^^^^^^  ^^^ 2T2^ •  ^^-    ^'  (7T2r  • 

31.  Multiply  up  and  arrange  x\  J {a-x)-J {a+x)]=Ja{J{a^-x-)-a}, 

square,  &c.a;=0,±'^.     32.   ±  2a.  33.   1,  -  ^^^     34.    1,  ^^  . 

35.  ±2«,  ±2«V(-1).  36.  r«"  =  0  or  73^. ^  •^^-  i  "  ¥  ' 

38.  .«,.!.  39..^;,.H~'^-  40.^^2.  4i.o,^i^::^^: 

a  o  o  o 

42.^1-75).      43.  x-^-^.      44.0.^  =  9.      45.  a;^=-^„. 
2^      ''    ^  4(m--l)  7a'-26' 

46.  a;'-  — ^j"^-  .  47.  {c±V(c--l )}'-'.     48.  0     "  .    49.  ±2a,  w=a^(-6). 

50    3      2  4(a+6)(a^  +  6-")  _4 

50.   2,    3-  51.   0, -3^-,^3^,-^^^^.  0..    1,      3. 

53.8,-f.  54.  |:.  55.1,^^^. 

56.    1,[^|^^|J^.  57.0,-1.  58.  0,  A (-6 ±76^31^). 

59.  0,  ^  {a  +  6  +  c  ±  V(«'  +  h'  +  c'-  2bc  -  2ca  -  2ab}}. 

60.  0,  ±  -^  .     61 .  0,  ±  J{a'  +  b').        62.   0,  ±  J{mn  +  a  (m  -  %)}. 

63.  0,  a(l±2      /)•  64.     Transpose  and  square ;  we  get 

2x  {2x  +  1)  J{x'  +  2)  =  2  (a;'+  1)  {2.x  +  1)  ;  it  will  be  found  from  this 
that  the  only  solution  is  a3  =  --|.        65.   1.       66.  4,  —9.       67.   0,  2. 

68.0,-5,|.4^         e9.1,-4.^ii^^  70.1,^-. 

n.  2,-5,  1  {-3*^241).  72.  a+3,--3-.        73.2,-^. 

74.   1,  -  2.  75.  x^  +  5ax  =  -  5a^  ±  ^(a"  +  c*) ;  whence  x. 

1  9 

76.  x'  +  3x  =  -r  or  —  -  :  whence  x. 

4  4 

-„    a*  +  £c*     a^  +  a^     ,  «  /     i        /k\ 


I9v 


+  z.]  +  b^^ 


ax/  a 

Q«  1      10  16 

CO.  X  +  -  =  -r-  or  — S-. 
X        o  o 
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78.  «  =  (^a;  -  H  +  ^)  +  («  -  2  ~  9)  •      Q^^adratic  hxfx-^. 

79.  {x'  -  xf  -  (x'  -x)  =  a.  80.  4,  -  3. 

81.  {Jx  +  J{x  +  7)Y  +  Jx  +  J{x  +  7)  =  42.     a;  -  9  or  (l-^ 

83.   (x  -  4  Jxf  +  2{x-i^x)  +  \==0.     a;  =  7  ±  4  73 

83.  {Jx  +  J{a  +  x)Y  +  Jx  +  J{a  +  a?)  =  6  +  a  ;  &c. 

84.  (a;'  +  a;)-+4(a;'  +  a;)+4=16a;'.    a;-lor2. 

85.,   (a;' + ay  =  2a' (a; -a)-.  86.   (a;  +  — Y  +  a  ('a; 

87.  ('^-^y-2f^-"Vl=0- 
\a      a;/  \a      xj 

89.  ('a;  -  !'^^Y-2  (x  -\\  +  \  =  0  after  expunging  — }^  - 

90.  1  +  ^3=^^/(3  +  2^3),  1-^3^^(3-2^3). 

91.  (a;+l)(a,--a;  +  l)  =  0.  92.  (a;  +  1)  {1  +  w  (a;^ -a;  +  1)}  =  0. 
93.  a;  =  5  is  obviously  one  solution.  94.  a;  =  6  is  obviously  one 
solution.                        95.  a;  =  5  is  obviously  one  solution. 

96.  a;  =  0  Ls  ob\-iously  one  solution.  97.   (a;*  -  4)  (x  +  1)  =  0, 

98.  a;  =  a  is  obviously  one  solution. 

99.  8a;'  -  1  +  8  (2a;  -  1)  =  0  ;    therefore  a;  =  ^  is  one  solution. 

4      1  /       2\  2 

100.  a;^  -  ~  =  -  (  a;  +  -  I  ;  therefore  x  =  -  -^  \s.  one  solution. 

9      a;  \       3/  3 

101.  a;'=  1  is  obviously  a  solution. 

102.  a;  =  -  m  is  obviously  a  solution.  103.  a;  =  a,  b,  or  -  (a  +  b). 
104.  x  +  p-l  is  a  factor.                         105.  a;  (p  -  1)  +  1  is  a  factor. 

XXII.      1.   3(a;-5)(a;  +  '^V  2.   (a;  +  60)  (a;  +  13). 

3.   2(a;  +  2)Ca;-|Y       4.  (a; -  62) (x -  26).      5.  a;''-  14x-  + 48  =  0. 
6.  a;^  -  9a;  +  20  -  0.  7.  a;'  +  «  -  2  =  0.  8.  a;'  -  2a:-  4  =  0. 

9.  42,  36,  117.  10.  m=8.  11.  ^-^^ ,  p{p"  -^)- 

12.  ca;*  +  6x  +  a  =  0. 
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XXIII.    1.  a;  =  ±3;  2/  =  ±4.  2.  a;  =  60,  40  ;  y  =  40,  GO. 

IG  5 

3.  a;=2;y-2.      4.  £c-4, -g- ;  2/- 3,  ^  .        5.  x=7,  5;  y  =  -5, -7. 

G.  a;  =  2,  5;  ?/  =  G,  3.  7.  a;  =  ±  7,  ±  4;  y^  ±  4,  ±  7. 

8.  a;  =  -l,  ^;  2/  =  -l,7-.  9.  a;=l;2/  =  l- 

o  o 

r  333  ^    370 

10.  a;  =  ±3,  =f8;  2/  =  ±5.  11.  a;  =  5,  ^g  ;  y  =^9.  -g^  • 

23  5  1 

12.  cc=±3,±36;v/-±5,=F  — .         13.  a,-=±3,  ±    .^  ;  y  =  ±2,  ±     -^  . 

/2  1  /2 

15.  a;=±3,±J^;  2/=±l,  ±i    .       IG.  x=^i,  ±3  ^/3;  2/=±.5,  ±^/3. 

19.  x^^^/l;y-.2^^/l.  20.  aj=±G,y  =  =t3,^3. 


21.  a;  =  ±3j2;   ^  =  ±72,^^2.  22.  x'=  0,  4  ;  y  =.0,  5. 

12 

23.  a;  =  0, -1  ;  y  =  Q,--^  .  24.  x  =  0,  15  ;  ?/  =  0,  45. 

25.  a;=0,2,=tV2;2/=0,2,2=FV2.  2G.  x=0,  i,-2;  y=Q,2,-i. 

'21.x  =  br-^-y=?>,l.  28.  «,  =  4,  2;  2/^2,4. 

29.  x  =  2,  0;  2/=0,  -2.  30.  x=l,  4;  ?/  =  4,  1. 

31.  x=\,  10;  .v=10,  1.  32.  a;  =  3,  2  ;  y  =  2,  3. 

33.  a;=8,  4;  2/ =  4,  8.  34.  a;=17,  1;  y  =  l,  17. 

36.  a;  =  4;  2/  =  l.  37.  aj=  1,  4  ;  ?/=  4,  1. 

38.  a;  =  2,  3;  y  =  ^,  2.  39.  .t=±2,2/=±2;  or.'>j==t2,  ?/==f2. 

40.  a;=3,  2/  =  l  ;  «=!,  2/=3.  41.  a;  =5,  -2;  y  =  2,  -  5. 

42.  a;  =  ±2,  ±1;  2/  =  =tl,  =t2.  43.  a;=i(9±V73),  y=i(9^  ^73). 

44.  a;  =  ±3,  ±2;  2/-*2,  ±.3.  45.  a:  =  ±5,  ±3;  y  =  ±3,  ±5. 
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46.  a;  =  ±  3,  ±  2 ;  y  =  ±  2,  ±  3.  47.  The  first  eqiiation  may 

be  written  thus,   xy  (y  +  x  —  S)  —  3  (4:X  +  y  —  xy) ;  combine  this  with 
the  second  equation  a;=±  J{—  3),  ±  ^3 ;  3/  =  3  =f  J{—  3),  ±  2  ^3. 
48.  a;=8,  2;  2/  =  2,  8.  49.  a;  =  9,  4  ;  y  =  4,  9. 

50.  a;=8,  G4;  y  =  U,  8.  51.  a;=5,  13;  2/=  4, 12. 

52.  a;  =  4,  9;  2/=9,  4.  53.  a;=  2,  8  ;  y  =  8,  2. 

54.  V^  =  2=t  ^6,  i{=t  V(15)  -  5} ;  ^y=-  2=t ^6,  li^^  V(15)  +  5}. 

55.  x-5,  y=^3.  56.  a;=  ±  1, 3/  =  3.  57.  «  =  ^  ,  2/  =  „. 

58.  a;^  =  iK±V(«'+4&')}i     /  =  fh  «'=^v/(*'+ 4601-   "^ 

59.  £C2/  =  -|{2a^±  ij{^0'*  +  26*)} ;  whence  we  may  proceed. 

60.  ^-2^^^J^)^2Y^-j7^];  y  =  r^{^^J^,  2Y^J3 

PI                7           ,                      p n               3a6  - «-               3a6  -  &^ 
01.  X  —  a,  0;  11  —  0,  a.  0  J.   a;  =  a, ;—  ;  1/  =  0, j-  . 

63.     Proceed  as  on  page  199,  64.  x^  =  ^-~~  ,  ±a';  y^=  -—,  0. 

o  o 

65.  x  =  0,  2{a  +  b);  y=0,  2ab.         66.   Aaxy={l  -xyf;  this  gives  a 

1     ,.    .  ^-    x  +  y      ay  («?/ +  c)y    „ 

quadratic  m  a-y.  07.    —     =  -^ ,  thus  x  =  -^^ —,  (fee. 

a;  —  2/       c  O'y  —  c 

^^-  ^"   4(^-6=^)    '  2/"=«^'-4  •       69.  a;^=6={2±  ^3};  2/==a^{2^  ^/3}. 

70.  Add ;  thus  a;'  (a;  -  1)'  +  y'  (y  -  1)'  =  «  +  6  ;  also  the  first  given 
equation  may  be  written  x{x-\)  ^  y  {y -\)^a ;  thus  we  get 
a;  (a;  -  1)  =  l{«  d=  ^(2«  +  26  -  a^)J ;  y{y-\)=\\a=^  J{2a  ■+2b-  a')}. 

71.  a;  =  0,  2a;  y  =  b,  -b;  z=c,  -c. 

-70         15  1     15         1    15  ^„    _ 

'  ■^-  ^=9)  97:;  y=o  J  ToJ  ^=7'  71  •  '3.  Three  smiple  equations 

for  finding  xy,  yz,  zx.        74.  Three  simple  equations  for  finding 

1         1        1 

—  ,    —  ,    —  ;  also  X,  y,  and  z  may  each  ---  0. 
xy     yz     zx  "^  '' 

75.   From  the    first   and    second    equations  by    subtraction  x  =  y 

or  x+  y  =  z ;   then  use  the  third  equation  to  complete  the  solution. 

We  shall  thus  obtain  a;  =  2/  =  ±^{2c  +  a±  ^/(«"  +  4ac  -  4c^)}'^,  nnd 
z  =  {2c-a=Fj{a''+4ac-4c')}~4x;  or  x2J2=-J{a  +  c)  +  J{5c-3a), 
y2J2=:J{a+c)-  J{5c  -  3a),    z  J2  =  J  (a  +  c). 
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76.   Form  a  quadratic  in  z;  then  s  =  6  or  -  ^  ;  with  the  fii'st  value 

•  ,     ,  1  355  190 

we  get  jr  =  4  and  y  =  o  ;  with  the  second  x  =  -jjr ,  y  =  -^  . 

11.   Bv  eliininatinn;  ^  we   a:et  a;  +  w  H =  k  and  xy  ^ =  -  : 

•'  °  '^  ''      xy      z  xy        2 

therefore  {x  +  y)    (  1 I  = ,  &c.     2,  1,  1  are  the  vahies 

of  a;,  y,  s;  these  values  may  be  arranged  in  six  ways. 

78.   We  may  deduce  xyz  -  0 ;  thus  one  or  more  of  the  three  x,  y,  z 

must  be   zero.     The  results   are  0,  0,  1,   which  may  be  arranged 

in  three  ways.  79.   x  =  a^-^±  J[a'  +  h'  +  c"). 

80.    Form  a  quadratic  in  a;  4- 3/ +  s  which  gives  9  for  one  value,  this 

leads  to  a  cubic  in    xy,    of  which  the  roots   may   be  seen  to   be 

6,  8,  12  ;  hence  for  the  values  of  x,  y,  z  we   get   2,  3,  4,    which 

may  be  arranged  in  six  ways. 

XXIV.  1.   15  and  24.  2.  3.4.5;  that  is,  60.         3.   120 
and  121  yards.           4.   Five  miles  per  hour.  5.   66  on  one  side, 

22  on  the  other.  6.   28  acres.  7.   14.  §•    7  (1  +  ^5)  is 

the  produced  part ;  a  being  the  given  line.  9.  50  and  15.  10.  18. 
11.  Ninepence.  12.  30  Austrian  ;  36  Bavarian.  13.  5  and  4. 
14.  The  first  worked  24  days  at  is.  per  day;  the  second  18  days 
at   3s.   per   day.  15.   15   persons;    each   spent  5    shillings. 

16.  100  shares  at  £15  each.  17.  «"+ a3^=  9  (ic+l) ;  therefore  a;"=9  ; 
the  number  is  3.  18.  7  per  cent,  and  6  per  cent.  19.  Rate 

7 
of  train  is;:r  that  of  coach  ;   14ixiiles.      20.  A  40  hours;  B  60  hours. 

21.  70  miles.  22.   150  miles.  23.  5  hours  and  3  hours. 

24.   15  hours  and  10  hours.  25.   36  workmen,  and  each  carried 

77  lbs.  at  a  tbaie ;  or  28  workmen,  and  each  carried  45  lbs.  at  a  time. 

ahc (Zabc -  a^ -h^ - c') 

XXV.  1.   1.     4.   The  expression  =  , -,  a    i.  \  /o^^ — W0-.2  ,     z,^' 

^  (2a +oc)(26"+ca)(2(r+a6) 

then  see  Art.  55.      6.   l+x^+x^-x\      7.    j.^Ui^''^'^)  +  Ji^^'-'b)]- 
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8.  I  {J(l+  n  +  «-)  +J{l-n  +  n%  9.  x=  10. 

12.  We  get  by  working  out  {b'xx'+a-i/i/'-a^b'Y+a^b^{xy'-yxy=(}. 

13.  £30.       14.2,5,9.      16.  tc=0,  |.       17.  a;=l±72,  1±^(-I). 

18.  x=l,  2,  3,    j^{-ll±^/(-23)}.  19.  x=^3^j5,  1  ±  ^/5. 

20.  J{2x-1)-  J{5x-i)=J{ix-3)-J{3x-2);  thensqw3ire;  x^l. 

21.  x-a+ic  ij{x  -  a)  +  4c^  =  a;  4-  a  -  46  J{x  +  a)  +  ib" ;  extract  the 

square  root;  x  =  (c=t=by+ j-. — ^r^  .        22.  nx=n(x  +  a-a);  di  vide  by 

4:an(l—n^)  1  1 

^{x  +  a)-Ja;x  =  0,—^-^—^.       23.  x=a,-^{a+b);  y=b,  -(a  +  b). 

24.  x  = 1 ;  y  = -,  .  25.  x  =  3,   ^:  y  =  2,  --. 

a  +  b'  -^     a  +  b  '5'^        '5 

26.  2x  =  a  +  c-b^  J  {a'  +  6'  +  c^  -  26c  -  2ca  -  2ab) ;  x  +  y  =  c. 

Also  x  =  J{ac),  y  =  ^(6c).  21 .  x  =  2,  y=  .^,  z  =  \. 

28.  Add  the  four  equations  ;  thus  {v  +  x  +  y  +  zy  -i  (a  +  b  +  c), 
and  from  this  and  the  first  given  equation  (v  +  x  —  y  —  z)'  =  8a ; 

2v  =  ^  J{a  +  b  +  c)^  J {2a)  ±  J{2b)  ±  J {2c). 

XXYI.      1.4:9;  10:12.  2.7:15.  3.   18  and  27. 

5.  Short  road  from  ^  to  5  is  26  miles ;  from  jB  to  C  52  miles. 

-    _,.  ,  ,  2abc  . 

D.  Jliither     xa  =  yo  =  zc  =  , r  ;    or   else   xa  +  yb  +  zc  =  0 

^  bc  +  ca  +  ab  "^ 

and  a;  +  7/  +  «  =  -l.        11.  ic=6,  y  =  8,  s=10.         12.  x=±a{b^-c'), 

y-±b  {c'  —  a?),  z=^^c{a^  —  b^) ;  also  x,  y,  and  z  may  each  =  0. 

XXVII.   1.  3.     2.  6400.     3.  57.     4.  ^  llj_^ .        9.  Suppose 

xy 

ad^bc;  thena  +  J-(&+c)  =  a-6-(^c--^  ^(«-&)(«-c) 

\       aj  a 

10.  In  the  first  the  wine  is  ^  of  the  whole ;  in  the  second  |. 

11.  .4  has  £72  and  B  has  £90  ;  each  stakes  ^  of  his  money. 

1 2.  Female  criminals  four-fifths  of  the  male. 
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XXYIII.     1.  9.        2.  a=5b.      3.  4.      4.  1.     6.  f.      7.  10. 

8.  27a;'=4y^        9.  y  =  2x+^.      10.   16.      13.   10.      14.  {r'  +  o-y. 

15.   We    liave    ?/  +  «  —  a;  =  J.,  {x  +  i/  —  z;)  {x  +  z  —  y)  =  Byz  ;     tliiis 
x"  —  {y  ~  z)'  —  Byz,  tlierefore  a;^—  (y  +  £;)^=  {B  —  4)  ^/s,  therefore 
{x  -  y  -z){x  +  y  +z)  =  {B  —  i)yz,  oy  —A{x  +  y  +  z)  =  {B-i)yz. 
IG.   2  (w  -  1)  hours.  18.   4  hours. 

XXIX.     1.   1022G34.  2.   321420111.  3.  301.5333. 

4.  2084G«.  5.  209.  6.   G24.  7.  2223.  8.   15^. 

9.  1105«.  10.  22441.  11.  17-G.  12.  75346-1.  13.  134M11. 
14.  124-96.  15.  1099-39.  16.  1589-349609375. 
17.  450,  1214;  product  613260.  18.  3483.  19.  152. 
20.  11111.  21.  44-4;  m  scale  3  it  is  1001-2.  22.  62444261; 
square  root  is  7071.           23.    1101111.          24.   ^tel .           25.   -739. 

26.  Eight.  27.   Six  28.    Eleven.         29.   Five.         30.   Six. 
31.  Five.  35.  2"'+2' +  2"  +  2V  2V  2V  2  +  1. 
36.  3" +  3' +  3*- 3^+1.     37.  3*^- 3"- 3-1.     38.  3^-3^- 3"- 3  +  1. 
39.  Three  feet  eleven  inches.     40.  Twenty-three  inches  and  a  third. 
43.  r"  —  1  and  »•""'  ;  r  being  the  radix  and  n  the  given  number. 
45.   The  number  is  one  hundred  and  twenty. 

2.  4.        3.  -333.        4.  -  26|.        5.  -2. 
8.  425.  9.  0.  10.  n{^  +  n). 

12.   Common  difference  -  3.  13.   9. 

14.   4  or  — 11.  15.   2?i-l.  16.   Number  of  terms  is  1 0  or 

12  ;  last  term  3  or  -  1.         17.   Common  difference  7.         18.   5,  9, 

13,  17,  21,  25.  20.  ^  {2  +  4  {n  -  1)}    that    is    n  {2n  -  1). 

21.  nil.  22.  20.  23.  l(?^-l)9^(2«-l)  yards.  24.  1,1334. 
25.   Nine  means,  3,  5,  7,  ...  19.       26.   Number  of  terms  19  or  -2. 

27.  5  or -10.  28.  4  or  7.  30.  The  number  of  terms  is 
m  +  n  —\  or  m  +  n  ;  in  the  former  case  the  last  term  is  1  ;  in  the 
latter  case  the  last  term  is  zei'o.  31.   4  or  9. 

2>-2.  p  +  q  +  {m-l)2q.  37.17.  38.   100  or  -  107. 


XXX. 

1. 

800. 

6. 

611 

7.  5 

11. 

w(13- 

n) 

12 
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39.  ISTumber  of  terms  7 ;  middle  term  1 1 .      41.  n".     42.   -n  {-!)". 
43.   i{l-(2?i+l)(-l)"}.  46.   9.  47.   ^n{n+\){^ii  +  2). 

50.^i(19-.).  51.  ^L,    ^|,    ^,^.  52.   25  months. 

2»)?- 

53.   15.  54.  ^  hours.  55.  468. 

r  +  1 

XXXI.      l.^{(|)"-l].     3.  -^!2--l}.      3.   ^(l-Q"). 

10    ^  U    ^"  13    ^  13    ^1  u\.  15    ' 

10.  4  .  3  J-2.        17.   |«  (?  .  i)  .         18.  i:.^'  .  qi^'l . 
^  24  \5      5V  1-7-  (!-'•) 

19.   4 -(/I +  2)  2-"^'.  20.  6-{27i  +  3)  2-"^'. 

21.  H2  +  (-l)'— ^^|.     23.81.     24.  £108,  £144,  £192,  £256. 

4  1 

25.    -  -     .;«^''(-l)''_l}.       28.  £3.  4s.      32.   Common  ratio —— . 
a*+  1  '      ^      '        '  10+1 

33.   — ^ ^ .     38.  r  =  2,  a  =  3  :  r  is  found  by  an  easy  cubic. 

[r  —  1)"        r-  1 

39.  Czif,.=  +  l')_2.i.      40.  f^lO■-l)-^.     42.  2,4,8,12; 
or-r,    -K-,    s,    .•  43.   2,  5,8.  45.   - 


2  '     2  '    2'    2"  ^".   -,  ", -•  ■  (l_r)(l-6?-)" 

XXXII.     1.   ^^^,    |.  2.  |,    3,    ^..■•■^^-  3.  Let^. 

denote  it,  then  -  ^-     +  («  -  1)  (  y  -  -  ) .  4.       X^^^    „    ■ 

2  1 

8.   2  and  4.  11.   2,  3,  6.  12.  The  terms  are  _  „  and  ^  ; 

lo  o 

then  tlio  series  can  be  continued.  14.   We  may  shew  that 

A  =  7i i    and  G  ^  p: ;-;  as  A  and  G  arc  thus  known  in  terms 

2a -b  2a -0 
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of  «  and  6,  we  can  find  the  two   quantities  in  terms  of  a  and  h. 

19.  a^  +  ab,  a'-b",  a' -  ab.  20.  The  common  difference  in 

2 
tlie  arithmetical  progression  formed  by  the  reciprocals  is 

XXXIII.      1.   1341-1323. 
9.  A  £100;  ^£80. 

XXX  lY.     1.  1120. 

4.  34G50.  5.  6.  G 

[95  1^ 


9. 


"^^'  "J  ^"^  ' 

n-  1 

7.  36  miles. 

8.   64  gallons. 

2.  453600. 

3. 

454053600. 

|10 

7. 

20 

.19      19.18 

|2|3|5" 

1 

.2    '      1.2    • 

[60 

112148' 

10. 

2r. 

11-  ^. 

[9  1 86'    ^|_85' 

12.  Suppose  one  person  to  I'emain  fixed,  and  all  possible  permu- 
tations formed  of  the  other  n—1  persons.  This  gives  [ra  —  1  as 
the  niimljer  of  ways.  But  this  counts  as  different  ways  a  jiair  of 
cases  in  which  each  person  has  the  same  neighbours,  biit  the 
right-hand  neighbour  of  one  case  becomes  the  left-hand  neigh- 
boiir  of  the  other,  and  vice  versa.  If  such  a  paii-  of  cases  is 
counted  as  only  one  case,  we  must  divide  our  former  result  by  2. 
For  example,  if  there  are  three  persons,  there  is  only  one  way 
of  arranging  them,  in  the  latter  view.  13.  |9,   [10  — 1 9. 

,,12.11.10      16.15.14.13  1-    Tf  n 

14.   j-s X p- .  lo.   11   there  is   only  one 

thing,  it  may  be  given  away  in  n  ways ;  then  as  a  second  thing 
may  be  given  away  in  n  ways,  there  are  ?^^  ways  of  giving 
away  two  things  ;  and  so  on.  16.  ?i  =  2r  +  1 ;   r  =  8. 

\m  \n 

17.  ,     1^^=^—     Xf  I  ~        \\s  +  r.     Or  if  the  m  things  are   exactly 

\r\m  —  r     [sp  — s     ' — — 

,     .        ,            ,.           1^  +  '^                 io    n(n-])(n-2) 
alike,  and  also  the  n  thmgs,    -. — ; —  .  18.  r^ . 

\r  \s  \o 

20.    4080.  21.    86400.  22.   i  5  x  [3  ;    if  however 

the  three  letters  are  to  retain  an  invariable  order,  the  answer  is  |5. 
23.  10.9.8.7-9.8.7  with  4  flags;  10.9.8-9.8  with  3 
flags ;  10.9-9  with  2  flags ;   10  with  1  flag.     5275  signals  in  all. 
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24.  90.      25.  36.      26.  3xi^x|4.     27.  w"".      28.  r^,.     29.  120. 

n  {n  -  1)    j^(j?-l)     ,  ?^(w-l)(yt-2)    p{p-l){p-2) 

60.   -^2  i:2~^^-      '^^-  |3  [3  • 

|24 
32.  Increase  the  preceding  resiilt  by  \mity.     34.       ^^  (lois-     35.  [7  ;  if 

however  each  set  may  be  in  order,  either  from  left  to  right,  or  from 
right  to  left,  the  answer  is  8  x  [7.        36.    I.   8.  7.  6. 5  cases  without 

repetition.      II.  —^^  x  !=  cases  in  which  a  occurs  twice  ;  also  as 
1.22 

many  in  which  ^  occurs  twice;  and  as  many  in  which  n  occurs  twice. 

li  .  .  . 

III.  .-— —  cases  in  which  a  and  i  each  occur  twice ;  also  as  many  in 

|2|2  'J 

which  i  and  n  each  occiu'  twice ;  and  as  many  in  which  a  and  w 
each  occur  twice.     Total  2454.  37.53.         39.14x11111x15. 


XXXV.  1.  i441„'v.   2.5M.^.v.   3.  '^■'■■"^"g'-y. 

1.2  1.2  |4 

2002   2001     - 
4.  ~ a'V".        5.  625-2000.^+2400a;--1280a;'+256a;^ 

|9 
10.  ,  '-=_  (aV  +  aV).  11.   64a'' -  96a' +  36fr  -  2.  12.    lOc". 

4  |5  ^ 


14.  This  follows  directly  ;  or  thus,  (1  +a;)"^'(l-.T)  -  (l+a;)''(l-£e'). 

|2n+l 
\n  —  r  in  +  7'  +  I 


\2n+l 
16.  From  2nd  to  5th  terms  of  (3  +  2)".      18.   —^^ (-!)""'• 


^^'  '\r-l\2n-r  +  l   '       Jr^l\2n-r+l  '  \n\n  " ' 

20.  {x'-¥ay  =  {a:  +  a  J{-  1)}"  {a;  -  a  J{-  1)}" 

^{A+B  J{-  1)}  {.1  -  B  J{-  1)}  =  A'^B' 


592  ANSVVKKS.       XXXVI.    XXXVII. 

XXXYI.     13.   (^±IWr^2K-3)^, 
^^    (r+l)(r4-2)(r+3)(r4-4)^._ 

15_       {n-l)(2n-l){3n-l) {{r  -  l)n -1}  ^^_ 

jg        (p-\)C2p-\)(3p-l) {(r-\)p-l}^._ 

1.3.5 (2.-1)      I      ,  ,3^  2.5.8  (3,-1)^, 

^^    7.9.11 (2r.5)^  3^^  1.5.9  (4,-3)^, 

[r  4''  I  r 

28.   2ncl  and  3rd  terms  r  x  ?  =  I  •        29.   3rd  term  =  ^—^-  li  =  ~. 
loo  1.2    5      25 

30.   5th  and  6th  terms  —     '     '     ' 


4         V7/       2401 ■ 
31.   3rd  term  =  t'-^  ( ^)  •  32.     li  n  ^  1  the  2nd  and  3rd 

O,  D     \12/ 

terms  are  the  greatest ;  if  n  =  2   the   2nd   term  is  the  greatest ; 
and  for  all  other  values  of  n  the  first  term  is  the  greatest. 

33.    ^^'\l'^^-  34.  Sixth  term.  37.  ~-  (2?r"  +  4?i  +  3). 


1.3.5 (2r-l) 

38.   Coefficient  of  x"''  is  ~ — t—t^ :  coeflScient  of  a;''*'  is 

2''  a^"^  I  r 

obtained  by  dividing  this  expression  by  a.  41.   M  —  -  ) 


■}  /      ' 


that  i.s,   V3.        42.    ^.         45.  ^M^".l)  (2n.r-l) 

\nm  I  ?• 

XXXVII.     1.6.     2.-16.     3.  2^3-°+2^3  +  2^3'  +  3*=1905. 
4.  3.  5.  -  2^5  +  2'' .  3\  5  -  2^3*5. 

2'  2'  2'  2  1 


C  2*  2' 


[3  "^161412  ^1516  ^|4!8 


7.  2\5.7--2\3.5\7  +  2.5'.  8.-64.  9.-20. 

,^       15      35      63         37  ,,1  35 

^^•-8-T-^--T-         11-  -4-  12.  -34-6  +  15+f 
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13.     —r. -r^ —    .         14.  50.         15 


'•f 


25  2'°      /■  *       ■  ■  24 

16.  The  expression  is  {(1  +  x)  (1  -  «)""}'.     Hence  the  coefficient  is 

7.6.5.4     7.0..')    14      7.6    14.15      7    14.15.16      14.15.16.17 
[4      ^  ^~  •  T  ^  O  •  ~0~  ^  I  ■       i_3        +  \i         • 

17.  »  +  1.  18.  ''(»-'>(»-^)(''-3)  3. , "("-')■->-*)  2>3' 

«K4M»*-5)  w(7i-1^^72^)           7^fa-l)...(^t-7) 

[i|2  [6 ^^"^ \S ^• 

19.  0.  20.  5«^^  +  20a,a^«/+10«/a/. 

_.    n{n-l)(7i-2)     „_3       „     n(n-l) (n-3)     „_,    3 

21.  -  ^     12 «o    «,«.-  +  ^ '-1^ '  cc;  w 

[5  "       '  2       8 

24.  ma,+  m  (m  -  1)  a^a^+'^  ^'^  ~  ^^  ^-^'^  a.^  25.   20. 

26.  -210.  27.   1260.  28.   12600. 

on      n         n-1/7       \     n{n-l)    „__,      ,2    n(n-l)in-2)    „_3._      ., 

29.  a+na"  \h+c)+~—-'  a"  -{h  +  cy+~ ~ -a    ^{b  +  c). 

30.  !i(^iz|p),.-.(„,,„,.  31.   f.;  3.j|^.. 

3..1...-(|-f)..-(f-f)...(|-^.i-).. 

30.  a~^  —  a~~bx  —  [a'^c  —  a^^b^)  x" 

+  (2a-'bc  -  a-%')  x'  +  {a'^c'  -  Scr'b'c  +  a~'b*)  x\ 

37.  l-nx+  — ^^ —  ' X- ^^ p ^ a;^ 

38.  May  be  proved  hy  Induction.  39.  For  the  fii'st 
part  put  X—  I.  For  the  second  part,  let  S  denote  the  series,  so  that 
S=a  +  2a J  +  3aj, +  ...+«?•«__. ;  and  as  the  coefficients  of  terras 
equidistant  from  the  beginning  and  the  end  are  equal,  by  Ex.  38, 
S=a  _  +  2a, ^_^  +  ...  +  nra^.     Then,  by  addition, 

2JS-  nr  {a^  +  a, ...  +  a^^}  =  nr(r+  1)". 
T.  A.  38 
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40.  {1+X  +  xy  =  a^+  a^x  +  a^x^  +...  +  a^^_^x^''~'' -^^  a^,,-,^;^""'  +  ^n^^" '> 
change  the  sign  of  x,  and,  since  the  coefficients  of  terms  equi- 
distant from  the  beginning  and  the  end  are  equal,  we  have 

(1  -  a;  +  xy  =  a^„  -  a^^_^x  +  a^_^_^x'  -  a^,__^x'  +... 
Multiply  togethei-,  and  select  the  coefficient  of  as^" ;  this  will  there- 
fore be  equal  to  the  coefficient  of  x^"  in 

(1  +  x+  xy{l  -  x  +  X')",  that  is,  in  (1  +  as^  +  a;^)". 
Then  put  a^  for  a„^,  a,'  for  rt.^„_,S  ...  and  divide  both  sides  by  2. 

XXXVIII.  1.  4.  2.  2.  3.   1.  4.  5. 

5.   3; -2.  6.   -098970-2;  -732393.  7.   -778151-3. 

10.  i  {log  10  -  3  log  2}.  15.   20.  20.  About  125  years. 

XXXIX.  1.    This  is  an  example  of  equation  (1),  Art.  545, 
in  which  m  —  (x  +  1)  (a;  —  1)  and  n  =  x^. 

2.  log  {x  +  2/i)  x  -  log  (a;  +  hf  =  log  ( 1  -  ^-^^|  •         3.  See  Ex.  1. 

I        {x  +  h)  ) 

5.  log(3  +  3a;  +  a;-)a;-3  log(l+a;)  =  log  j  1  -  ,^j -jl  .     6.  We  have 

/^^  2a/ 1 

to  find    a    series    for    log  (x  +  1 )  ~  ^ log  x  +  ^ 1  log  (a;  —  1 ), 

°  ^         ^     2aj  +  1     ®        2x  +  1     *  ^         " 


is,     for     log  (  1  +  -  )  +  -i r  log  (1 )  ,      that      is,      for 

'  '^  \       xj      2x+l      "^  \       xj  ' 

log(l-lV     1     log-If.      9.  (U^\=.eil-^-,^^. 
I    ^\      x'J    2a;+l        _      1  \      nj        \      2n    3n^ 


2x+.        .      ...     

X 

XL.      1.   Series  =  —  < 1 &c.  ■  :   convergent  by 

a  {X      X  +  a     X  +  2a  ) 

Art.  558.     2.  Divergent  if  a; >1,  convergent  if  .x<  1.     If£C  =  lthe 

general  term  is  —„ — — ,  which  is  >  -  ,  and  the  series  is  divergent. 

n-+  I  n 

3.   Convergent  if  a>l;  divergent  if  a<l.     If  «=  1  the  series  is 
obviously  divergent.  4.   Divergent  if  as  >1,  convergent  if  a?  <1. 

If  a;  =■  1  the  series  is  obviously  divergent.    5.   Same  result  as  Ex.  4. 

C.   Series  >1  4-^; ^  +- ^  +  , &,c.,  and  therefore  divergent. 

1+21+31+4  ® 
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7.  Divergent  if  a;>l,  convergent  ifa;<l;  ifcc^l,  obviously  di- 
vergent. 8.  Results  the  same  as  in  Art.  562.  9.  Divergent 
if  CO  1,  convergent  if  a;  <  1  ;  if  a;  =  1  it  is  a  series  discussed  in 
Art.  562.  10.  Convergent  i£  x  <],  divergent  if  a;>  1 ;  if  a.'  =  1 
the  results  are  the  same  as  in  Art.  562. 

XLI.     2.  £900.  3.  ^^.  4.  21  5.  40:41. 

6.   Between  48  and  49.  7.   Nearly  32. 

XLII.      1.  7  years.  2.    120  days. 

4   —    y—  =  —  =  2 8.  Equate  the  coefficients 

of  «'•  in  (1  +a;)"  =  (l  +a;)''(l  +x)"-\  9.  Equate  the  coefficients  of  x"' 
in  (1  +  x)"  =  (1  +  «)""""""  {x  +  1)""-'.  10.   It  will  be  found  that  the 

whole  coefficient  of  a  vanishes,  and  also  the  whole  coefficient  of  (3. 

XLIIL      1.  £24.  10s.         2.   Cent,  percent.  3.  4  per  cent. 

4.  £6400.  5.  31.  6.  £7297-98.  7.  £225 iWi- 

loa  15-10^^2  ^        ^  1  1  ^ 

8.    ,  "  '      /  °/  =  a  little  more  than  9.         0-   t^  •  if-zz  .  ^^^ere  A 
log  5  —  log  4  w^      n—m 

is  the  first  payment ;  m  must  be  less  than  R.  10.  e   . 

11.   rC"l±}L\.  12.  P(\-r)\  13.  ^x  2-617238. 

1111  9    J_  _Li_  J_    L_L 

XLIV.     1-  1  +  3-^  g-  7:^  9  •  "•  1^  2  +  1  +  1  +  1  +  55' 

^-  2+4+3+2f  1+2+ 170'         ■     ^4+1+ 1+ l+2+3+l+'3' 

3   22   355  c    \      I      ^      ^ 

i'  y  US"  ^-  4'  29'  33'  161'  

17        „  3   19   117   721 
6  •       *^-  1'  6  '  37  '  228* 

4  33   268  2177 
1 '  T  '  "65" '  528  • 

5  51   515  5201 
r  To'  101 '  1020' 

38—2 
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1     ^      ^ 
1.    J,    J, 

14 
5 

„    3     4 

11      15 

1'    1' 

3  '     4  • 

5    ^      ^ 

13     48 
3  '    11  ■ 
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5      26      265      1351  8    -      ^     ^      — 

^-  1 '    "5  '   Tl  '    "260  •  •   1 '    1  '     4  '     5  • 

7      22      29      51  10    i^      ^      *^^^      ^^^^^ 

Ilia      2a-  +  1      4a'  +  3a       8a*  +  8a' +  1 
^^'  "^2aT2^  2a+  ■■■  I'        2a     '     Ta^TT  '         8a*  +  4a     " 

,^  1  1  1  1  a-1    a    2a'~a-l      2a'-l 

■^^  U-2{a-l)+l+2{a-l)+'"     1    '  1'     2a-l''    ~2^  ' 

1     J_     1      1         a      2a+l     4a-  +  3a     8a=  +  8a  +  1 
^^-  "^2T  2^  2T  2a  •■•  I'     "  2  "  '     4a  +  1   '         8a  +  4   ""  ' 

1111 
U.  «-l  4-  27  2^iyT  2"T  2  (a-  1)+  •- 

a-1      2a  -  1      4a'  -  5a  +  1      8a'  -  8a  +  1 
IT '    ^ 2~  '        4a- 3  ~    '    ^'8a^A'   ' 
[13  and  14  are  connected,  because  a'-  a  =  (a—l)'  +  a—  1.] 

_    256      _  1520      ^^1  ,1  _-       1  .1 

^^-  TT-    ^^-  273"-    ^^•(44y'^^^^^2(49y^-    ^^^ (240f  ^^^-p"! ly 

91     J_.,nd— i—        96    1    ^    13    42      97    ^       28    211 
'^^  (273)'        2(2885)^-      *^      2'  7'  30' 97"     "396-  80' 

1549      2M  114  21  30      /o 

''^-    360  '    360-  '^^-    41  •  '^^-   114-  '^■^-  ^-^• 

33.  Positive  root  of  a;'  +  2a;  -  2  =.  0.  34.  That  of  7a;'-8a;-3  =  0. 

35.  That  of  7x'  +  8a;  -  3  :=  0.         36.   That  of  59a;'  -  319a;  +  431  =  0. 

XLVI.     1.  a;=2,  y=l.  2.  a;  =  4,  7j  =  5. 

3.  a;  =  1  or  6,  y  =  20  or  1.  i.  y  =  1 +7t,  x=  il  ~  lOt. 

5.  a;  =  25-7«,  y^25  +  3L  6.  a;  =  90-19<,  y=13t. 

7.  a;  =  8,  2/ =  3.  8.  a;  =  7,  y=5.  9.  a;=ll,  y=18. 

10.  a;  =  37,  2/  =  13.  11.   4  or  5.  12.   19  or  20. 

13.  4,  or  5.  14.  2.  15.   16.  16.  5. 

17.   3  guineas,  21  half-crowns.  18.    3  sovereigns,  20  francs. 

19.   185,  15;   119,  81;  53,  147.  20.  28,  20. 

21.   When  n  is  even,  the  common  difference  is  2 ;  when  n  is  odd, 
the  common  difference  naay  be  1  or  2.  22.    245. 

23.   104 +  3.5. 7. «.  24.  97.  25.  Ascribe  to  2/ succes- 

sively the  values  1,  2,... 8;  and  in  each  case  find  the  correspond- 
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ing  values  of  x  and  z.  26.  a;  =  1  +  '?>t,  ?/  =  51  -  7«,  s  =  63  +  13«. 

27.  Allowing  a  zero,  there  are  15  solutions  ;  excluding  it,  there 
are  14.  The  solutions  are  found  from  100  -  i  half-crowns,  6^ 
shillings,  and  100  -  It  sixpences.  28.  Allo^\•ing  zeros, 

4  solutions ;  excluding  them,  2.  The  solutions  are  found  from 
4  —  ^  guineas,  ht  crowns,  and  12  —  4<  shillings.  29.   6  crowns, 

4  half-crowns,  2  florins.  30.  100.  31.  205,502.  32.  974. 
33.  5567.  34.   80  ducks,  19  oxen,  1  sheep;  or  100  sheep. 

35.  |,    |,    1^  .  36.  49,  43,  38.  37.  The  107"^  and 

104'"  divisions  reckoned  from  either  of  the  common  ends. 

38.  We  must  solve  5a3  +  4y  +  3«  =  20  :   the  accompanying  table 

exhibits  the  solutions  of  this  equa- 
tion. Then  we  can  use  (1),  (4),  (5); 
or(2),(.3),  (5);or(3),  (4),  (4). 

(1)  (2)   (3)   (4)   (5)    (6)  39.  £2.  \\s.  U.       40.  £2.  \bs. 

XLVII.     1.  x  =  %  y  =  i;  x^?,,  y=\. 
2.  x  =  i,  y=21  ;  x  =  5,  2/  =  7.  3.  a;  =  18,  y  =  5. 

4.  a;=10,  2/=l.       5.   360.      6.   1684  square  yards.       7.   10  and  7. 
9.  x  =  0,y^3;  x  =  2,  7/  =  l.  10.  x  =  l,  y  =  3;  x  =  53,  y=  1.5. 


X 

y 

z 

0 
2 
4 

0 
5 
0 

1 
0 
5 

1 
3 

1 

2 

1 
2 

4 
0 
0 

XLVIII. 
1        1 


-m 


2.  /3(-  ir-— U" 


4.    _  ^^a 


2"^']' 


3    _iA + 

(2      2"-'      2.3"+' 

5.  {n^\)x\                 6.   (7?i  +  5)  (3.x-)".                  7.  (n  +  l)'a;". 
8.   X+x-x'^-x" 9.   l  +  2x'  +  a;'-4a'-lla;' 


,.     1      X      3a;'      a^      Ix* 

^^■2-^2^T^2^-^ 


13  4 

XXX 

11.  --  --I-  ---« 

a       a       a       a 


12.  \+px+2^{2y-\)x^  +  {lf-  2/  +  1)  a;''  +p  (/  -  3/ +^^  +  2)  x' 

13.  >     (J__      1     ). 

a-lVl+a;      1+aa;/ 

j^  1        /    1 1^ 1_  1        \ 

(1  -  a)'  \i  +a;      \  +  ax      1  +  «"a;      1  +  «"+'«/  ' 
15.  a=l,  6-11,  c  =  ll,  d=\,  e=0. 
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4.  a;  less  than  1  5.   2"  '  (5?i  +  G).  6.   3"-9i-l. 

7.  2.  -  3. ;  47.  8.  -^^y~ ;  (-  ir  -"  (--  -  2-  +  2). 

l+?i'  8|4      2{n+i)(n  +  2)j'    32' 

^1/111  1  1  1    \      11 

5.  IT    V  +  ^  +  ^ 


3  VI      2      3      n+l      91  +  2      n  +  Sj  '    IS' 

11 1 3 .    11 

'96      2{n  +  2){n  +  3)      4  (m  +  1)  («  +  2)  (71+ 3)  (w  +  4)  ^    96 
„    5  3)1  +5  5  n(n+  I)  {n+  ?•) 

'■   6  ~  (n  +  2)  {n  +  3)  '    6'  6       ^        ■ 

,  ^     x"  In  (x  -  1)  -  1|-  +  .-k""^'  —  (x+1)  ,  ^  ,        -  ,„_, 

11.    — i-^ '        '     ^3 ^ ^.  12.   nar(a  +  br)"   \ 

{x-1) 

13.  Ex})and  and  we  get 

,  ,      ,„  l\  n(?i  +  l)    „  nhi+\)...(n  +  m  —  2)     ^_,) 

14.  5  -  1  +  na  +  -\ — --^  cr  + +  -^- ^ — — ^'  a       }. 

{  1.2  |m—  1  J 

15.  (1  -  I")  "=  2"  fl  -  ^  ".  18.    165.  19.    460. 

22.   Proceed  thus  ;  sii2)po.se  (1  +  xv)  (1  +  x'v)  (1  +  x%) (1  +  x''v) 

=  1  +  Aj^v  +  Ajf  + +  Aj,if,  where  A^,  A^, A^,  do  not  con- 
tain V.     JVoio  change  v  into  xv  ;  thus  we  can  infer  that 

(1  +  A^v  +  A„y-  + +  A^f)  (1  +  x'-^'v) 

=  {\  +  A^xv  A-  A^  x'v'  + +  A^afv'')  (1  +  xv). 

-Now  equate  the  coefficients  of  the  same  powers  of  v  on  the  two  sides. 

1  +  cc  1 

25. 3=- „■  therefore  (1 -hie)  {1  -  a;^  + a;®- a;-' + } 

1  +  a;        1  -  a;  -h  a;^ '  ■  '  ^  ' 


^  1  -  a;  V    ^1  -x)     ~  l-x"  (\~x)'  ^  (1  -a;) 


(1-a.f   ■  (1-a;)'      {\-xf      

Expand  each  term  of  the  last  line  by  the  Binomial  Theorem  and 
then  eqxiate  the  coefficients  of  «;"  on  the  two  sides. 
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LI.     8.    Iv?  is  >  or  <  03+  1  according  as  a;  is  >  or  <1. 
16.   This  depends  on  the  sign  of  (a  —b)(b—  c)  (c  —  a). 
22  and  24  depend  on  Art.  681.  23.    As  many  of  the  fol- 

lowing  inequalities   as  may  be  required  will   Ije  found   to  hold  : 

2  (n—1)  >  n,    S  (n  —  2)  >  n,  ;    then    by    multiplication    the 

result  is  obtained.  2-5.    This  may  be  deduced  from  Ex.  2-3. 

29.    See  Ex.  3  of  Chapter  XXV.  31.    Multiply  up  ;  then  use 

Ai-t.  681.  32.    Put  1  -ci  =  b,  and  expand  (1  -  b)''  by  the 

Binomial   Theorem  ;    the   series    will    be    convergent.     We  shall 

then  have  to  shew  that  1  -  ^ — ^  ^     +  ^^ -j^ >  1 ; 

|L  [3 

and  this  is  obvious,  since  a;  is  <  1 . 

LII.    2.  66.  3.  3..5MP.  4.  2^3^5^ 

5.   2^.  {823)^  12.   Suppose  n  to  lie  between  m^  and  (in  +  1)"; 

then  n  —  ah  =  {m^  +  m  -  n)'.  19.  n^  -n+\  is  gi-eater  than 

{n—  Vf  and  less  than  n'^.  20.   Suppose,  if  possible,  n^  +  1  =m"; 

then  w*  =  (Hi- 1)  («t  +  1).  Now  no  foctor,  except  2,  can  divide 
both  tn—l  and  in+l,  and  2  cannot  here  divide  them,  for  a  is 
odd.  Hence  m  —  1  and  m  +  1  must  both  be  perfect  cubes  ;  but 
this  is  impossible  ;  for  the  difference  of  two  cubes  cannot  be  so 
small  as  2.  35,  36,  37,  38.     These  all  depend  on  Eemiat's 

Theorem.  40.  48.  41.   96.  42.  400.  43.  22680. 

44.  2"^'5'-'.  45.   12.  46.   12.  47.   160;  1481040. 

48.  6.  49.  126.  50.  24;  15.  51.  (n+1)-.  53  and  54 
must  be  solved  by  trial ;  the  answer  to  53  is  2'' .  3" .  5,  and  the 
answer  to  54  is  2^  3\  5  .  7.  57.  a;  =  2  .  5'.  7'.  f ;  i/  =  2.5.7  .t. 

LIIL     1.   27  to  8  against.        2.   |.       4.  | .      5.   \.      6.^. 

7_  — .       8.   7  to  2.        10.   ^I's  chance  of  losing  is  |,  and  of  neither 
36 

winning  nor    losing   is   ^  ;    Z>'s  chance  of  winning  is   |,    and    of 

neither  winning  nor  losing  is  -^  ;  B  and  C  have  each  the  chance  J 

of  winning,  ^  of  losing,  ^  of  neither.     Or  more  simply,  ^I's  chance  of 

winning  is  ^,  B'a  and  6"s  5,  and  D's  -^,  if  we  suppose  that  one  of 
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5  2  3  1 

the  boats  OT?/.s<  win.  11.    ,,  .        12.      ^  .       14.   ^r  •         l^-   o- 

y       145       14       2 

,.      18586      31031      12393         /5 

'"•  2---     "^- "(SeT-    ^^-  "T"-   ^'*-  1250U-    ^^-^-(,6 

32.   l-f'55V.      23.  ?Si,      24.   .J:St,.     25  ^'^ 


^'-      5 


36/'  ■      7'    ■  ■  51x50x49'         '   52.51.50.49 

2072       „^    4       „^    1  /w-lV-' 


32.   The  cliauce  of  the  sovereign  being  in  the  first  purse  is  to  the 

chance  of  its  being  in  the  second  as  10  is  to  9.  33.   -^. 

10  3  1       r|23      10113 

34.    -^.  60.   ^3.  ^b.    ^.  ^J.    j^,„^  ^1^  ^ 

40.   1 -(-''-)"".  41.   -033.  42.   1. 

\n  +  1/  60 

1      6     111      6     2  /1\^  \m,\7i 

44.   =  +  =  .  -^  .  T  .  o  +  ^-  .  o     -;     •  4:5.  j in  both  cases. 

7      7     2     2     3      7     3  \2j  \ni  +  n 

46.  ^^';^^ .      47.  tr;.     48.   lltoS.     49.   6;  ^, .    51.  i? . 

[72  w"  '6"  35 

53.   Let  yl's  chance  of  winning  a  single  game  be  x,  and  ^'s  chance 

.    x^  (2  —  x)  9 

1  —X  :  then  -4's  chance  of  wanning  the  set  is  :, — ^^ {  .       54.    — r  . 

I  —x  +  X  16 

55.  2)^  +2)^  +2h - PJ\ -Ihlh  -  PzV,  -^Vdhlh  \  P,P,  +  PJ\  +  2\P,  -  '^P,V2Pz- 
KP     64        56        49  _    ^  _,,  _    30       ,  31 

^^-   169  '    1-69  '    T69  •  ^'-   ^-'5^)  •  ^S-  61  ^^"^  61 " 

59.   21  shillings.        60.   42  shillings.        61.  £400.         62.   3.5s.  8d. 
63.   £10.  64.   A  florin.  65.    3  florins,  1  sovereign. 

66.   2  to  1 ;    i  of  what  each  stakes.       67.  — ^-  .        68.  ~f~^  . 
^  3  2(2r+l) 

69.    33333  shillings.         70.   ^  n  shillings.  71.   ^  .         72.   ^  . 


2  3  1265.       5087  910 


77.^.  80.   J-;,.  81.  ;^\"7^V  82.4. 

3  50  (a  +  c)  (6  +  c) 
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LTV.     1.  ^(l-x*)^-l±j3.     2.   Substitute  for  x'  from  the  first 

equation  in  the  second  ;  thus  we  obtaiu  either  y"  =  bn  or  x  =  — ~  . 

y-h 

4.  Squai-e;  and  put  the  equation  in  the  form  (a;"  — 4*)^=  24(a;— 1)^ 

5.  c  =  220.  6.   Multiply  up  in  the  given  relation. 

''  \nj   ~\     4.n'  in'     j  '  "(    4:N''  AN'    j    ' 

9.  Equate  the   coefficient  of  x"  in  the  expansion  of  ^ ^, 

and  in  the  expansion  of  the  partial  fractions  into  which  this 
expression  may  be  decomposed. 

LV.      1 .   {7(»r  +  n^)  J{a^  +  h^)  -  nay.  2.    1  +  ^|  4-  ^ | . 

3.   8.        5.  5.         G.  x  =  2%t;  y=495-21«.  7.   l--^!^— , 

where  p  =  2".  8.  (1  —  a;")^  + a;"  (1  —  a;)'  is  never  negative. 
1 2.  —  log  n  —  log  -  .  -  .  - .      Hence  we  may  regard  the 

general  term  of  the  series  as  -  +  log  [1  —  j ;  and  by  expanding 

log  f  1 1  the  general  term  is  found  to  be  numerically  less  than 

;.      Then  see  Art.  562.  14.   If  he  draws  acjain  from 

the  same  bag,  his  chance  of  getting  a  sovereign  is  f-,  and  his 
chance  of  getting  a  shilling  is  f  ;  thus  his  expectation  is  ^  shil- 
lings. If  he  draws  fi'om  the  otlier  bag,  his  chance  of  getting  a 
sovereign  is   *,   and  his  chance  of  getting  a  shilling  is  f ;   thus 

I,-             w       •    83    1-ir                             ^c    {n-l)R-n  +  R'-' 
ms  expectation  is  y  shillings.  10.  r-^ — y^ , 

where  R  is  the  amount  of  one  pound  in  one  year. 

LVI.  6.  Convergent  if  x  is  less  than  unity,  divergent  if  x  is 
greater  than  unity  ;  if  a;  is  equal  to  unity,  convergent  if  a  is 
negative,  divergent  if  a  is  ])Ositive.  8.   Divergent  if  x  is 

gi'eater  than  unity,   convergent  if  a;  is   not  greater  than  unity. 
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9.   Divergent.  10.   Convergent  ifq  —  ])  —  !  is  positive,  diver- 

gent if  q—jJ  —  l  is  negative  or  zero.  13.   Convergent  if  a;  is 

less  than  e~\  divergent  if  a?  is  not  less  than  e~\  16.     I.   Sup- 

pose a  —  A  positive  :  the  series  is  convergent  if  ^  +  1  is  greater 
than  a,  divergent  if  /?  +  1  is  less  than  a  ;  if  ^  +  1  =  a  the  series  is 
convergent  if  a  —  A  is  gi-eater  than  unity,  divergent  if  a  —  A  is 
not  greater  than  unity.  II.  Suppose  a  —  A  negative  :  the  series 
is  divergent.  III.  Suppose  a  —  A  =  0  ;  then  apply  Ai-t.  767,  and 
discriminate  as  in  Case  I. 

LVII.      4.  p,^  =  ha"-'  +  (u  -  2)  h'a"-'  +  (^^-3)0^-^)  ^s^^n-s 
(n-i){n-5){n-6) 


[3  ' 

then  q^^  can  be  oljtained  )jy  Exam})le  3. 

10.   Every  component  has  unity  for  denominator ;  the  numerator 
of  the  first  component  is   1,  of  the  second  is  ^x,  and  generally  of 

the  (2r)"'  is  -^/'"'^'      -,  and  of  the  (2r  +  1)"'  is 


{2r-l)2r'  \  '    '     /         2r(2r  +  l)" 

LYIIl.     2.  ab  +  bc  +  ca  +  2abc  =  1. 
3.   {a'  +  b'  +  cy  =-S{ab+bc+cay.  4.  cr +  b' +  c' -  abG=  A. 

5.  aVyV  (a' +  b' +  c' +  2abc)  =  a'bV.  6.   {x^  +  y'f-.z'. 

7.   5  {a'  -  b')  {2a'  +  b')  =  9a  («'  -  c'). 

'"^^-{^^=1.  9.    a^.l  +  y. 

ac    J        \    ac    J  ' 

10.   {a-bY{a'  +¥)  =  a'b\  11.   {a-\- pf  +  (a- (if  =  2. 

1 3.  X  {if  —  z')  +  2y  {^  —  X')  +  iz  {x"  -  y')  -  0. 

14.  {a  +  bf -{a-bY  =  {^cf.  16.   399. 

17.  This  problem  can  be  solved  by  the  aid  of  the  principles 
I.  and  II.  of  Art.  814.  Let  p^  lie  the  probability  of  a  single 
event  with  three  cards  of  a  selected  suit ;  let  p^  be  the  probability 
of  a  selected  paii"  of  events  ;  let  jJ^  be  the  probability  of  a  selected 

711/  (ill  1    I 

triad  of  events  ;   and  so  on.      Then  P^  =  mp^  ;     P^  — ^ ])^  ] 

^,     m(m-l)(m-2)  4.    x:   j 

P  = — ^^ r^-^ p^; We  have  now  to  nnd  p^ ,  P^,  P^i 
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Imagine  tliree  cards  fastened  together,  so  as  to  form  one  card ; 
we  should  then  have  mn  —  2  cards  instead  of  mn.  The  numl)er  of 
favourable    cases    would   be   [m?^  — 2,    and   the   whole    number   of 

I  mn  -  2 
cases  \mn  ;  this  would  give  a  chance  denoted  by  ~  ~  :   and  to 

\mn 

obtain  p^  we  must  multiply  this  result  by  [3,  for  the  cards  imagined 
to  be    fastened    together   could   be    pernnited    among    themselves 

(5  6^  J  rtm  —  4 

in  13  ways.      Thus  o,  = ~, -^ .       Similarly  w  =  — ''  : 

'  -  ofun  [mn  —  1 )  -       ^  |  ^^ 

and  so  on.      Hence,  finally,  the  required  chance  is 

.,m(m-l)  m(m-l)(»t-2) 


mn  [mn  -  1)      mn  . . .  (iiin  —  3)        mn {inn  -  5) 

I  m  +  TC  .  ^  ^^ 

18.    .      .     .        19.  The  expression 


\7n\7i'  '  1  -  XT        \  —  X^        \  -X^ 

becomes  by  expansion 

a;  +  cc^  +  ic^  +  a;'  +  a;°  +  ... 

+  £C^  +  a;"  +  x^'"  +  x^'  +  x^'"  +  ... 

/^" jg-'   JV.35  49  ^.63  


Then,  by  adding  the  vei'tical  columns,  we  obtain 

lAJ  %Mur  tAj 

rvx'  ^  r+^  ^  iT^'"""^ 

20.  Let 

a  =  {\~x){\-x')  (1  -x')  ...,    ^-(1  +a;)(l  +a:'^)(l  +  x')  ..., 
y  -  (1  -  x'}{l-x')  (l-x")  ...,    S^{l+x'){l+  X*)  (1  +x''')...; 
then  a;S  =  (1  -  a;^)  (1  -  a;")  (1  -  x'") . . .,  yS  =  (1  -  x')  (1  -  a;')  (1  -  a;'^') . 

tlius     a(Sy8  =  y;    therefore  a/38  =  I,    and    therefore    -  = /38. 

21.  4  {r-  ±  ^(2.--  -  pY')}  =  {q^  ±  ,/(2r''  -  ^Z)}-". 
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L   lx-2y—  Qz.  2.   aa;'  +  bx'  +  c. 

„    5a;  +  2  ^  26a;^  +  38aa;  3a*  +  &ax 

4. 


■   7a;-4"  '   (5a;  +  3«)  (7ic  +  9a)  ^     (2«  +  a;)  («*  -  a;*) ' 

5  7 

5.   1.  6.  a;=q,    2/-0-  7.  5  travels  6 i  hours  before 

he  overtakes  J.  8.   80,   128.  ^.  a'  +  a--^.  10.   2,    -  . 

11.   10.  12.  a;''-(4a=  +  %-)a;-  +  36a^6';    7a;' +  5a;V  -  8a;/ -  .3?/^ 

10/       .i\  /        ox/        ^\  i<       15a;^-4aa;  + 2a^  3 

13.   {a;  +  2    a;  +  3)  (a;  +  4).  14.   j- —^j- —-  15.  ^. 

^         ^         '^  ^         '  (3a!  +  4a)  (4a;  +  5a)  2 

16.  a;  =  ll,  ?/=  C.  17.   49iV  mmutes  past  9.  18.  Each  in 

50  days.  19.   2aj-3y  +  «.  20.  2,  4.  21.   17. 

22.  x*  +  {a+h)x^-{Qa'-ah  +  Qh-)x"-Q)ah{a  +  h)x  +  'i('ia-h- •,  a;"4-4a;+15. 

23.  a; +2.  24.   1.  25.   3.  26.  a;  =  |,    y  =  ^. 
27.   9^  miles  from  Ely.             28.   90  benches ;   10  persons  on  each. 
29.  a;'-2a;^  +  a;-2.                  30.  ^,  -^.  31.  7,  1,  3. 

100      10       10  24a;+5a;  +  l  1-a;" 

35.15.     36.  a;=ll,?/=7.    37.   48  of  each  kind.     38.  A  man  receives 

£4.  4s.,  a  woman  £3,  a  child  £1.  IGs.  39.   ?  _  1  _  ^  . 

2/      2      2a; 
g 
40.   6,  —  — .       41.    4,  2,  4.       43.  The  second  expi-ession  will  divide 

the  first;  so  the  second  is  the  g.  c.  m.,  and  the  fii'st  is  the  L.  c.  M. 
44.  (^±_1).(^±1)  _         45_   2  ^g^  ^^g^  ^^g^  _^^  ^^^  g^^ 

a;'  5 

48.  10.       49.  J{a-h)  +  J{b-c).       50.   1,3.        51.  4:{ax+hy  +  cz). 

53.  a;^  +  y\  54.   2.  55.  i  56.  a;  =  ^  ,   «/  =  -  J  . 

57.    ^  in  36  days,  B  in  60  days,  (7  in  15  days.  58.  4J  miles. 

59.   2a;' -a;* -3.      60.  0,  ±  V(ai).      61.  2  (a;  +  4).       62.  ^_^=^'. 
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63.  x-Sy.         64.  ^i,— V4-  ^5.2.  6Q.x  =  a,9j  =  b. 

"^  X  +  X  +1 

67.  £1000.       68.   84  for  the  resolution,  and  63  against  it.       69.  b. 

7fi       300 
70,  i;,     — .  71.  9.  73.  x-5.  74.  x'.  75.  2a. 

77 '     77 

76.  x=i/=z=^a"  +  b^  +  c'—ab~bc-ca.  77.    In  10  more  minutes. 

78.   Twopence  on  the  first  day,  f  of  a  penny  on  the  second  day, 

16:r'* 
80.  -4,-7.  83.  x'  -  2ax  +  a\  84.   /       ,^ ,  85.   2. 

\  —  X 

86.  as  =  1  (6  +  c),  y  =  1  (c  +  a),  z  =  ^{a  +  b).  87.  £600000  of 

oi-dinary  stock.  88.    3,   4,    5   miles  an  hour  respectively. 

89.   -05772.  90.  cc-'-^  .  91.  20.    93.  x'^{2m~'6)x~(jm.    95.  x=\. 
^Q.  x-a  =  y-b  =  z-c=  -l{a+b  +  c).  97.   60,  30,  12. 

98.    14  miles  from  A  to  B,  16  from  B  to  G.  100.    Ill,  112. 

101.  ±1,  ^^— •  102.  3,4,5.  103.  x==3,  6;  2/=6,  3. 

104.  3,  -  12.       105.  -  71        lOG.  '|  (l  -  ^^^  ;    |^  .         107.  6. 
110.   Between  90  and  119,  both  inclusive.       HI.  ±(rt  +  6),  ±  (a-6). 

0  7  2 

112.  x^  +  ""^^- x  +  1  =  0.  113.  tB  =  ±2,  ±4;  ?/  =  =fc4  ±2 

114.7.  115.162.  116.     J^  {l-(^/2-l)">. 

118.  n  —  m+1    if  r  is   not   greater   than  m ;    71-r+l    if  r   lies 
between  m+1  and  w+1  both  inclusive;  0  if  r  is  greater  than  n  +  l. 

119.  Divergent.    120.3-06864.    121.1,-4,^^^,    122.  26-"-9ac. 
123.  3,4, -6±2V6i  4,3,-6^2^6.     124.   30,36,45.      125.^3^ 


must  be  a  positive  integer,  and  f~^  -  A  +  J  must  be  a  perfect 

square  and  a  positive  integer  :   these  two  integers   must  be  both 
even  or  botli  odd,  and  the  former  integer  greater  than  the  square 
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root  of  the  latter.         126.  ~^'     -.       129.  3.       131.  3,  ^ 

or      (1  —  r)  3 

k  (b-c)  ,      k  (c-a)  h  (a  -  b) 

7- — ,    y-6=-^ '-,    z-c^^-f- 

00  ca  ab 

7      A  ^   ,    a'  {b-c)  +  b-  (c-a)  +  cUa-b)        .  „ ,      ,  o i  i    i/. 

^  =  0  or  =  -  2abc  -^ r^-,-^- (5 — 27 rd  •     134.  ^  31  half- 

a-{b-  c)  +b'{c  -ay  +  c  {a-b) 

crowns,  16  sliillings,  13  sixpences;    £  29  half-crowns,  24  shillmg.s, 

7  sixpences.     137.  6 16.     139.  Divergent.     141.6,-3.     142.6400. 

3/2  13  /2 

143.  a3=±v,    =^  V^  3/ =  =^9'   "^     s~-         1^"^-    30  miles  an  hour. 

149.   18.  151.  5,    -1|.      153.  .  =  2^  (^^^  2/^2^,  Q\ 

154.    75  per  cent.       157.  [7 -2  [6.       159.   0.       160.    1666  nearly. 
161.  rK  +  -  =  _  4  ±  ^6,  whence  x  may  be  found.       162.  ^10  miles 

an  hour,  ^12  miles  an  hour.        16.3.  a;  =  -  2,   -  —  ;  w  =  —  ,  0 

'       11  '  -^        7  '     ■ 

164.  x  =  0,  2/  =  0,  s=0;  ora;  =  ^,  y  =  1     s  =  -^  .        166.   Either 
a=b=c  ;  or  b=-2a,  and  c=4a.      169.  -  ^^^  .      170.  1  -21534  nearly. 

1 7 1 .   ±  8,  =t  g  .  172.  aV  -  2a'  (b'  -  2ac)  x  +  b'  (b'  -  4rtc)  =  0. 

,^„        «      23     25  ±719968            ^        69        21     2o±J19968 
^'^•^=^'--5'    —19 ^2/  =  3,  -25.-29- 29 " 

\2n  —  p  —  q 
174.  9  davs.  176.   1,  2,  4,  8.  177.  ,        -  \n\n 

\n  —p  \n  —  q^  '—' 

181.    1,  ^,   --.  182.  £1045.  18.3.  a;=81,  lQ;y^l6,81. 

184.  l=a'+b'+c'+2abc.         186.   ^It^^^,  +     ^  ^ 


6  l(l-r)'  1-r'  (l-r)(l-r^)j  " 
189.  Convergent  if  x  is  less  than  e ;  otherwise  divergent. 
191.  X-  -=  —  «±  J(^a'  —  4),     whence    x    may     be    found. 
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193.   X  and  y  may  be  found  from  a;"  +  l  =  ±— a;,  2/'  +  l=±mw?/. 

199.   Convergent.          200.   \n  +  3  i ^,  +  "^zR^  n{n-l)(n-2)^ 
*  ' (24  12  48  /■ 

201.   l-x-x^+x%x'^+x~-x''-x^-x^'*+x^'+x^*~x^^;  l-x-x^+x%x'-x^^. 

205.  The   solutions  are  found  from    14^  weights    of    9  lbs.    and 
160  -  9i!  ^veights  of  14  lbs.  206.   {2"^'-n  -3)x\ 

209.    —  of  a  shilling.  210.  Divergent.  213.   19  years, 

^-'  • 

215.   The  solutions  are  found  from  taking   204  —  Hi  for  the  nu- 
merator, and  1  +  at  for  the  denominator ;  so  that  t  may  have  any 

3 

integral  value  between  13  and  18  both  inclusive.  219.    -  . 

°  4 

„„^      2       ,       .     ,„       „       ,     6V-i-cV+«^6''- 2a-6V(a^  +  6"  +  c^) 

222.  X  —  a' z=y-  —  b'  =  z'  —  c'= i-i^^m ^^ . 

223.  rp  +  '^  ==  2.  224.  The  quotients  are  a,  h,  2a,  b,  2a,  ... 

225.   (a;-ll3/+l)(2a;+y-8).       23.3.   £693.       2.34.   The  quotients  are 
a-  l,l,2(/i-l),l,2(a-l),...    23.5.52.   240.  Divergent.   243.  18  nearly. 

244.  Tlie  first  quotient  is  a;    then  we  have   1,  2,  a,  2,   1,   2a, 
wliich  reciu-.        245.  Either  10  sheep,  and  2  buUocks;  or  5  bullocks. 

448a:~'  -  2496'r~- 
249.  £81         250.  rc^+  4a;+ 7 -  32a;-' - 208a;--'-        7    ,        ,"     -  . 
•^  a;-- 4a; +12 

0-1  1     "i  1     3  .^..T  ,  .      r{r-  1) 

Sol.  a;=l,   3;2/  =  l,   ^^  ^^^-  (^.-«  =  ^  («. -«)  +     '  ^     '  d; 

put  n  +  1  for  T  and  6  for  a^^^ ;  thus  «,   becomes  known  :  d  must 

He  between  -  ^^^"^^  and  ^^^-^ .    253.  £-645  nearly.    255.  Either 
to(w+1)         w(n+l) 

6  apples,  3  pears,  and  4  peaches;  or  12  pears.      261.    -^ ^  +  -^  . 

265.  The  smallest  number  of  coins  consists  of  1 21  of  the  larger  and 
15  of  the  smaller;  the  smallest  sum  of  money  consists  of  10  of 

the  larger  and  150  of  the  smaller.         269.   -^ shillings. 
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272.  x=a,  b;  y^b,  a.     273.  (7<±2)^     275.  The  coefficient  of  cc"  is 

10»+7i(-3)"-'.     276.  l-4a;-2«^;  l-3a;^-2x^     279.  Ill  shUlings. 

281.   Between  1  and  -  4.       282.    (xy)'^  ^- .r^ — —  :  from  this  and 

^  4a  —  26^2 

the  first  given  equation  we  can  find  x^  and  y.  285.  5G,  78  ; 
or30,G5.  293.  -l^_^'^j^'"^  294.  a;- 8,  y- 3;  aj- 127,  7/  =  48. 
295.    27.  297.    £240.  300.    2  log  2  -  1.  7 
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